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The termination hierarchy for term rewriting

Hans Zantema
Utrecht University, The Netherlands
e-mail: hansz@cs.uu.nl

(Tutorial talk)

A natural way to prove termination of a term rewriting system is to find an
interpretation in an algebra equipped with a well-founded order, in such a way
that for every rule the interpretation of the left hand side is greater than that
of the right hand side. If the operations are strictly monotone in all arguments
then indeed termination of the TRS can be concluded; the algebra is then called
well-founded monotone. The requirement that every left hand side exceeds
the corresponding right hand side is called compatibility. In [1] a hierarchy of
termination was proposed based on the carrier set and the operations in this
algebra:

e a TRS is terminating if it is compatible with a well-founded monotone
algebra;

e a TRS is simply terminating if it is compatible with a well-founded mono-
tone algebra satisfying fa(...,a,...) > a for all operations f4 and all
positions in these operations;

e a TRS is totally terminating if it is compatible with a well-founded mono-
tone algebra in which the order is total;

e a TRS is w-terminating if the interpretation is in the natural numbers;

e a TRS is polynomially terminating if the interpretation is in the natural
numbers and the operations are polynomials.

We restrict to finite signatures. Where alternative definitions of these notions
appeared before, they are equivalent to ours except for total termination of
string rewriting. The following implications hold:

polynomial termination
— w-termination
=—> total termination
—> simple termination
—> termination.

It is possible to extend this hierarchy by some extra levels and some ram-
ifications. For instance, termination by recursive path order always implies
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w-termination, and weak normalization and non-loopingness can be seen as
levels beyond termination.

None of the implications in the hierarchy holds in the reverse direction: for
every implication A = B even a single string rewrite rule can be given satisfying
B but not A. Moreover, deciding these properties is hard: in [2] it has been
shown that for most implications A = B the question whether A holds for a
TRS satisfying B is undecidable. This even holds for single rules ([3]).

More recent we considered some modifications on the notion of well-founded
monotone algebra. One original requirement is that all operations f4 are strictly
monotone in all arguments. This requirement may be weakened to the com-
bination of weak monotonicity and the condition that fa(...,a,...) > a for
all operations f4 and all positions in these operations. It can be shown that
compatibility with this kind of an algebra still implies termination, while much
more operations are allowed to be chosen. For instance, the operation choosing
the maximum of two natural numbers is not strictly monotone in both argu-
ments, but satisfies the new condition. It is a natural question whether this
modification on the requirements on the operations affects the various notions
in the termination hierarchy. Indeed it does. For instance, the single rewrite
rule f(g((x)) = g(f(f(z))) is not w-terminating in the old sense, but it allows
an interpretation in the natural numbers with the weakened requirements.

Another subtility is the difference between the requirement f4(...,a,...) >
a and fa(...,a,...) > a. Without referring to the algebras it can be stated as
the question whether adding the rules f(...,z,...) — x affects the termination
behaviour or not. For termination, simple termination and total termination
it is easily shown that adding these rules have no effect. Surprisingly however,
w-termination and polynomial termination may be destroyed by adding these
rules. For instance, the TRS consisting of the two rules f(f(z)) — g(f(x))
and g(g(z)) — f(g(h(z))) is w-terminating, but after adding the single rule
h(z) — z it is not w-terminating.
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Termination Semantics of Logic Programs
with Cut and Related Features
Jamie Andrews
Dept. of Computer Science
Univ. of Western Ontario
London, Ontario, Canada

There are various varieties of termination for logic programs. I am particularly interested
in the termination of logic programs which use practical features such as the Prolog “cut”.
In order to prove termination of such programs, it is necessary first to define a semantics
for them. In my talk, I will discuss the various varieties of termination and the semantics
proposed for characterizing them, leading to semantics of Prolog with cut which facilitates
proofs of termination properties.

Varieties of Termination. The first, and most obvious, dimension in which we can
classify logic programming termination is the result which is given upon termination. Goals
can either succeed (returning one or more substitutions), fail (returning nothing), or diverge.
There is also clearly only one way for goals to fail: the search tree must be finite, and all the
leaf nodes of that tree must be failure nodes. Beyond that, we can identify several different
senses in which a goal can succeed.

A goal can existentially terminate, which means that either it fails or at least one leaf node
in the search tree is a success node. Alternatively, it can untversally or strongly terminate,
which means that the search tree is finite (every leaf node necessarily being a success or
failure node). Clearly, the notion of existential termination is useful only when discussing
breadth-first search strategies, whereas if a goal strongly terminates then we know that
Prolog (for instance) can find a solution.

However, in fact neither notion characterizes what we might see as the natural concept
of termination in Prolog. Prolog uses a depth-first, left-to-right search strategy, and can
return a solution iff it finds one before the first infinite branch in the tree during its traversal.
The user can then request further solutions on backtracking, but the computation of the
query has succeeded at least once. Hence an insistence on strong termination disallows goals
which, on backtracking, return a finite number of solutions and then diverge, or return an
infinite number of solutions. Strong termination is “strong” in the sense of insisting on
strong conditions for termination.

Most work on termination of logic programs has concentrated on strong termination. How-
ever, since the depth-first, left-to-right search strategy is used by most logic programming
systems, the problem of characterizing this strategy is also important.

The Prolog Cut. Characterizing depth-first, left-to-right termination is especially im-
portant in the context of programs which use the Prolog “cut” or related features. These
features cut away part of the search tree. Which part is cut depends on what is the current
node in the depth-first traversal.

The cut (1) has been a feature of Prolog implementations for over fifteen years. When used
as a subgoal in a clause body, it has the effect of cutting away all alternative clauses to the
current clause, and (in the case of “hard” cut) all backtrack points encountered since the



processing of the current clause started. Most of the uses of cut in typical Prolog programs
have the effect of if-then-else expressions; we can therefore replace clauses which use cut for
this purpose with clauses which use negation as failure. Termination of goals with respect to
these programs can then be characterized by some semantics of programs with negation as
failure under depth-first termination, such as the author’s [And97], or strong termination,

such as Stark’s [Sta98].

However, cut is also used for other purposes in practical logic programs. It is used when
the programmer knows that all solutions being returned by a previous subgoal will have the
same effect as the first solution. It is also used for efficiency, to cut away any backtrack
points left over from a previous subgoal, which might otherwise occupy memory. Finally, it
is often used to select the first solution returned by the previous subgoals in the clause. It
is for this latter use that it is important to characterize depth-first termination, since cut
selects the first solution returned by this strategy.

Characterizing Cut. Given the apparently non-logical nature of the Prolog cut, it is
interesting that we can characterize a large subset of the programs using it with a semantics
similar to that used to logically characterize depth-first Prolog with negation as failure
[And97]. We can adapt the preliminary technique reported on in [And95] as follows.

We begin with a generalization of simple Prolog programs with cut, and an operational
semantics of this generalization. We then show that we can transform any such program
into a “completed” form which has the same behaviour but in which the predicates have
only one clause each; a new “if-then” construct is introduced for this purpose. We then place
a mode restriction on the completed program similar to Stark’s for Prolog with negation
as failure [Std98]. The mode restriction disallows the most egregiously non-logical Prolog
programs which use cut, but still allows the first-solution and efficiency behaviours which
hard cut gives us.

We are then able to characterize the mode-restricted, completed programs with a style of
semantics referred to as “unfolding-normal-form-valuation” (UNV) semantics in [And97].
Given a goal G and a program P, we consider all unfoldings G’ of G with respect to P. We
put these unfoldings in a normal form, and apply a valuation (compositional function from
goals to truth values) to the normal forms. The program valuation vp is then defined as
the function which returns the “most true” of these truth values, where “true” is more true
than “undefined”, which is more true than “false”. The UNV semantics characterizes the
operational semantics in the sense that a goal G succeeds (fails, diverges) with respect to
a program P in the operational semantics iff vp(G) is “true” (“false”, “undefined”). Since
the operational semantics uses the depth-first, left-to-right strategy, we can claim to have
abstractly characterized depth-first termination with respect to this version of cut.
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TERMINATION OF
SIMPLY MODED WELL-TYPED LOGIC PROGRAMS
UNDER TABLED EXECUTION MECHANISM

Sofie Verbaeten and Danny De Schreye
Department of Computer Science, K.U.Leuven,
Celestijnenlaan 200A, B-3001 Heverlee, Belgium.
{sofie.verbaeten, danny.deschreye}@cs.kuleuven.ac.be

Tabled logic programming [2, 4, 12, 14] is receiving increasing attention in the Logic Programming com-
munity. Tt avoids many of the shortcomings of SLD(NF) execution [10] and provides a more flexible and
often extremely efficient execution mechanism for logic programs. In particular, tabled execution of logic
programs terminates more often than execution based on SLD-resolution. So, if a program can be proven
to terminate under SLD-resolution (by one of the existing automated techniques surveyed in [5]), then the
program will trivially also terminate under SLG-resolution, the resolution principle of tabulation [4]. But,
since there are SLG-terminating programs which are not SLD-terminating, better proof techniques can be
found.

The ideas underlying tabling are very simple. Essentially, under tabled execution mechanism, answers for
selected atoms are stored in a table. When a variant of such an atom is recursively called, the selected atom
is not resolved against program clauses, instead, all corresponding answers computed so far are looked up in
the table and the corresponding answer substitutions are applied to the atom. This process is repeated for
all subsequent computed answer substitutions that correspond to the atom.

We study universal termination of definite tabled logic programs executed under SLG using a fixed left-
to-right selection rule (we drop the “S” in SLD and SLG whenever we refer to the left-to-right selection
rule). We refer to the full paper [13] for the formal definitions, theorems and motivating examples. Note
that, whenever SLD-computation from an initial goal leads to infinitely many different, non-variant calls,
the SLG-computation from this initial goal will also be infinite. This leads to the first basic notion of
termination under tabled execution mechanism: quasi-termination (this term is borrowed from [9], defining
a similar notion in the context of termination of off-line partial evaluation of functional programs). For a
program P and a set of queries @, let Call(P, Q) denote the set of atoms (modulo variant relation) which
occur as selected atom in an LD-derivation of some query in (). This set is also called the call set of the
program P w.r.t. ). With this notation, a program P is said to quasi-terminate w.r.t. a set of queries S iff
for all A € S, tCall(P,{A}) < co. Even when tabling, quasi-termination only partially corresponds to our
intuitive notion of a “terminating computation”. This is because an atom can have infinitely many computed
answers (note that this does not have to lead to infinitely many new calls). Therefore, the stronger notion
of LG-termination is introduced: P LG-terminates w.r.t. S iff P quasi-terminates w.r.t. S and for all A € S
the set of all computed answers for atoms in C'all(P, {A}) is finite.

One of the few approaches studying termination of tabled logic programs was developed by Decorte et al
[8]. They present necessary and sufficient conditions for quasi-termination and LG-termination. The main
differences with characterizations (of e.g.[6]) of LD-terminating programs and queries are:

e level mappings are assumed to be finitely partitioning on the call set, i.e. only finitely many atoms of
the call set can be mapped to the same natural number,

e decreases of the level mapping are not assumed to be strict (but are imposed on all body atoms).

Starting from the necessary and sufficient conditions of [§], we introduce sufficient, easy to automatize
conditions for quasi-termination and LG-termination. We show how our termination conditions can be
automatized by extending the recently developed constraint-based automatic termination analysis for SLD-
resolution by Decorte and De Schreye [7]. In order to automatically prove termination under SLG-resolution,
our termination conditions:

e reason fully at the clause level (and not on “calls” as in [8]),

e give a syntactical condition on a level mapping (we will consider variants of semi-linear level mappings,

see [3]) to be finitely partitioning. 9



In order to be able to reason fully at the clause level, most automatic termination analyses (like [7]) require
that the level mapping is rigid on the call set. If a level mapping is rigid on the call set, the atoms in the
call set can be considered as ground w.r.t. the level mapping (their value is invariant under substitutions).
In this way, the problem of backpropagation of bindings in the calls is dealt with, and the conditions can
be stated at the clause level. It turned out that a straightforward combination of the notions of rigid level
mapping (as it appears in automatic termination analyses) and finitely partitioning level mapping (as it
appears in termination analyses of tabled logic programs) offers some difficulties (being rigid and being
finitely partitioning are in a way contradictory requirements). But, having some mode and type information
at our disposal, we are able to solve these problems.

For simply moded, well-moded programs and queries (see for instance [1]), we show how to combine these two
requirements on level mappings. Namely, for a simply moded, well-moded program P and set of queries S,
a level mapping is rigid and finitely partitioning on C'all( P, S) if it measures all and only input positions in
Call(P,S). The condition to measure all and only input positions in a set of atoms is a syntactical condition
(on the kind of level mappings we consider, namely variants of semi-linear level mappings [3]). In the case
of quasi-termination, this leads to one of the main results in the paper, namely:

Proposition 1 Let P be a stmply moded, well-moded program and S be a set of simply moded, well-moded
queries. Let |.| be a level mapping which measures all and only the input positions in Call(P, S), such that

e for any clause H < By,..., B, in P,
e for any atom B;, i € {1,..,n},

e for any correct answer substitution o for < Bi,..., B;_1,

such that (H¥)™ (By)™, ..., (Bi)™ € Call(P,S)™™,
[H| > |Bi|.

Then P quasi-terminates w.r.t. S.

Where the notation A" € Call( P, S)!™ stands for A is input-correct w.r.t. Call(P,S), i.e. there is an atom
A e Call( P, S) such that the input positions of A and A" are equal (modulo variable renaming). In the case
of LG-termination, we obtain a similar result. However, in this case, the conditions are not on the program
P, but on the program P%, which is obtained by applying the answer-transformation on P. We refer to [13]
for more details.

In order to deal with non-ground input, we present also a solution for simply moded, well-typed [1] programs
and queries, which generalizes our result for simply moded, well-moded programs and queries. Instead
of trying to combine the rigidity requirement on the level mapping with the requirement to be finitely
partitioning, we abandon the rigidity requirement and provide syntactical conditions on the program and
set of queries which allow us to reason fully at the clause level in the termination condition. Namely, these
syntactical conditions will ensure that the input arguments of the queries get never instantiated during a
derivation. The conditions are based on concepts introduced in [1]. The results for quasi-termination and
LG-termination are of a similar nature as Proposition 1.

Besides the work of [8], there are only relatively few works studying termination under tabled execution mech-
anism: in [11], in the context of well-moded programs, a sufficient condition is given for the bounded term-size
property, which implies LG-termination; [9] provides another sufficient condition for quasi-termination in
the context of functional programming.

Finally, the study of termination of normallogic programs under tabled execution mechanism is an interesting
topic for future research.
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Well-Terminating, Input-Driven Logic Programs

Jan—-Georg Smaus

University of Kent, Canterbury, CT2 7NF, United Kingdom,
phone +44/1227/827553, fax +44/1227/762811,

j-g.smaus@ukc.ac.uk

I will present what might be called the “second-most abstract” approach to
termination of logic programs [6].

Termination is a problem in logic programming as much as in any other
paradigm. For any paradigm, termination proofs rely on measuring the size of
a state in the computation and showing that this size decreases during the com-
putation. Measuring the size of a computation state usually involves measuring
the size of the data, and this data originates from the input of the program.

To be more specific, let us look at functional programming and the well-
known function append :: (list,list) — list.! Consider the input ([1,2],[]).
Then the computation is as follows:

append([1, 2], []) ~ [1|append([2], [])] ~ [1, 2|append([], [))] ~ [1,2].

At each step, the length of the list in the first argument of append decreases.

This introduction points us to a major if not the main problem for termina-
tion in logic programming: a priori, there is no notion of input. Corresponding
to the above function would be a predicate append which has three arguments.
Here are some computations for the predicate append:

append([1,2],[], Zs) ~ append([1], ], Zs') ~> append([], [], Zs") ~ €.
append(Xs,Y's,[1,2]) ~ append(Xs', Vs, [2]) ~ append(Xs",Y s, []) ~ e.
append(Xs,Y's, Zs) ~ append(Xs',Y's, Zs'") ~ append(Xs",Ys, Zs") ...

To prove termination of logic programs, it is useful to introduce a notion of
input by declaring certain argument positions to be input positions.

To explain the effect of such a declaration, we must first explain what “eval-
uation strategy” means for logic programs. A computation state in a logic pro-
gram is a query, which is a sequence of atoms. For example, append([1,2],[], Zs)
or append([1,2],[], As), append(As,[], Bs) are queries. At each computation
step, one atom in the query is selected and resolved with one clause in the
program. The “evaluation strategy” (in logic programming terminology: the
selection rule) states which atom is selected in each step.

T avoid Currying to keep the notation similar to logic programming.
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The most abstract approach is making no assumptions about the selection
rule at all [2]. However, very few programs terminate for all selection rules. The
most common selection rule is the rule that always selects the leftmost atom in
a query.

My assumption about the selection rule is that an atom is selected for reso-
lution only when it is instantiated to such a degree that its input arguments do
not become instantiated any further in this resolution step. This is a minimal
assumption if we want to give a natural meaning to “input”.

We will see that many predicates terminate under such a weak assumption.
Although implicitly present in previous work, my assumption has never been
formulated in such an abstract way. Other authors have usually made stronger
assumptions [1, 3, 4, 5].

The technical core of my work is establishing a dependency between the
atoms of a query of the kind: the first atom cannot produce an infinite compu-
tation; the second atom cannot produce an infinite computation unless the first
does; and so forth.

I believe that my approach is well suited for presentation at a general work-
shop because it will point out the similarities and differences between termina-
tion in logic programming and other paradigms.
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Transforming Context-Sensitive Rewrite Systems

Aart Middeldorp
University of Tsukuba

joint work with

Jiirgen Giesl
Darmstadt University of Technology

Context-sensitive rewriting (Lucas [1, 2]) is a variant of term rewriting in
which for every function symbol one indicates which arguments may be eval-
uated and a redex contraction is allowed only if it is does not take place in a
forbidden argument of a function symbol above it. In this talk we are concerned
with the problem of showing termination of context-sensitive rewriting. More
precisely, we consider transformations from context-sensitive rewrite systems
to ordinary term rewrite systems that are sound with respect to termination:
termination of the transformed term rewrite system implies termination of the
original context-sensitive rewrite system. The advantage of such an approach
is that all techniques for proving termination of term rewriting can be used to
infer termination of context-sensitive rewriting. Two such transformations are
reported in the literature, by Lucas [1] and by Zantema [3]. We add two more.
Our first transformation is simple, its soundness is easily established, and it
improves upon the transformations of [1, 3]. To be precise, we prove that the
class of terminating context-sensitive rewrite systems for which our transforma-
tion succeeds is larger than that of Lucas’ transformation and we claim that the
same holds for Zantema’s transformation. None of these three transformations
succeeds in transforming every terminating context-sensitive rewrite system into
a terminating term rewrite system. In other words, they all lack completeness.
We analyze the failure of completeness for our first transformation, resulting in
a second transformation with is both sound and complete. This latter result
can be interpreted as stating that from a termination perspective there is no
reason to study context-sensitive rewriting.
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Context-sensitive rewriting was introduced in [1] and consists of syntactical restrictions imposed
on a Term Rewriting System indicating how reductions can be performed; this is achieved by
associating to each function symbol a set of positions, namely the positions where reductions can
be performed. So context-sensitive rewriting is a restriction of the usual rewrite relation which
reduces the reduction space and allows for a finer control of the reductions of a term and is related
to lazy evaluation strategies in functional languages.

We extended the concept of context-sensitive rewriting to rewriting modulo an AC-theory
by restricting both rewrite steps and AC-steps, and we studied the termination properties of
context-sensitive AC-rewriting following the approach of Zantema [2] for context-sensitive rewrit-
ing. Context-sensitive (AC) termination, or p-termination is a more general property than (AC)
termination since this last property implies the former but not vice-versa, thus context-sensitive
relations can also be used to study termination properties of reduction strategies for systems that
are not terminating. We present two techniques for proving u-AC-termination: the first method
provides a complete technique and consists in the definition of a suitable interpretation algebra
for the (restricted) AC-rewrite system and the context-sensitive AC-rewrite relation, then u-AC-
termination of a system R/AC can be concluded from the existence of such a suitable interpretation.
The second method consists in transforming the (restricted) AC-rewrite system and the context-
sensitive relation in an non-restricted AC-rewrite system where the reduction relation considered
is the usual AC-rewrite relation; pu-AC-termination of the original system can be inferred from AC-
termination of the transformed system. The advantage of this method over the previous one is that
usual well-known techniques for proving AC-termination can be used to infer y-AC-termination.
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Rewrite-based methods with built-in associativity and commutativity (AC)
properties for some of the operators are well-known to be crucial in theorem
proving and programming. Therefore a lot of work has been done on the de-
velopment of suitable AC-compatible reduction or simplification orderings. An
essential additional property of the ordering that is needed in order to preserve
the completeness of most rewrite-based theorem proving techniques (modulo
AC) is AC-totality, i.e. the totality on (AC-different) ground terms.

Since the initial attempts, it has always been an aim to obtain AC-compatible
versions of Dershowitz’ recursive path ordering [Der82], as it is simple, easy to
automatize and use, and normally orients the rules in an adequate direction.
In [RN95] we gave the first RPO-based AC-total and AC-compatible reduction
ordering without any restriction on the number of AC-symbols or on the prece-
dence over the signature. Unfortunately, although being defined in terms of RPO,
it does not behave like RPO; e.g. it does not orient the distributivity rule in the
“right” (i.e. distributing) way, since a transformation on the terms is applied
before using RPO (this approach, with different transformations, is also used in
[BP85] among others). Therefore, a better approach seems to be to directly ap-
ply an RPO-like scheme, treating as the only special case the AC-equal-top case,
that is, when both terms to be compared are headed by the same AC-symbol.
In this direction the first AC-compatible simplification ordering with an RPO
scheme was defined in [KSZ90] and the first one AC-total on ground terms in
[KS97]. Other simpler proposals for AC-orderings with RPO scheme were given
in [Rub97] and in [KS98].

However, all these AC-orderings need to interpret terms (apart from flatten-
ing) in some way, which makes their behaviour less intuitive, unlike it happens
with the standard RPO, whose simple fully syntactic definition has been an
important reason for its success.

We propose the first fully syntactic AC-RPO, i.e., no interpretation is needed
apart from flattening. It is very simple, and hence easy to implement, and its
behaviour is intuitive as for the standard RPO. The ordering is AC-total, and
defined uniformly for both ground and non-ground terms, as well as for partial
precedences.

Moreover, precisely due to the fact that it is not interpretation-based, it is
the first AC-RPO that can deal incrementally with partial precedences, i.e. if
s > t, then s > t under any extension of the precedence. This aspect is essential,
together with its intuitive behaviour, for interactive applications like Knuth-
Bendix completion. Of course, previously existing orderings could work with

* Partially supported by the ESPRIT working group CCL-II, ref. WG # 22457.
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partial precedences, but in a useless way, simply by considering an arbitrarily
chosen total extension of the partial precedence, and hence loosing incremental-
ity.

In order to introduce the concepts smoothly we present the ordering in three
steps, first for ground terms and total precedences, then for terms with vari-
ables and total precedences and finally for terms with variables and partial
precedences; each definition strictly extending the previous one. For this rea-
son we prove all properties only for the last one, showing that it is indeed an
AC-compatible simplification ordering.

All this results are reported in [Rub98].
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Due to it simplicity the Recursive Path Ordering (RPO) [Der82] has been
extensively used in (semi-)automatic termination proof. Unfortunately, RPO
can only be used to prove termination of a particular class of term rewriting
systems (TRS), namely the simply terminating TRS’s.

A way to avoid this restriction is given in the Semantic Path Ordering
(SPO) [KL8&0] in which the precedence on function symbols is replaced by any
(well-founded) underlying (quasi-)ordering involving the whole term. The SPO
is too general to be automated, but, even if we restrict the kind of underlying
orderings allowed, it still has an important weakness: it is not monotonic in
general.

With the aim of using SPO in (semi-)automatic proofs of termination we
have defined a monotonic version of SPO, which is obtained by restricting the
use of arguments in the first comparison. Then by considering only some classes
of underlying orderings we can automate the SPO for proving termination. In
particular, we can capture many termination proof methods based on transfor-
mations.

Additionally we define some original variations of the RPO, which combined
with some simple transformations on terms, turn out to be suitable candidates
as underlying ordering in the SPO. Using these orderings we can fully automate
the termination proof of several non-simply terminating TRS’s, some of them
including mutual recursion.

Finally we have adapted the monotonic semantic path ordering to prove
termination of rewriting modulo asociativity and commutativity (AC), by com-
bining our results with the recent results for RPO modulo AC in [Rub98].
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Rewrite rules are increasingly used in programming languages and logical
systems, with two main goals: defining functions by pattern matching; describing
rule-based decision procedures. ML, Elf [9] and Isabelle [8] examplify the first
use. A future version of Coq [4] will examplify the second use [3]. In EIlf and
Isabelle, rules operate on terms in g-normal, n-expanded form. In ML and Coq,
they operate on arbitrary terms. In the future version of Coq, both kinds will
probably coexist.

Our ambition is to develop for the higher-order case the same kind of semi-
automated termination proof techniques that are available for the first-order
case, of which the most popular one is the recursive path ordering [2].

Our first important contribution is a reduction ordering for typed higher-
order terms which conservatively extends Dershowitz’s recursive path ordering
for first-order terms. In the latter, the precedence rule allows to decrease from the
term s = f(s1,...,sn) tothe term g(¢1,...,t,), provided that (i) f is bigger than
¢ in the given precedence on function symbols, and (ii) s is bigger than every ¢;.
For typing reasons, in our ordering the latter condition becomes: (ii) for every ¢;,
either s or some s; is bigger than or equal to ;. Indeed, we can instead allow ¢; to
be obtained from the subterms of s by computability preserving operations. Here,
computability refers to Tait and Girard’s strong normalization proof technique
which we have used to show that our ordering is well-founded and compatible
with f-reductions. To hint at the strength of the ordering, let us mention that
the polymorphic version of Godel’s recursor for the natural numbers is easily
oriented. And indeed, our ordering applies to arbitrary polymorphic signatures.
Several other examples are given which examplify the expressive power of the
ordering.

As a second contribution, we then restrict the previous ordering so as to
obtain a reduction ordering operating on terms in n-long S-normal form. Only
very weak orderings had been obtained so far for that purpose [6, 7, 1, 5].
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We propose to present a new technique to prove the termination of computations for languages com-
bining terms of some typed A-calculus [1], inductively defined base types [7], and function symbols defined
by higher-order rewrite rules [11, 12].

In contrast with Combinatory Rewrite Systems [13] or, equivalently, Higher-order Rewrite Systems [14]
which, in general, are not terminating systems since they are based on the untyped A-calculus (their
authors are essentially interested in the confluence/Church-Rosser property), in our higher-order rewrite
rules, we assume that the lefthand sides are made only of type constructors and function symbols: they
are algebraic. However, this is powerful enough to capture any algebraic rewrite systems [8], or higher-
order rewrite rules defining recursors for higher-order inductive types (called “strictly positive” in [7])
like the ones for ordinals.

Since the works by Breazu-Tannen and Gallier [4, 5], and independently by Okada [15], on the termi-
nation of computations for the simply-typed A-calculus combined with first-order (algebraic) rewriting !,
it 1s well known how to deal with first-order rewriting even with richer type systems: their combination
is modular, that is the combined system 1s terminating if the first-order rewrite system and the type
system are both terminating. Now, for further combining such a system with higher-order rewriting, it
is necessary for the first-order rewrite system to be non-duplicating. Termination of higher-order rewrit-
ing with algebraic lefthand sides has been studied in [11, 12] where a rule schema was introduced that
generalizes that of higher-order primitive recursion. It was capturing the rules for recursors of “basic”
inductive types like naturals and lists, or the “map” function on lists, but it was unable to treat the case
of the recursor for non-basic inductive types like the one of ordinals.

Our new proof technique allows us to deal with such rewrite rules. It relies on two important novelties.
Firstly, we define the set of higher-order rewrite rules as an inductively defined set, that we call the
“General Schema”. This will allow us to inductively reason about these rules. Secondly, we use an
interpretation for comparing the arguments of a function call defined by the lefthand side of a rule with
the recursive calls occurring in the righthand side. This interpretation is based on the notion of “critical
subterm” for a strictly positive inductive type. Let us consider the example of the recursor rec on the
strictly positive inductive type ord of ordinals whose constructors are 0 of type ord, S of type ord— ord
and lim of type (nat —ord) —ord, where nat is the basic inductive type of naturals. rec is defined by
the following rewrite rules:

rec(0,u,v,w) — u
rec(S(z),u,v,w) — vz rec(z, u,v,w)
rec(lim(f),u,v,w) — w f Anmnat.rec(f n,u,v,w)

1 Both works follow from the pioneer work by Breazu-Tannen on the confluence of the combination of the simply-typed
A-calculus with first-order (algebraic) rewriting [3].
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In the third rule, we have to compare 1im(f) to (f n). The fact that, for a strictly positive inductive
type o, the type of an argument of a constructor is of the form oy — 09— ...— 0, — 0 where ¢ does not
occur in any oy, allows us to neglect the terms to which an argument of a constructor is applied, giving
the “critical subterm”. Within the example, the critical subterm of (f n) is simply f which is a strict
subterm of Lim(f).

To illustrate our discourse, we will take the example of the simply-typed A-calculus. We have submit-
ted an article to RTA’99 [2] where we present this method in the case of the Calculus of Constructions [6],
and that you can find on the web. Assuming that we are given some base types, upon which function
types may be built using the arrow operator —, the language we consider is defined as follows:

t=x Aot | (1 t2) | Clta, ... tn) | 1,0 1)

where x designates a variable, Az:o.t the function that associates ¢ to each variable z of type o, ({1 t2)

the application of the function ¢; to the term t, C(t1,...,1,) the constructor term of some inductive
type, and f(¢1,...,%,) the application of some defined function symbol f to some terms ty,...,%,.
Naturally, assuming that each function symbol is defined by a set of rewrite rules f(t1,...,t,) — ¢,

the computations associated to this language will be the combination of these rewrite rules with the
F-reduction, that is, the operation that substitutes the bound variable of an abstraction by the argument
to which it is applied: (Az:o.ty t3) —> t1{w—t2}. Since such a calculus is not terminating in general, we
restrict our attention to the so-called “well-typed” terms, that is the terms to which we can give some
type. For example, an abstraction Az:o.t has type ¢ — 7 if © 1s a variable of type ¢ and ¢ is a term of
type 7. We refer the reader to [1] for an introduction to generalized type systems. We denote by F ¢:0
the fact that ¢ has type o.

The termination proof technique that we propose relies on the well known proof technique of “re-
ducibility candidates” due to Tait and Girard [10, 9]. Since a direct proof by induction on the structure
of the typed judgements does not go through, the idea is to use a strengthened induction hypothesis
and to instead prove that, every term ¢ of type ¢ is “reducible”, that is, belongs to the interpretation
of its type that we denote by [¢]. Then, the termination follows from the fact that [o] is chosen so
as to be included into the set of terminating terms. In fact, to treat the abstraction case, we always
reason modulo a “reducible” substitution, that is, a substitution that associates reducible terms to each
variable of its domain. Such a proof can be further extended in a modular way to deal with the case of
function symbols. Indeed, it suffices to prove that, for every well-typed terms f(¢1,... ,t,) and reducible
substitution 0, f(¢10, ... ,t,0) is also reducible.

So, one can see how interesting it is to inductively define the set of higher-order rewrite rules for
which we would be able to prove the previous result. Given a lefthand side f(¢1,...,t,), it suffices to
start with the “accessible” subterms, that is, the subterms that are reducible whenever ¢1,...,t, are
so. Then, we can extend this base set with any operation that preserves the reducibility. This includes
the abstraction, the application, the application of a constructor or of a defined function symbol and
the reduction. We can also add recursive calls whose arguments are strict subterms of ¢1, ... ¢, modulo
the critical subterm interpretation. But, in this case, since the critical subterm interpretation is not
compatible with the reduction relation, and not stable by substitution either, in order to carry out the
proof of reducibility of the higher-order function symbols, we need to define yet another interpretation
which i1s compatible with the critical subterm interpretation and satisfies the previous properties.

Finally, we expect to extend our technique to generalized inductive types as defined in [7], that is,
inductively defined polymorphic types, and inductively defined predicates (dependant types). Together
with function symbol definitions at the type level, our technique would lead to a simpler proof of termi-
nation of the Calculus of Inductive Constructions with strong elimination [16] (but without taking into
account the n-reduction into the type conversion rule).

We also think that our technique could be useful for resolving two problems left open. First, the
extension of the General Schema so as to capture the recursor rules for non-strictly positive inductive
types. One example is given by a coding of Montague’ semantical objects as an inductive type mon with
a constructor of type ((mon — bool) — mon) — mon), where bool is the type of booleans. Secondly, it
would be nice to allow function symbols to be defined by pattern-matching on some higher-order function
symbol like the addition operator on ordinals. Indeed, it is possible to do so with first-order operators like
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the addition operator on naturals or the append operator on lists, allowing one to refine the definition of
the map function for example.
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We are developing a system (MuTTI - Munich Type Theory Implementa-
tion) with dependent types which can be used for the development of provably
correct programs in Type Theory. Inspired by Coquand’s pattern matching
for dependent types [Coq92] as implemented in the ALF system [Alf94] and
its successors, we define a total language as a subset of a partial one. Hence,
we are faced with the problem of verifying termination.

We restrict ourselves to structural recursion, where by structural recur-
sion we mean that the only termination orderings we consider are lexical
products of the natural structural ordering on a strictly positive datatype.
We also allow mutual recursion. A further restriction is that smaller terms
are only generated by primitive operators like case-analysis, projection and
application.

In the type-theoretic context this is sufficient, since general terminating
recursion can be represented by adding additional (computationally irrele-
vant) parameters. We are not sure whether structural recursive without the
afore mentioned restriction is actually decidable.

Abel implemented a termination checker for a simply typed sublanguage
of MuTTI (called foetus), this system allows mutual recursive definitions
on general strict positive datatypes and returns a lexical ordering on the
arguments of the function if one exists.

In the work we want to present here, we show that from foetus output we
can actually conclude that the function is terminating. We define a seman-
tic interpretation of each type and formally define the structural ordering
on semantic values of possibly different types. A central result is that the
structural ordering is wellfounded at each type. A general soundness theorem
allows us to conclude that each term accepted by the foetus system actually
terminates.

Our approach is related to the work by Telford & Turner, who are inter-
ested in a total functional programming language (ESFP). In a recent (un-
published) article [TTu98b] they present also a termination analysis based
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on abstract interpretation. It seems that they accept a larger set of func-

tions but that our analysis of the output of the termination checker is more

detailed.

Our next goal is to extend our termination checker to coinductively de-
fined types [Coq93, TTu97b] and dependent types, including the definition
of universes. We also hope to be able to answer the question whether the

restriction of structural recursive function is actually necessary.
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Abstract. It is shown that for terminating ground term rewrite systems
the length of derivations is linearly bounded in the size of the starting
term. (The constant of the linear bound, however, depends exponentially
on the cardinality of the signature.) This is proven by constructing a ter-
mination proof via a suitable interpretation into the natural numbers.

Terminating ground systems are not necessarily w-terminating, i.e., a
monotone interpretation over w might not exist. As an example, con-
sider the system with the two rules g(a) — ¢(b) and f(b) — f(a). We
show, however, that those systems are “almost w-terminating” in the
sense that a monotone interpretation over a well-founded ordering of the
form a+w can always be constructed where « is a finite partially ordered
set.

In the second part of my talk, it is shown how to apply the theory
of tree languages to decision problems related to ground systems, e.g.,
termination, normalization, fair termination. Extensions of known results
to regular canonical (string and tree) systems are given.
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A slow growing analysis of the canonical rewrite
system for the Ackermann function

Andreas Weiermann
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Abstract
Let Ra := {A(0,y) = S(y); A(S(2),y) — A(z,S(y)), A(S(=), S(y))}

be the canonical rewrite system for the Ackermannfunction. It is well
known the the ordinal notation system 7' for the ordinals less than I'g
yields a canonical termination proof for R4. In addition the slow growing
hierarchy up to I'y classifies the R4 derivation lengths (more precisely, the
derivation lengths of A in the system R,). Let T~ be the subsystem of 7'
in which the ordinal addition function is omitted. Then — due to de Jongh
— the order type of T is €9. Nevertheless T~ yields the termination of
R 4. Weinvestigate the behaviour of the associated slow growing hierarchy
for T~ and obtain the following two results (to appear in JSL):
1. If the elements of T~ are considered as tree ordinals then the associated
slow growing hierarchy classifies the Ra-derivation lengths.
2. If the elements of T~ are considered as set-theoretic ordinals then
the associated slow growing hierarchy classifies the Kalmar-elementary
recursive functions.

These results indicate that sometimes tree ordinals reflect the compu-
tational behaviour of rewrite systems better than set-theoretic ordinals.
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A Totally Terminating Rewrite System whose
Complexity is not Iy-recursive

INGO LEPPER*

Weiermann [2] has shown that the complexity of a rewrite system which is known
to terminate by Kruskal’s Theorem is bound by (s*)%~ (0). This result appeared
to be of rather theoretical nature, because all known examples had multiply
recursive complexities, until recently Touzet [1] gave examples of (even totally)
terminating rewrite systems whose complexities are not multiply recursive. This
was established by simulating the famous Hydra battle for ordinals below &q.
Based on the work of Touzet we define a totally terminating rewrite system
which is able to simulate Hydra battles for all ordinals below Iy, the first infinite
ordinal which is closed under + and the binary Veblen ¢-function. In a second
step, we show how the ternary p-function can be approached by our method.
Since the bound of Weiermann is the first infinite ordinal closed under +
and all n-ary ¢-functions, we are led to the conjecture that this bound is sharp.
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Translating TRSs into OS-TRSs:
a result on modularity of termination*
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An important aspect of the termination property of term rewriting systems
(TRSs) is its modularity, that is termination is preserved under combinations of
TRSs. These combinations vary from TRSs with a disjoint union of signatures
to more complex, hierarchical combinations of TRSs, through TRSs which share
constructors [Toy87,GG87,TKB89,P0l92,MT93,FJ94,0h194,Der95,Gra96]. Very
often, non-termination of the combined system arises because of subtle and (se-
mantically) meaningless interactions between the TRSs. The criteria used to
guarantee modularity are usually given at the syntactic level by relying on the
form of terms which occur in the rules of the TRSs, often using a detailed in-
spection of the structure of the terms. Frequently, it is difficult to understand
intuitively how these syntactic criteria interact.

We present a translation of unsorted TRSs into suitable order-sorted TRSs
(OS-TRSs) [Gna92,Mat96,0L96]. The aim of such a translation is to add more
structure (i.e. the sorts) to the rewriting rules and the terms to be rewritten,
in order to enforce termination. The translation builds on the usual distinction
between constructors and functions to yield a rewriting relation that induces a
particular rewriting strategy, i.e. a bottom-up (innermost) rewriting constrained
by the sorts of terms.

The translation is correct and complete, in the sense that the OS-TRS T
resulting from the translation of an unsorted TRS R is equivalent to R with
respect to terminating derivations. This means that every terminating derivation
in the unsorted TRS R can be simulated by a derivation in 7' that reaches the
same normal form. Thus, for the class of systems for which the completeness
holds, the translation prunes all the possible infinite derivations of R. Moreover,
the OS-TRS T can, on the one hand, have properties that the TRS R does not
have (e.g. termination) and, on the other hand, allows a different combination
of systems, for which more general modularity results for termination can be
proved.

* This work was partially supported by MURST 40% “Tecniche formali per la specifica,
I’analisi, la verifica, la sintesi e la trasformazione di sistemi software”.

29



Our result is the modularity of termination for a subclass of OS-TRSs. This
result holds for the OS-TRSs resulting from the translation which, with respect
to the original unsorted TRSs, possess a more constrained structure both in the
terms and in the rewriting relations. However, the modularity of termination for
the combined OS-TRSs provides a non-trivial criterion for modular combinations
of a particular class of OS-TRSs. Our current combination only allows common
constructors, and results on modularity of termination for such a combination
already exist for suitable subclasses of TRSs. We believe that, by adding the
sort information and establishing suitable orderings on sorts, it will be possible
to achieve modularity of termination for more complex combinations of TRSs,
such as hierarchical unions.
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Most classical techniques for automated termination proofs of term rewrit-
ing systems (TRSs) are based on simplification orderings. In practice, how-
ever, many TRSs are non-simply terminating, i.e., their termination cannot
be verified by any simplification ordering. For that reason, we developed the
dependency pair approach [AG97a, AG97b, AG99] which allows automated
termination proofs for many TRSs where such proofs were not possible be-
fore.

In the talk we present a refinement of the dependency pair framework
which further extends the class of term rewriting systems for which termi-
nation can be proved automatically. By means of this refinement, one can
now prove termination in a modular way. To be more precise, in contrast
to other methods, one may use several different orderings in one termination
proof, cf. [AG9S].

Subsequently, we present new modularity results based on dependency
pairs. It it is well known that simple termination is modular for certain
kinds of combinations of TRSs. This result is of practical relevance, because
it ensures modularity whenever the previous standard techniques for auto-
mated termination proofs succeed. But by the development of dependency
pairs, the class of TRSs where termination is provable automatically has been
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increased considerably. The reason is that by using (quasi-)simplification or-
derings in combination with dependency pairs, it is now possible to prove
termination of non-simply terminating systems automatically. Thus, it is
natural to ask whether modularity of simple termination can be extended to
those systems which can be handled by this new technique. In our talk we
show that for disjoint unions this is indeed the case, cf. [GO98]. Moreover,
under certain additional conditions, this result also holds for constructor-
sharing and composable systems.
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Verification of Erlang Processes*
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Erlang is a functional language, developed and extensively used within Ericsson
Telecom, for implementing concurrent systems [AVWW96]. In the application
area of these programs there are high demands on the correctness of the software.
For that reason, there is great interest for a formal verification of critical and
complicated components in order to isolate potential bugs that are not or cannot
be found by testing.

Techniques for verification are in general based on model-checking and the-
orem proving. There even exists a special purpose theorem prover for Erlang
programs [Dam95,ADFG98]. The advantage of model-checking is that it can be
performed completely automatically, but its use is restricted to an abstraction
of the communicating behaviour of the program. The use of a theorem prover
demands a lot of human interaction and understanding of the problem, but this
allows to prove properties of the outcome and behaviour of the functions as well.

Termination is a property that often has to be proved during verification, e.g.
for function calls of which the result is irrelevant for the final outcome, termi-
nation might still be important for progress. Moreover, even properties of non-
terminating programs (which often occur in the application area) might some-
times be expressed in terms of a termination property. Since proving this kind
of termination properties goes far beyond the possibilities of model-checking, we
have been looking for other techniques to automatically perform this task.

The semantics of Erlang differs from those of term rewriting systems, i.e.
Erlang is not a pure functional language and the notion of concurrency is lack-
ing in the standard term rewriting formalisms. Nevertheless, sequential parts of
Erlang (i.e. programs without communication) that are written like pure func-
tions are so similar to TRSs that treating the program like a TRS is almost
natural. Doing so, techniques for proving termination of TRSs automatically,
in particular the dependency pair approach [AG97,AG98a,AG99], become avail-
able. Additionally, techniques for innermost termination come into scope, since
the TRSs corresponding to Erlang functions are non-overlapping.

In a small but realistic case-study we demonstrated the usefulness of this
approach [AG98b]. We proved from a certain Erlang process that after constantly

* This work was partially supported by the Deutsche Forschungsgemeinschaft under
grants no. Wa 652/2-2 as part of the focus program ‘Deduktion’.
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receiving a certain message, it eventually would send this message to another
process. The proof is divided in several steps. First, we translate the process
and the property to a termination problem of a TRS. This step is performed
by hand, but care has been taken to stay close to the original problem and to
make the transformation commonly applicable and understandable. Second, we
extend the dependency pair approach by introducing rewriting of dependency
pairs. Lastly, we can automatically prove termination of the obtained TRS by
using our refined techniques.
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Invariants, patterns and weights for ordering
terms

Ursula Martin

University of St Andrews, Computer Science Department
St Andrews, Fife KY16 6SS, Scotland

Any simplification ordering on a monadic term algebra is an extension of
an ordering by weight. We extend this result to simplification orderings over
arbitrary terms, by considering a related monadic term algebra called the spine.
We show that any simplification ordering on the spine lifts to an ordering on
the full term algebra. Conversely a simplification ordering on the term algebra
defines a weight function on the spine which in turn can be lifted to a real
valued function on the original ground terms, with the property that the original
ordering is an extension of the weight ordering thus defined on ground terms.
Thus we may associate numeric weights to any simplification ordering on the
term algebra, and hence determine a classifying space. We also investigate
the Knuth Bendix and polynomial orderings in this light, provide a general
framework for orderings terms by counting embedded patterns, and investigate
linear orderings related to the recursive path ordering.

See http://www-theory.dcs.st-and.ac.uk/ um/publications/papersonline.html
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Abstract. We investigate some abstract criteria for proving termina-
tion of (abstract and term) rewriting systems. In particular, we consider
the problem under which conditions termination follows from weak ter-
mination, both locally and globally. We provide some refined versions
of a corresponding known result from [Klo80]. Furthermore we review
some other simple, but quite useful techniques for proving termination
of a rewrite relation by reducing the problem to termination of some
subrelation. Applying these abstract criteria to term rewriting systems
reveals the essence of some known termination results and partially en-
ables generalized versions.
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Introduction. In a term rewriting system (TRS) that is both confluent and
terminating, normal forms are unique (each computation has a unique result)
and thus the word problem is decidable. Even if the TRS is not terminating, we
would like to obtain partial results of computations, and to compare terms. We
lift the restriction that redexes must eventually vanisch (that is, termination)
and require only that each initial segment of the term eventually becomes free
from redexes.

A TRS is called top terminating iff in each infinite derivation, the redex is at the
root of the term only finitely often. If a TRS is top terminating and confluent,
we declare the (unique) limit of a fair reduction starting from a term X to be
the normal form of X. [DKP91] [KKSdV95]

Main result. The fragment of Combinatory Logic with the only combinator
Szyz — zz(yz) is top terminating.

This seems to require a rather technical proof, that can, however, be supported
by machine calculations.

Aim of the talk. While the result perhaps is nice, but certainly not earth
shattering, we mainly present it to invite a discussion on general methods for
proving top termination that could be applied here, resulting in a) a nice pen-
and-paper proof or b) a fully automated proof.

Open Problems. Describe infinite normal forms in CL(S), and thus solve
the word problem.

Related Work. The word problem for CL(L) with Lzy — xz(yy) is shown
decidable in [Sta89], [SWB93]. Normalization is decidable for CL(S) [Wal98].
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Introduction. Let R be a finite term rewrite system over a finite signature
[4]. Recall the theorem of Arts and Giesl [1] that R is terminating if and only
if R satisfies the dependency pair criterion. Inspection of the proof learns that
if we decrease the set of dependency pairs, then the set of infinite reduction
sequences that can be rejected by the dependency pair criterion may decrease.
An interesting extension of the set of finite reduction sequences in R is the set
of strongly converging reductions in R of Kennaway e.a. [2]. In general not all
infinite reductions in R will be strongly converging.

In this note we will reduce the set of dependency pairs for R to a subset
of strong dependency pairs. We will prove that R satisfies a similar strong de-
pendency pair criterion if and only if all reductions in R are strongly convergent.

Strongly converging reductions. Recall that a reduction is strongly
converging [2], if either it is a finite reduction or it is an infinite reduction
to — t1 — ... satisfying lim,_,, d, = oo, where d,, is the depth of the re-
dex contracted in the reduction step t,, — t,+1. Among the possibilities [3] the
standard one is to measure depth by the number of nodes on the path from
the root to the redex. Like termination, strong convergence of term rewriting
systems is undecidable in general. Observe that the terms of an infinite strongly
convergent reduction converge to a (possibly infinite) limit. Strong convergence
captures the idea of progressing approximation: the limit of an infinite strongly
convergent reduction can alternatively be described as the limit lim,_, o, s, of
approximating prefixes s,, C t,,, where the s,, remain reduction free in the rest of

the reduction. Here we will not consider transfinite reductions and infinite terms.

Strong Dependency Pairs. We will now define strong dependency pairs
as dependency pairs with an extra depth dependent condition. As in [1] it is
notationally convenient to extend R’s signature with a fresh, capitalised symbol
F for each defined function symbol f of R. If f(s1,...,5,) = Clg(t1,...,tm)] is
arule of R, g is a defined symbol of R and the hole [ ] occurs at depth 0 in C[ |,
then the pair (F(s1,...,8n), G(t1,-..,t,)) is called a strong dependency pair.
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As in [1] we define that a (possibly infinite) sequence (s1,t1), (s2,t2), ... of
pairs of terms in R is a chain of if there is a substitution o such that t;0 —=* sj1 10
in R for each j > 1. The hard work now goes into proving:

Theorem 1. Let R be a TRS without collapsing rules. There is a reduction
sequence in R in which infinitely many reduction steps take place at depth O if
and only if there is an infinite chain of strong dependency pairs.

Corollary 1. A term rewrite system R without collapsing rules is strongly con-
verging if and only if there is no infinite chain of strong dependency pairs.

The strong dependency pairs form a subset of the dependency pairs. A similar
proof as in [1] involving contexts with holes at depth 0 shows:

Theorem 2. A TRS R without collapsing rules is strongly converging if and
only if there exists a well-founded weakly monotonic quasi-order >, such that

— both > and > are closed under substitution,
— 1 >7 for all rules | - r in R and
— s>t for all strong dependency pairs (s,t) of R.

Conclusion and example. As in the case of termination the benefit of the
last theorem is that the proof of strong convergence of a term rewrite system is
now reduced to the search of a suitable quasi-order. For example one may prove
that the following non-terminating term rewriting system is strongly converging.
Finally, one may observe that the concept of depth is actually a parameter of
this note as in [3]. Similar theorems hold for suitable variations: the original
theorem of Arts and Giesl can be recognized as an instance.

filter(z : y,0,m) — 0: filter(y,m,m)
filter(z : y,s(n),m) — x : filter(y,n,m)
sieve(0 : y) — sieve(y)
sieve(s(n) : y) — s(n) : sieve(filter(y,n,n))
odds(n) — n : odds(s(s(n)))
primes — 5(s(0)) : sieve(odds(s(s(s(0 )))))
take(0,z : y) —

take(s(n),z : y) - take(n, y)
prime(n) — take(n, primes)
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Equational Termination by Semantic Labelling
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Semantic labelling (Zantema [5]) is a powerful tool for proving termination
of term rewrite systems. The usefulness of the extension to equational term
rewriting described in [5] is however rather limited. In this talk, we introduce a
more powerful version of equational semantic labelling, parameterized by three
choices: (1) the well-founded order on the underlying algebra (partial order vs.
quasi-order), (2) the relation between the algebra and the rewrite system (model
vs. quasi-model), and (3) the labelling of the function symbols appearing in
the equations (allowed vs. forbidden). We present soundness and completeness
results for the various instantiations and analyze the relationships between them.

We present several applications of our equational semantic labelling tech-
nique. We give an alternative proof of the correctness of the dependency pair
approach (Arts and Giesl [1]) for proving termination of term rewrite systems.
We give a short proof of the main result of Ferreira et al. [2]: The correctness
of a version of dummy elimination for AC-rewriting which completely removes
the AC-axioms. We extend some of the results of Zantema [4] concerning dis-
tribution elimination to the equational setting.

Every terminating term rewrite system can be transformed by self-labelling
(a special case of semantic labelling) into a rewrite system whose termination
can be shown by the recursive path order (Middeldorp et al. [3]). In the final
part of the talk, we discuss to what extent our equational semantic labelling
technique is complete in this sense.
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In the last decade, several methods have been proposed to check termi-
nation of logic programs (semi-)automatically. In [GW93], Ganzinger and
Waldmann described a transformation of well-moded logic programs into
deterministic conditional term rewriting systems—systems with a restricted
use of extra-variables. If the transformed system R(P) is quasi-reductive (a
property which ensures effective termination), then the logic program P is
terminating for all well-moded queries but not vice versa (so the method is
sound but not complete). Quasi-reductivity is in general undecidable but
sufficient conditions for quasi-reductivity are known; see [Gan91, ALS94|.

Inspired by the transformational approach described above, Arts and Zan-
tema [AZ95, AZ96] proposed to transform the logic program into an uncon-
ditional term rewriting system. A similar approach appeared in [AM93]. In
contrast to the former techniques, the latter does not require any prior in-
formation about modes of predicates because these are computed during the
transformation according to a given query.

In Arts and Zantema’s method, innermost termination of the term rewrit-
ing system ensures termination of the logic program. The advantage is that
well-known powerful methods like the dependency pair approach [AG97| can
now be used to prove termination of logic programs automatically. Conse-
quently, it is remarked in [AZ95] that the suggested method “is applicable
to a wider class of logic programs” and hence it is “stronger than the other
results”. It will be shown, however, that the technique of Ganzinger and
Waldmann is equally powerful. This is done by first translating the deter-
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ministic conditional term rewriting system R(P) into an unconditional term
rewriting system U(R(P)). Then one can show that quasi-reductivity of
R(P) coincides with innermost termination of U(R(P)).
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When Linear Norms Are Not Enough
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We consider left termination of queries to logic programs ([Apt97, DSD94]). The general ap-
proach to proving termination is by showing that during the evaluation of a given program, there
is a sequence of terms, such that the size of these terms is decreasing. Usually, orders induced by
defining linear norms on terms ([UvG88, P1i90, L.S97, CT97]) are sufficient for showing termina-
tion. However, in some cases, termination cannot be shown using a linear norm. Two examples

are given below.

1. Consider the program for repeated derivations with a query that is symbolically represented
in the form d(Expression, Derivative), where the first argument is ground.

t),1).

der(A),0):—number(4).

d(der(

(der(

(der(X+Y),DX + DY):—d(der(X), DX), d(der(Y),DY).
(der (X

(der(

d

der

o.

Y),X # DY + Y + DX):—d(der (X), DX), d(der(Y), DY).
der(der(X)),DDX):—d(der(X),DX), d(der(DX), DDX).

d
d

der

2. Consider McCarthy’s 91 function [Knu91] with the query mc_carthy 91 (Argument, Value),
where the first argument is an integer.

mc_carthy 91(X,Y) :— X > 100,Y is X — 10.
mc_carthy 91(X,Y) :— X =< 100,Z1 is X+ 11,
mc_carthy_91(Z1,Z2),mc_carthy 91(Z2,Y).

For programs, such as repetitive derivations, we can show termination by considering recursively
definable sizes, i.e., the size of a term depends only on its functor and the sizes of its arguments.
These recursively definable sizes, which are not necessarily numerical, are a proper extension of the
sizes induced by linear norms. For instance, the depth of a term is a recursively definable size, but
it cannot be expressed by any linear norm. Norms that are based on recursively definable sizes can

be incorporated into the framework of TermiLog and similar systems [L.SS97, CT97].
For programs, such as McCarthy’s 91 function, termination depends on arithmetic calculations,
and showing termination is difficult, since the usual order for the integers is not well-founded. For
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such programs, we have developed the following method for showing termination. First, we deduce
automatically a finite abstract domain representing the integers. For example, the integer abstrac-
tions for the 91 function consists of the following intervals: {X < 89,89 < X < 100, X > 100}.
Using this abstraction, we can apply an abstract interpretation to infer a finite number of atoms
abstracting answers of the program. These abstract atoms serve as a basis for extending the
technique of the query-mapping pairs [LS97]. Specifically, for each query-mapping pair that is sus-
pected of expressing a non-terminating behavior, we guess a bounded integer-valued termination
function. If, while traversing the pair, the termination function decreases monotonically, termi-
nation is shown. In our approach, it is suflicient to guess a simple termination function for each
suspicious query-mapping pair, and that gives our approach an edge over the classical approach
of using a single termination function, which inevitably has to be more complicated and is harder
to guess automatically. Thus, our approach of combining a finite abstraction of the integers with
the technique of the query-mapping pairs is essentially capable of dividing a termination proof into
several cases, such that a simple termination function suffices for each case, and the whole pro-
cess of proving termination can be done automatically in the framework of Termilog and similar
systems [LSS97, CT97].
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Notions of termination appear in nearly every area of computer science. We
have encountered one of these notions in the context of self-stabilizing dis-
tributed algorithms. An algorithm is said to be self-stabilizing if, starting from
any state, it is guaranteed to reach a pre-defined set of legal states in finite time.
This is called the convergence property of such algorithms. Together with the
additional requirement that the set of legal states is closed under normal sys-
tem operation, this ability can be seen as a very powerful method of achieving
fault-tolerance: self-stabilizing algorithms tolerate any kind of transient failure
in a non-masking way, even those failures which were unforseeable at design
time.

Proving convergence of self-stabilizing algorithms is an instance of proving
termination, and so all the methods that exist in the literature can be applied.
However, the existing methods in computer science seemingly all boil down to a
well-foundedness argument: basicly, one has to devise a well-founded ordering
relation on system states and then show that in every state transition of the
algorithm either a legal state is reached or the transition decreases the “order
value” of the states involved. An equivalent proof method is to exhibit a cor-
responding termination function (commonly called convergence function in the
self-stabilization literature). However, just like in the area of termination, de-
vising such a termination function requires some creativity. In self-stabilization
finding such a function is especially difficult since it must consider all states of
the algorithm and capture the very “essence” of the convergence property.

Currently we are investigating methods to prove termination by adopting
results from control theory. The objective of this part of electrical engineering is
to “stabilize” real-world processes (like motors, power supplies and other electric
or electronic devices) by devising special control components around the process
(i.e., a control circuit) to guarantee that the process’ output will stabilize to

*This author’s work was supported by the Deutsche Forschungsgemeinschaft (DFG) as
part of the “Graduiertenkolleg ISTA” at Darmstadt University of Technology.
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a certain value (like speed, voltage etc.) whenever external influences disturb
normal operation.

The central part of proving the stability of such a control circuit is to cal-
culate the input-to-output behavior of the process alone (its so called transfer
function) and then “plug in” controller components that influence this transfer
function in predefined ways. By adding these components, the transfer func-
tion of the overall control circuit is changed. Basic theorems of control theory
offer a set of sufficient conditions proving that the overall transfer function will
converge to some predified value.

The similarities in the problem statement are obvious. No so obvious are the
similarities in proof techniques. While the traditional approach of convergence
functions uses a state-based reasoning approach based on some form of logic, the
control theory approach can be characterized as investigating the limits behav-
ior of the overall transfer function. This involves solving non-linear differential
equations, calculating function transformations and dealing with residues and
complex numbers. While other proof methods similar to termination func-
tions exist in control theory, the usual approach which we will present in the
talk seems to have very little resemblance to the standard well-foundedness
approach of computer science. For example, while the traditional termination
functions are necessarily monotonic and stop decreasing at some finite point in
time, the transfer functions are not necessarily monotonic (i.e., they can oscil-
late with decreasing amplitude around the target value) and converge only in
the limit.

In the talk, we will present the control theory approach as sketched in
this abstract. We are interested in obtaining some expert comments from the
termination community on the above and some other open questions we have.
We plan to illustrate the topic with an example algorithm which can be easily
proved correct using the control theory approach but which we have found no
easy way of proving using a well-foundedness argument.
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Abstract

Termination orderings on rewrite systems delineate classes of total functions such
as the primitive recursive functions which are characterised by MPO [Hof92],
multiple recursive functions [Pét66] which are characterised by LPO [Wei95].
Subrecursive hierarchy classifications has been extensively investigated by as-
signing ordinals to recursive definitions, see for example [BEW94,HW94]. The
main issue is to express the computational complexity of a program from its ter-
mination proof. For this, we incorporate ideas involved in predicative analysis
of recursive definitions which can be found in the works of [Sim88,BC92,Lei94]
and also exploit more traditional methods from termination proofs. We consider
here ways of specifying the computational complexity of algorithms which is
an intensional property. On the other hand, the traditional meta-theory of pro-
gram reasoning deals with the verification of extensional properties. The study
of intensional properties of programs turns out to be much more challenging.
For example, the class of all algorithms running, say, in polynomial time is not
recursively enumerable with respect to an enumeration of partial recursive al-
gorithms. But, imposing an intentional property on program constructions is a
relevant question which is considered for example in Nuprl development as ex-
plained by Constable in [Con95]. One might wonder how relevant is a program
whose proof termination is certified but runs in doubly exponential time.

We shall investigate the computational complexity of algorithms provided by
rewrite systems with termination proofs based on polynomial and exponential in-
terpretations. Termination proofs by polynomial interpretations were introduced
by Lankford [Lan79]. Hofbauer and Lautemann [HL88] established that deriva-
tions admit a doubly exponential length. The background for our study really
goes back to the work initiated by Cichon and Lescanne [CL92]. It was shown
that a particularly important aspect was the interpretation of the constructors.
More recently, we showed in [BCMT98] that the functions whose termination
proofs involve a particular kind of successor interpretation, are exactly the func-
tions computed in polynomial-time (PTIME), linear exponential time (ETIME =
DTIME(2°("))) and linear doubly exponential time (E,TIME = DTIME(22"")).

While in [BCMT98] functions were just defined by a confluent system on
strings, we now consider general rewrite systems with polynomial interpreta-
tions. Data structures are now lists, trees, ... So, we are somewhat closer

48



to real programming languages such as the ones designed in POLO [Gie95],
ORME [Orm], LARCH [Lar]. Next, we present a notion of functions computed
by non-confluent systems which appears in Krentel’s work [Kre88] and which
seems appropriate and robust as discussed by Gradel & Gurevich [GG95]. The
whole purpose is to provide a basis whereby non-confluent rewrite systems are
construed to non-deterministic computations. As in [BCMT98], we exhibit three
kinds of polynomial interpretations of constructors. We analyse the computa-
tional complexity of algorithms with respect to the kind of interpretation given
to constructors. Hence, we obtain three classes of functions which characterise
exactly PTIME, ETIME, E2TIME when systems are confluent. When systems are
non-confluent, we capture the non-deterministic counterpart, that is the class
of functions computable in non-deterministic polynomial time (NPTIME), non-
deterministic exponential time (NETIME), and lastly non-deterministic doubly
exponential time (NE2TIME).

Machine independant characterisations of complexity classes were originated
by Cobham [Cob62]. His approach is by means of ‘bounded recursion on notation’
in which rates of growth of functions are limited by functions already defined
in the class. In contrast, in our work, polynomial interpretations just impose,
via a reduction ordering, a local condition on each rewrite rule. In fact, the
different kinds of polynomial interpretations of successors are somewhat akin to
the notion of data tiering [BC92,Lei94]. Beckmann & Weiermann reformulate
those ideas into a rewriting setting, see also [Cas96]. It is also worth mentioning
the characterisation of PTIME functions over finite models in [Saz80,Gur83], since
basically the same system is considered : the Herbrand-Gdédel equations.

We briefly summarise the main results

n-ary constructor interpretation Confluent Non-Confluent
Kind0 :) ., Xi+~ PTIME NPTIME
Kind1 : Y0, a;X;+7 ETIME NETIME
Kind2 : Y7, aini + E>TIME NE,TIME
Kind 3 : Y1, 2% 44 DTIME(exp,, (1)) DTIME(exp,, (1))

where exp., (0) = 2 and exp,(n + 1) = 26%P= (")
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Abstract

Termination proofs of rewrite systems using the Knuth-Bendix order-
ing, KBO, imply multiply-recursive bounds on the lengths of derivations.
Hofbauer has studied two restrictions of KBO. The first is a restriction
to the use of positive weights, the second is a restriction on the signature
which is only allowed to contain at most unary symbols. In both cases,
Hofbauer proves the derivation lengths to be bounded exponentially. We
prove that in the first case computations are LINSPACE and that in the
second computations are ETIME.

The theme of our investigations is that of complexity characterisations of
classes of functions computed by rewrite systems. Comparisons are achieved
with respect to computations with a Turing Machine. Actually, we concentrate
on classes of feasible complexity.

There are several examples where a fine analysis of termination proofs gives
upper bounds on the complexity of the computed function. Concerning path
orderings for instance, see Hofbauer [Hof92] for the case of the multiset path
ordering, MPO, and Weiermann [Wei95] for the case of the lezicographic path
ordering, LPO. In both cases, the authors answer the question as to what com-
plexity restrictions are imposed by the termination proof method.

We are concerned here with a similar point of view. Given a termination
proof method and a complexity class, are all functions of this class computed by
a rewrite system whose termination can be established by the method? Follow-
ing on from work of Cichon and Lescanne in [CL92], Bonfante, Cichon, Marion
and Touzet, in [BCMT98], have analysed the situation for termination proofs us-
ing polynomial interpretations in terms of time complexity classes. We consider
the same problem for the Knuth-Bendix ordering, KBO.

KBO is a syntactic ordering on terms invented by Knuth and Bendix [KB70]
in the late 1960’s and it has been proved decidable whether or not a rewrite
system admits a KBO ordering termination proof ([Lan79, Mar87, Alt89]). As a
consequence, KBO can be used by automatic proof search systems.
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In [HL89], Hofbauer shows that the upper bounds on derivation lengths of
rewrite systems with a KBO termination proof are not primitive recursive. In
fact, they are multiply-recursive [Hof9-, Tou97]. However, there are two natural
restrictions of the order for which the bounds are exponential. The first requires
that the weights be strictly positive (which gives a restriction on size) and the
second restricts to computations on words (or strings).

iFrom our point of view, these two restrictions lead to very different classes
of functions. We show that the restriction on weights leads to a characterisation
of LINSPACE and that the restriction on the signature leads to a characterisation
of ETIME.
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In [Gra], Gramlich extended an O’Donnell’s result by proving that finite innermost terminating overlay term

rewrite systems with joinable critical pairs are terminating. We study the complexity aspect of this result and
we prove that :

Theorem Given a finite overlay term rewrite system R and a term ¢ = f(uo,...,uy) such that :

e cach immediate sub-term w; of ¢ is strongly uniquely normalising (we denote | (u;) its unique normal
form),

e and if |; (¢) := f({ (wo),-..,d (uy)) is strongly uniquely normalising,
then t is strongly uniquely normalising and there is a constant M such that
A1) < A (1) + MO (Auo) + -+ + Aum))
where A\(v) denotes the length of a worst derivation of a strongly normalising term v.

This theorem implies Gramlich result stated above and extends a result proved in [Tah] for constructor
orthogonal rewrite systems.

This result allows to estimate upper bounds for primitive recursive functions and to give a syntactic charac-
terisation of the Grzegorczyk hierarchy as done in [Cich-Tah].
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International Workshop on Termination (WST ’99)
Monday, May 10, 1999

Time Speaker/Chair Title
8:50 - 9:00 | Jurgen Giesl Opening of WST ’99
9:00 - 9:45 | Hans Zantema The termination hierarchy for term rewriting
(Tutorial talk)
9:45 - 10:15 | Nachum Dershowitz Undecidability results that follow from results
in recursion theory
10:15 - 10:40 | Break
Nachum Dershowitz
10:40 - 11:10 | Jamie Andrews Termination semantics of logic programs with
cut and related features
11:10 - 11:40 | Sofie Verbaeten & Termination of simply moded well-typed logic
Danny De Schreye programs under tabled execution mechanism
11:40 - 12:10 | Jan-Georg Smaus Well-terminating, input-driven logic programs
[12:10 -  13:40 [ Lunch |
Hans Zantema
13:40 - 14:10 | Aart Middeldorp & Transforming context-sensitive rewrite systems
Jurgen Giesl
14:10 - 14:40 | Maria Ferreira & Context-sensitive AC-rewriting
Anabela Lopes Ribeiro
14:40 - 15:10 | Albert Rubio A fully syntactic AC-RPO
15:10 - 15:40 | Cristina Borralleras, Monotonic semantic path orderings
Maria Ferreira &
Albert Rubio
15:40 - 16:20 | Break
Bernhard Gramlich
16:20 - 16:50 | Jean-Pierre Jouannaud &  Higher-order recursive path orderings
Albert Rubio
16:50 - 17:20 | Frederic Blanqui, A terminating schema for higher-order rewrite
Jean-Pierre Jouannaud &  systems
Mitsuhiro Okada
17:20 - 17:50 | Andreas Abel & A semantical analysis of structural recursion
Thorsten Altenkirch
| 18:00 | Dinner |
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International Workshop on Termination (WST ’99)

Tuesday, May 11, 1999

Time Speaker/Chair Title
Adam Cichon
8:45 - 9:30 | Dieter Hofbauer On termination and derivation lengths for
ground rewrite systems (Tutorial talk)
9:30 - 10:00 | Andreas Weiermann A slow growing analysis of the canonical rewrite
system for the Ackermann function
10:00 - 10:30 | Ingo Lepper A totally terminating rewrite system whose
complexity is not I'g recursive
10:30 - 10:45 | Break
Pierre Lescanne
10:45 - 11:15 | P. Inverardi & Translating TRSs into OS-TRSs: A result on
Monica Nesi modularity of termination
11:15 - 11:45 | Jiirgen Giesl, Modularity results for termination proofs using
Thomas Arts & dependency pairs
Enno Ohlebusch
11:45 - 12:15 | Thomas Arts & Verification of Erlang processes
Jurgen Giesl
[12:15 - 13:40 [ Lunch |
[13:40 - 22:00 [ Excursion |
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International Workshop on Termination (WST ’99)
Wednesday, May 12, 1999

Time

Speaker/Chair

Title

Aart Middeldorp

9:00 - 9:45 | Ursula Martin On assigning invariants to term orderings
(Tutorial talk)
9:45 - 10:15 | Bernhard Gramlich On some abstract termination criteria
10:15 - 10:40 | Break
Ursula Martin
10:40 - 11:10 | Johannes Waldmann Top termination of C'L(S)
11:10 - 11:40 | Jirgen Giesl, Strong convergence of term rewriting using
Vincent von Qostrom & strong dependency pairs
Fer-Jan de Vries
11:40 - 12:10 | Hitoshi Ohsaki, Equational termination by semantic labelling
Aart Middeldorp &
Jurgen Giesl
[ 12:10 -~ 14:00 | Lunch |
Thomas Arts
14:00 - 14:30 | Enno Ohlebusch Automatic termination proofs of logic programs
via rewrite systems
14:30 - 15:00 | Nachum Dershowitz, When linear norms are not enough
Naomi Lindenstrauss,
Yehoshua Sagiv &
Alexander Serebrenik
15:00 - 15:30 | Oliver Theel & On proving termination through transfer func-
Felix Gartner tions
15:30 - 16:20 | Break
Dieter Hofbauer
16:20 - 16:50 | Jean-Yves Marion Termination proofs and computational com-
plexity classes
16:50 - 17:20 | Guillaume Bonfante Complexity classes within KBO
17:20 - 17:50 | Elias Tahhan Bittar Recursive upper-bounds for overlay term
rewrite systems
| 18:00 | Dinner |
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