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1 A new technique to prove termination of constructor systems.
Thomas Arts. Hans Zantema

We present a new technique to prove termination of a subclass of term rewrite systems: the constructor
svstems (CSs). In earlier work we introduced a transformation of logic programs into C'Ss. such that termi-
nation of the logic program follows from termination of the obtained C'S. The technique to prove termination
of ('Ss described in this paper is in particular suitable. but not limited to. C'Ss that are obtained by this
transformation of logic programs. Parts of the technique can be automized very easily. QOther parts can
be automized for subclasses of CSs. We even have an implementation in progress that is able to prove
termination of some CSs that are not simply terminating. but these examples are rather trivial. For more
realistic ('Ss a part of the technique has to be carried out by hand.
Consider the following CS (note that it is not simply terminating)

h{x) —  s(x)
fleple)) — glh{z))
gls(s(x))) — fla.x)
Jlr.x) —  flae.pla))

with the following typical reduction

fls(x).p(2)) = g(h(s(z))) = gls(s(2))) = fla.x) = flo.plr)

[n reductions with this kind of cyclic behaviour the first argument of f decreases. Our technique ix a
formalization of the intuition that in any reduction the same defined symbol reappears with decreased
arguments. With our technique we give a systematical approach to collect all the reductions with this kind
of evelie behaviour. From this collection we infer a number of conditions that have to be fulfilled by a
suitable well-founded order on terms. Thus. we translate the termination problem into finding a suttabl
order fulfilling some conditions. We proved soundness of this transformation. ¢.¢.. termination of the €'s
follows from the existence of the demanded order. Applyving the technique on the 'S mentioned above.
automatically results in the demand that there has to be a well-founded order >. closed under substitution.
such that s(2) > 2. Such an order obviously exists. and therefore. the CS is terminating.

2 Lambda-Upsilon. a calculus of explicit substitution which preserves strong normalisation
Zine-El-Abidine Benaissa. Daniel Briaud. Pierre Lescanne. Jocelyne Rouyer-Degli

Caleulus of explicit substitution is a nice formalism which includes the mechanism of substitution inside
rhe lambda calculus itself and which allows formalising beta-reduction,

Several calculi of explicit substitutions have been proposed. but Mellies has shown that some of them do
not preserve beta strong normalisation of lambda terms. In the talk we will present a proof that lambda-
upsilon preserves strong normalisation. This proof is rather original in the world of lambda-calculus since it
is based on a least counter-example as Nash William's proof of Kruskal theorem.

3 Modular Orientation of Equations into Rewrite-Rules for Modular Algebraic Specifications
M. Bidoit. F. Voisin

The work we present here is part of an ongoing research on “modular proofs” for modular algebraic spec-
ification languages. We consider the classical problem of orienting (conditional) equations into finitely
terminating rewrite systems, when the equations belong to modules written in a modular algebraic specifi-
cation language. Assuming that for each module (a subset of ) the equations have been turned into a finitely
terminating rewrite system. we want to be able to merge the individual rewrite systems associated with a
collection of modules into a single, finitely terminating. rewrite system. The actual collection of modules to
he taken into consideration will depend on the proof to be performed.

Rather than relying on syntactical criterion to allow the merging of independent systems known to b
independently finitely terminating - a problem known as the “modular” termination of rewriting systems -



we investigate a different approach to "modularity” where the equations in a given module are not oriented
independently but with constraints that reflect the structure of the specification.

Restricting the way in which equations in a single module can be oriented ensures the smooth inclusion
of the resulting rewrite system into any collection of rewrite systems in which it can latter appear. without
loosing too much on the orientation efficiency but simply postponing the orientation of some equations.
Equations in a single module are statically partitioned into three sets: the equations that can be oriented
in a context-independent way. the equations known to be unorientable. and the set of remaining equations
whose orientation is postponed until the precise context of their use is known. The equations in the latter
et are the ones that have potential. inter-modules. orientation conflicts when modules are gathered: =
premature orientation of an equation in a module can prevent the orientation of the equations in the other
modules of the proof environment. Therefore. the method allows to statically orient part of the equations of
a module while keeping to a dynamic stage the orientation of the equations that are more context dependent.

The method is currently defined for precedence methods. like the recursive path order. which are probabl
the most practical methods for general purpose theorem provers,

4 Preservation of Strong Normalisation for some Explicit Substitution Caleuli
[{A'u'*i Bl‘ {TR}

We study a simple named calculus of explicit substitutions called Aexp and some extensions. Using
recursive path orderings (based on Kruskal's tree theorem) we show that two of these possess the PSN-
property. This means that every term that is strongly normalising with respect to J-reduction is als
strongly normalising with respect to explicit substitution reduction. Until 1995 it was an open question
whether a calculus of explicit substitution could have the PSN-property.

Aexp can be seen as a named version of the caleulus Ao of Abadi et al.[1] with restrictions on interaction
hetween substitutions. but was independently proposed by Kamareddine and Nederpelt inspired by the
Automath-languages [4]. The notation we use here is due to [8].

The system Aexp has the following terms: T = o | T7T | Ao Tl := T The explicit substitution
reduction relation —exp is the union of two subrelations —expg and —exps Which are generated by the
rules [z‘\;i‘)[f —7expg .‘1(.1,' = B) ..[.'{.I.' = l:) —?’gxps A, dhy = _1:,5 —exps & L.]}j)(.l = (:f ‘?exps l{\f =

(O B{e = 7)) and (Ar.A){y = B) —exps Ar.(A{y := B)) (here » # y and the Barendregt convention i~
assutned, that is. free variables in terms are distinet from bound ones and all bound variables are distiner .

Properties that can be easily proved for Aexp are the confluence of the reduction relations —exps. —rexpg
and —+exp. and termination of —exps.

[he intuition behind our proof of PSN is that the worst reductions are those that take place inside o
substitution which is ‘void™. A substitution {x := B) is void in A{xr := B) if & 1s not free i 4. Special care
has to be paid to the notion x s free in A,

We define for all terms A a finite tree T(A) reflecting this idea (more precisely. T(4) is the tree with
topmost label the pair (3(.1). (1)) and subtrees T(B) for all outermost void substitutions (# := B) in .1
here 2(.4) is the maximal length of J-reduction paths starting with the —exps-normal form of 4 and (.1
is the maximal number of —axps-reductions possible outside all the outermost void substitutions (x 1= B)
in 4). We then show that the recursive path ordering on these trees is in a certain sense a refinement of the
reduction relation —exp. which shall give us PSN.

Other recently discovered methods to prove the PSN-property are the notion of minimal derivation [2].[7]
and nested induction on the maximal length of the J-reduction paths of the —oxps-normal forms of a term
and the arguments of its substitutions [3]. These two methods however involve much technical reasoning
ahout the position and order of 3- and substitution redexes to be contracted. Our method using recursive
path orderings was inspired by a similar proof by Herman Geuvers for the most restrictive system (see [3])
and is much less technical.

By giving some counterexamples inspired by P.A. Melliés™ counterexample to PSN for Ag [6] we show that
ble to allow much interaction between substitutions and still have the PSN property. however

it 15 not poss
i slight extension of the rules of Aexp 1s possible.
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5 Cut Elimination and rewriting: Termination proofs
E.A.Cichon, M. Rusinowitch. 5. Selhab

We establish a strong form of Gentzens Cut elimination theorem for the classical sequent caleulus ex-
tending this result to intuitionistic and linear calculi. Our approach consists in the use of syntactic rewriting
techniques to prove that our Cut elimination procedure terminates for any strategy.

We construet two rewriting systems (R and S) realising the normalisation of proofs. when constdered as
terms. starting from two different procedures of Cut elimination, \We then prove termination of those rewrite
systems. The use of the Clontraction rule leads to splitting R into two terminating subsystems. We establish
rermination in a modular fashion by the quasi-commutation principle. On the other hand the termination
proof for S is direct. We go on to show that the same approach can be applied successfully to the intu-
itionistic calculus with slight differences due to the form of intuitionistic sequents. Moreover in the case of
linear sequent calculus without modalities the termination proof of the extracted rewriting system is direct
because of Contraction rule dereliction. Finally using rewriting methods. we show how to extract bounds
for lengths of rewrite sequences.

6 A Direct Limit Approach to Subrecursive Hierarchies
Adam Cichon. Héléne Touzet

We present a syntactic approach to ordinal recursion below .

We consider ordinal terms over the signature {0.s. +. %, exp} with an operator A and we provide this struc-
ture with a well-founded ordering based on the Kruskal embedding. extending the usual definition of < on
("N F(ey), The main difference with set-theoretical ordinals is that limit ordinals are built up via the direct
limit operator A, which is a more precise and more dynamic way of viewing the problem. For instance. the
predecessor associated with this svstem exactly reflects each derivation step of the usual hydra battle and
s0 a single ordmal term can encode the whole derivation. We believe this notion is more convenient and
appropriate for proving termination with subrecursive hierarchies of functions.



7 A survey of the proof of the graph minor theorem
Bruno (ourcelle

Robertson and Seymour have proved the analogous of Kruskal's theorem for finite graphs of various types
and even hypergraphs. This result is known as the "Graph Minor Theorem".

The proof is not completely published but I can give an overview of it. The applications do not concern
(vet) the termination of graph rewriting rules as for Kruskal. but rather the definition of classes of graphs
by forbidden configurations. The extension of Kruskal's theorem by Friedman is useful for proving the GMT
tfor graphs of bounded tree width.

8 Polynomial and Knuth-Bendix Orderings on Monadic Terms
Nick Cropper

The polynomial orderings on terms in two unary function symbols are fully resolved into simpler order-
ings. Thus it is shown that most of the complexity of polynomial orderings is redundant. The order tvpe
(logical invariant). either 7 or A {numeric invariant). and precedence is calculated for each polynomial or-
dering. The invariants correspond in a natural way to the parameters of the orderings. and so the rabulated
results can be used to convert easily between polynomial orderings and more tangible orderings.

The orderings of order type .+ are two of the recursive path orderings. All of the other polynomial
orderings are of order type « or ¥ and each can he expressed as a lexicographic combination of © {weight 1.
A tmatrix). and lexicographic (dictionary) orderings.

9 A note on rewriting with real numbers
Fer-Jan de Vries and Junnosuke Yamada

We will introduce a term rewriting system for a fragment of real number arithmetic in the usual redex
expansion notation. The fragment deals with addition, subtraction and multiplication of real numbers. The
rewriting system contains a minimal number of extra svmbols. Besides the digits and +. «. — we only need
two coneatenation syinbols:

rrys=lle+yandeiy=r+ —y

10
with bracket association to the left and to the right respectively. E.g.. the number 123,456 is represented by
the term {(1:2) :3): (4:(5:6)).

Rewriting systems that describe arithmetic in such a concrete way seems little studied. Yet these svstems
can be fairly elegant with puzzling properties. Cohen and Watson (RTA91) seem to have been the first to
propose a TRS for integer arithmetic. and posed the problem whether their system was terminating. Their
proposal appears to be rather ad hoc. Walters (1994) defined a very elegant system for integer aritmetic.
and proved the termination for the fragment involving addition and substraction. We extended Walters
proposal to real number arithmetic and proved termination of the fragment with addition and multiplication
using Zantema's semantic labeling technique. Walters and Zantema (RTA93) finally proved termination for
Walters full integer arithmetic TRS for +. x. — with help of the semantic labeling technique and an elegant
decomposition argument.

[n this note we show that the decomposition argument can be extended to our TRS for real number
aritmetic: restricted to finite terms real number arithmetic is terminating. We also show that modulo
assoclativity and commutativity of addition the system of the positive reals for +. x can be completed. For

both full systems (integers and reals) with +. x. —. it is still open whether or not it can be completed modulo
AC(—) and the equation —(r + y) = —x + —y.

If we allow infinite terms in a context of infinite rewriting things get rather wild. Terms like | +1+1+
and L:((1:1):((1:1:1):...)) have infinite semantics. However we can show that any term Ct;.....t,] has
a strongly converging reduction to normal form. where C[..... ] is a finite context built from +. <. — and
f1..... 1, are closed normal forms.



10 ?
Nachum Dershowitz

11 Normalisation of sequent calculus derivations
Royv Dyckhoff, Luis Pinto

Derivations in a cut-free intuitionistic sequent calculus such as Gentzen's LJ with the same interpreta-
tion as natural deductions are said to be "equivalent" or "permutable”. Proof search which finds just one
member of each equivalence class is preferable to a search which finds permutation variants of already found
derivations.

We have studied some equational systems which generate the equivalence classes of this relatiouship
{details written out for the connectives for implication and disjunction): these differ from some 1970s work
of Zucker in considering systems without CUT. We are now exploring ways of converting this system into a
confluent and terminating rewriting system and the problems of proving termination. \We are also exploring
the connection with some unpublished work of Mints on the same topic.

12 Dummy elimination in term rewriting
Maria Ferreira, Hans Zantema

Suppose we want to prove termination of the following system

flate)) — flalg(g(f(e))). g(flr))))

Intuitively. the function symbol a 1s created but seems not to Lave any influence on the reductions. Taking
that into account, we ean eliminate it and transform the given rule into

flglr)) — f(o)
flglx)) = glg(f2)))
flgle)) — g(flx)

where < is a fresh constant. Termination of the first system is not easy to prove (since the system is self-
cmbedding orders like recursive path order (rpo) cannot he used) while termination of the second system
is trivially proven with rpe by choosing the precedence & satisfying f e g ©. Now if the transformation is
<ound. i. e.. termination of the original system can be inferred from termination of the transformed one. our
1ask is done, In this talk we formally describe this transformation and others and prove their soundness with
respect to termination.

In general, we are interested on simplifying the process of proving termination of term rewriting systems
(TRSs). A possible approach to this goal is to devise sound transformations on TRS’s such that the
transformed systems are somehow easier to deal with. with respect to termination proofs, than the original
ones.

We present a family of transformations, based on elimination of “useless” function symbc}ls. and show
that when the transformations can be applied they are sound with respect to termination. i . termination
of the original system can be inferred from termination of the transformed one: we also dlb(_llqs how the
transformations are related among themselves. The transformations are simple and can be fully automatized.
The technique used to prove these results relies on a particular kind of order which is a proper subset of the
recursive path order.

13 A comparison between two semantic termination proof methods
:\lﬂ,)llﬁ (;E’Sl‘l’



To prove that a rewrite system R terminates, one may show that

1) R is ordered by some semantic path order (with status). or 2} some semantically labelled version of R
is ardered hy recursive path order (with status).

The two methods are deeply correlated. Both use a monotonic interpretation. and a labelling function.
Bath require that R is a quasimodel for the induced order. We will show under which cireumstances the 1w
methods provide equivalent termination proofs.

14 Proving Termination of Recursively Defined Algorithms
Jiirgen (iiesl

We develop a method for automated termination proofs of recursirely defined algordhms |Gietdblo For
every algorithm a well-founded ordering relating inputs and corresponding argniments ol recursive ealls has
1o he generated.

For termination proofs of term rewriting systems several approaches to synthesize suited well-founded #orm
arde rings have been suggested. But unfortunately term orderings cannot be directly nsed for ternumation
proofs of algorithms. because term orderings may conflict with the algorithmic definitions of defrned funetion
~vmbols.

A srraightforward solution is the restriction to term orderings which respect the semantees of the ealled
lgorithms. Another obvious solution is to transform the algorithms into a term rewriting system and 1o
prave the syatem’s termination instead. But with both of these solutions most termination proofs will o
aiceeed with any of the commonly used term orderings. ie. these solutions result in a foo weak termination
criterion.

Therefore we have developed a caleulus to transform inequalities between mpurs and arguments of re-
cursive calls into inequalities without defined function symbols. This transformation is an abduction. .o, i
resulting inequalities define a relation which contamns the relation defined by the original imequalities as o
<ithset. Consequently well-foundedness of this new relation is sufficient for the termination of the algorithun.

As the resulting inequalities contain no algorithmically defined function symbols. they define a relation
whose well-foundedness can be directly proved with term orderings. For this purpese we use a procedure for
the weneration of polynomial orderimgs [Gie9sa].

Henee our transformation enables the application of term orderngs for termination proofs of algerethi.
This results in a more powerful technique than previous procedures for automated termination proofs of
aluorithms, We are implementing our method within the induction theorem proving svstem INKA.
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15 Termination by Divide and Conquer: Some New Preservation Results
] : Bernhard Gramlich
This research was supported by the “Deutsche Forschungsgemewmschaft. SFB 314 {D{-Projekt)’

Ineremental and modular techniques for proving termination of rewrite systems have attracted an nereasing
attention within the last vears. The basic idea follows the divide and conquer paradigm: Decompose a given
svstem into some components, prove termination of the latter systems. and infer termination of the original
<vstem by some general preservation result. It is well-known that termination is in general not preservedd
under arbitrary combinations. not even under (signature) disjoint unions of rewrite systems. However. vari-
ons sufficient preservation criteria for termination of combined systems have been discovered and developed
in the meanwhile, for disjoint unions as well as certain restricted classes of non-disjoint unions of rewrit
<ystems, Here we shall present and discuss some recently obtained new preservation results.



16 Complete term rewrite systems for decimal arithmetic and other total recursive functions
Richard Kennaway

We present a rerm rewrite svstem which represents addition. subtraction. and multiplication of positive
and uogctne mteoer‘s in decimal l'epie:,entarlon {or any other base). A class of term rewrite systems in-
cluding this one is easily proved to be strongly normalising and confluent. The time complexity of this
implementation of arithmetic is comparable to the complexity of the usual manual algorithms.

Previous authors (*) who have studied this problem have produced systems w hich etther describe fewer
arithmetic operations. or are only ground confluent rather than confluent. or do not have known strong
normalisation proofs.

The translation can be extended to all recursive functions. All the resulting rewrite systems are con-
fluent. and every total recursive function has such a representation as a terminating rewrite system. The
representation of total recursive functions. and the proof of termination of the TRSs. display a modularity
property. in that if a function f is defined in terms of funcrions yy..... drn. then the representation of [ and
the proof that it is terminating do not depend on the representations of gp..... g, or on their termination
proofs. (*)

C'ohen and Watson. "An efficient representation of arithmetic for term rewriting" (RTA con fvrvnn'f" 19

Walters " A complete term rewriting system for decimal integer arithmetic" ( Report CS-t-E35 CWIL 1804

Walters and Zantema "Rewrite systems for integer arithmetic"” {unpublished. 198-4)

De Vries and Yamada "On termination and confluence of rewriting with real numbers” tunpubhishied.
IBERY

Applications of the theory of termination orderings on strings in group theory
Ursula Martin

The theory of termination ordering on strings has sometimes seemed to be of marginal interest when com-
pared the complexities of general program termination.

However fast implementations of string completion systems have been used in group theory. and 1
nnderlving ordering affects both the performance and the outcome.

In this talk we explain how the Scott classification of division orderings on strings may be used to assign
nuneric and logical invariants to complete string rewriting systems. and hence to classify the the complete
svstems which may arise from a given group or semigroup presentation.

18 A new proof of strong normalization for an extension of the Jouannaud Okada schema
Ralph Matthes

In their contribution to LIC'S 91, Jean-Pierre Jouannaud and Mitsuhiro Okada gave A Computation Model
for Executable Higher-Order Algebraic Specification Languages™. The main result is the strong normahzation
of term rewrite systems which mix J-reduction. some strongly normalizing conservative first-order rewrite
system and higher-order rewrite rules obeying the restrictions of the “general schema”. The idea of the proof
has heen successfully applied to more powerful type disciplines and type assignment systems by F. Bar-
banera. M. Ferndandez. H. Geuvers and S. van Bakel. In 1994 Ferndndez and Jouannaud generalized the
recursive schema to lexicographic comparison for the first-order case. An update of the Jouannaud Okada
article is in preparation some stages of which I had the chance to read in advance. One example there reads:

L.
cons(.r. append(l.l')).

append(nil.!/)
append(cons(xz.{).l")
append(append({.0'). ") append(l.append({'./""}).
)

map(.X. nil nil.

$ & 4 4

map(.\.cons(z.l)) cons( N (). map(.\.[)}



The first three rules are regarded as the first-order rewrite svstem. the strone normalization of which has
1o he shown by hand. and the two last rules obey to the recursive schema. Obviouslv, even the arguimenrs
of append on the right-hand-sides are always lexicographically smaller (in the sense of subrerms) than 1he
corresponding leading left-hand-side occurrences of append. The Jouannaud Okada schema doesnt adlow
for the associativity rule because of the nesting of append on the left-hand-side. The generalization to be
presented overcomes this restriction. In the example above this implies that strong normalization of the
subsystem of the first three rules needs no proof by hand anymore. and that additional first-order rules mas
e studied without complications possibly coming from the rules for append.

The proof is not an extension of the existing proof. but proceeds torally different. The compurability
predicate is defined by induction on types and not by general positive induction. The algebraie decompasition
i< a priort effectively computable. The main induction is over the inductive definition of rerms. Not only
the first-order rules are dealt with in a “prineipal case”. but alzo the higher-order rules (oheving a =chemn
which allows all combinations of multiset and lexicographic ordering over the natural ordering of terms= by 1
~subterm relation and doesn’t restrict nesting or even any ingredient of the rules to be first-ordery. Hencel 1y
proof of modularity of strong normalization is itself modular: [t decomposes into the f-reduction part which
is proved in a standard way. the first-order part whose proof is only slightly differing from Jomanuand s, and
the higher-order part which 1s essentially new.

The main problem is to prove the strong computability of the recursive function calls. whose areunments
are smaller i the well-founded ordering. Especially the lexicographic ordering wives rize to newly appearing
rerms in a reduction whose computability is not given by the induction hypothesis.

The solution is to follow the idea of the proof of strong normalization for Gadel's System T. The recursion
operators have their step terms as arguments. hence the right-hand-sides of the rules are hailt up with 1l

t

svitactic material of the left-hand-sides. and therefore no “new”™ terms pop up.
Following this idea the original {(finitely many!i rules are syntactically analyzed and the resalting syntiene

material is incorporated into transformed rules. The resulting system can be shown to be strongly norma
e the modular way stated above, which immediately implies the same vesult for the souree svstent

[neorporating y-reduction does nor need but one additional line in the proof. simultaneous recursion
only blows up the notation. and the extension to tvpe quantification (in the simplest case) should work o
replacing the standard computability method by the candidate method as Jonannawd and Okada elaim and
sketel.

19 Simple Termination of Rewrite Systems
Aart Middeldorp, Hans Zantema

One of the main problems in the theory of term rewriting is the detection of termination: for a fixed
svstem of rewrite rules, determine whether there exist infinite reduction sequences or not. Huet and Lank-
tord showed that this problem is undecidable in general. However, there are several methods for provine
terinination that are successful for-many special cases, Virtually all these methods vield. when applicable,
stple termimation. A term rewriting system is called simply terminating if there is a simplification order
that arients the rewrite rules from left to right.

The hasic ingredient of a simplification order is the subterm property. but in the literature two differem
definitions are given: one based on (strict) partial orders and another one based on preorders. In the
first part of the ralk we argue that there are no compelling reasons for chosing the second one. We prove
tconstructively) that every term rewriting svstem that can he shown to be terminating by means of a
simplification order based on preorders. can be shown to be terminating by means of a simplification order
hased on partial orders. Since basing the notion of simplification order on preorders is more susceptible 1o
mistakes and results in stronger proof obligations. gsimplification orders should he based on partial orders.

Simplification orders are known to be well-founded orders on terms over a finite signature. This importaw
vesult no longer holds if we consider infinite signatures. Nevertheless. well-known simplification orders like
the recursive path order are also well-founded on terms over infinite signatures. provided the underlving
precedence is well-founded. In the second part of the talk we propose a definition of sumplification arder that
matches exactly the requirements of Kruskal's Tree Theorem. since that is the basic motivation for the notion
of simplification order. According to this new definition all simplification orders are well-founded. both over
finite and infinite signatures. For finite signatures the new and the old notion of simplification order coineide.
It is immediate from the definition that every recursive path order over a well-founded precedence can b
extended to a simplification order. and hence it 1s well-founded.

10



In the third part of the talk we compare our class of simply terminating term rewriting systems with ot her
proposals. It turns out that our class has a better modular behaviour: We show that simple termitnation is
a modular property of constructor-sharing term rewriting systems.

20 The Term Rewriting Roller Coaster
Cvrus F. Nourani

A technique for generating normal forms subtree replacement systems is defined by defining model-theoretic
forcing properties on algebraic trees. A forced termination rewrite computation theory is defined. Positive
foreing [1] conditions are defined on algebraic trees such that infinitary models could be generated for alge-
hraic subtree replacement systems by a Universal Inductive Closure. abbreviated by UIC. which defines a
positive generic model. Models are essential for solving term rewriting problems and we present methods
that show how to define them. Given a presentation. the UIC vields a generic set (. The generic set ¢
generates a model in which the original group. for example A. is embedded. Every universal group sentence
consistent over A can be embedded in some condition p in G: and every existential sentence has an instance
in a condition p in G: therefore. they are satisfied by the generic model M generated by UIC. We can get
specific and define an algebraically closed group by forcing . For example. let R be the ser of terms aver
the group signature. Define t1 == 2 iff there is a condition p in _()_. where _()_ is the aeneric flter URC
pll = +t1 = £2. == is easily seen to be an equivalence relation by the definition of the positive forcing
property, where || — + is the —force relation. It is also a congruence relation with respect to the operations
of the signature -1 and . Now. let B he the canonical term algebra isomorphic to the quotient of R with
respect to ==.

Theorem B = (B...—1.¢) is an algebraically closed group.

The models are generated by infinitary conditions and sets. to model a theory. The are models generated
by infinitary forcing conditions. We are not solving word problems in the proof theoretic sense. We presem
and generate models. that could have many new Skolem functions added on such that a set of axioms s
modeled. Term rewriting to normal forms feels like a roller coaster ride from the pint of view of the intended
normal form. Some methods are a longer ride. some methods could appear as if the computer time is never
cnough. and some could not terminate and the normal form lost in the forest of trees. The theorem has the
following consequent- by picking a generating set for a G-diagram we can define a canonical initial model- -
which is by the results of the sections above an algebraically closed group. Nourani. C.F.."The Connection
Between Positive Forcing and Tree Rewriting.” Proc. Logics In Computer Seience Conference (LICS) anid
ASL. Stanford University. July 1985. Proc. JSL.

21 Termination of Graph Rewriting and Forward Closures
) Detlet Plump

Forward closures are introduced for the algebraic approach to graph rewriting (also known as double pushout
approach). Similar to the case of term rewriting. forward closures are restricted derivations in which each
step depends on previous steps. It is shown that a graph rewriting system is terminating if and only if there
is no infinite forward closure. This differs from the corresponding result for term rewriting [Dershowitz 1981]
which has to require right-linear rules.

Applied to term graph rewriting. the result characterizes termination of term rewriting systems under
araph rewriting. In particular, it provides a method to show termination for systems that are non-terminating
with tree rewriting but terminating with graph rewriting. As an example. the graph rules for the system

fla.b.x) — f(x.x.x)
b — a

admit only finite forward closures. proving that graph rewriting is terminating (although term rewriting i

not ).



22 On Normalisation in A-calculus
Femke van Raamsdonk. Paula Severi.

This work represents an effort to shed some more light on various results concerning normalisation in -
calenlus. We deal with A-calculus with only J-reduction (defined by (Ar. M)\ — Mr = N]).

To give a characterisation of the weakly normalising terms is straightforward: it is the set of all nor-
mal forms closed under expansion. A specialisation of this idea vields a characterisation of the strongly
normalising terms in the form of an inductively defined set S\

This set can be viewed in different ways. It is the largest saturated set. Further. more in the spirit
ar rewrite theory. it is the set of normal forms closed under expansion. where expansion is subject to two
restrictions: first. the expansion step should vield a new outermost redex. and second. the arguwment af the
reclex introduced by the expansion step should be in the set of strongly normalising terms.

The interesting thing of the definition of §.\” is that it permits to give new proofs of important resulis
concerning normalisation in A-calculus. In most cases the new proofs are essentially simpler than existing
ones. Moreover, we feel that it is important to have different proofs of important results because they niy
help us to understand not only the mechanics of the proofs but also the reasons for their validiry,

Using the characterisation of strongly normalising terms we obtain new proofs of rthe following.

1. We give a short and simple proof of finiteness of developments. It is different from the proof usinw 1
decreasing labelling and different tfrom the proof given by De \rijer.

An extended notion of developments. called superdevelopments. 1s proven to be finite.

3. The strategy Fie defined by Bergstra and Klop. is perperual (meaning that it vields an infinite rewrin
sequence whenever possible).

I The strategy £, defined by Barendregt. Bergsta. Klop and Volken is perpetual.

5. The strategy [ is moreover maximal. meaning that it vields the longest possible reduetion to normal
form whenever the initial term is strongly normalising.

. Simply tvped A-calculus is strongly normalising. We do not have to introduce the notion of saturated
sets sinee we in fact work with the largest sarurated set.

7. We present a structural proof of the fact that all terms that are tyvpable using intersection types are
strongly normalising and vice versa.

Currently under investigation are strong normalisation of the the Caleulus of Constructions and rhe
romplexity of proofs of strong normalisation of simply tvped A-caleulus.

23 Extension Orderings and Modularity of Termination of TRS
Albert Rubio

Partrally supported by the Esprit Working Group CCL. ref. 6028.

A well-known related problem in rewrite theory is to prove the modularity of termination of ferm rewnt
systems (TRS's). that is. given two terminating rewrite systems A, and Ra, to show that their union £, U R,
ix also terminating. This property was shown to be false in general. even when the two rewrite svstems do not
share any function svmbols (Tovama 1987). Therefore many efforts have been devoted to finding sufficient
conditions under which termination is modular.

Most existing results impose syntactic {or abstract) conditions on (one of) the two TRS's. and some
other ones 1mpose restrictions on the method used to show the termination of the involved TRS's {e.q.
simple termination).

In this context it is quite surprising that. although usually termination of TRSs is proved by actualls
hulding a reduction ordering in which the rewrite relation is contained, in most modularity proofs for
termination such an ordering is not explicitly built. that is. in this sense these proofs are not constructive,
Hence, for simplicity and to improve the understanding of the problem. it is worth to look at it from a mor
constructive point of view. This can give information about the weakest conditions ensuring modularity and
why they are needed. As a good example for this viewpoint. tetal termmation (i.e. the rewrite relation is
included in some rotal reduction ordering) was proved modular provided that one of the TRS's is conservative
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The reason for this requirement seems to be rather technical. and the proof does provide no intuition of irs
need. Here we prove the same result in a simple way. actually building a total ordering containing the
combined svstem. This gives some intuition about the restriction.

Our main idea is to generalize the combination of TRS's to the combination of orderings. Instead of
proving that the ordering induced by the combined rewrite system is well-founded. we build a well-founded
ordering and prove that it includes the combined TRS. This is done by means of extension ordermgs. By an
extension ordering of a collection of orderings »i.....>=, on disjoint signatures. we mean another ordering
= s.t. =;Cx for all i. Actually. an extension ordering is interesting when it preserves (part of) the properties
satisfied by the initial orderings.

With this approach new constructive proofs for e.g. modularity of simple termination are obtained.

24 Classifying Total Division Orderings On Strings
Elizabeth Scott

Division orderings are well founded and hence are suitable for use in termination proofs. Recent work
has greatly increased our understanding of the class of total division orderings.

Let A = {a.b}. let A~ denote the set of strings of letters from A and let = he a total division ordering
on A% It is known that (A%, >) must have order type «. w7 or w*. In addition. there exist weeghts tor the
letters «. b such that if the weight of a string u is greater than the weight of a string ¢ then u=rv.

The order type of the ordering is « if and only if the weights of both letters are non-zero. In this case
there are only finitely many strings of a given weight. Thus. for all but finitely many strings. the relation ol
A string to a given string u is determined by the weights.

[1n the case where the weight of one of the letters is zero the weights tell us mueh less about the ordering.
I'his case corresponds exactly to the case where the order type is &2 o ¥

When the order tvpe is w then = is one of the four essentialy equivalent recursive path orderings.

There is less complete information about the arderings of order type <7 In this talk T will consider the
following conjecture:

CONJECTURE  [f= is a total division ordering on {a.b}™ of order type = then there exists a posilive real
mientber X such that.

taik LNk ot B S5 AR e Y = pBleM . BePieafhe® | ., Dat,
where ba'. for all i,

If the conjecture is true then. since A > 0 and the coefficients ¢; are non-negative. there would only be finitely
many strings with n occurrences of the letter 6 and a given value for fo + fA AT T s known
rhat if (A", =) has order tvpe »” and if the number of accurrences of b in u is greater than the number of
securrences of b in v then ws=v. Thus the above conjecture would provide the same degree of information
for the cases of orderings on two letters of type «* as the weights result provides for orderings {on any finite
number of letters) of type w. i.e. there are only finitely many strings whose relation to u with respect to =
is not determined by the relative numbers of occurrences of b or by A.

25 Embeddings and Infinite Reduction Paths in Untyped A-Calculus
Morten Heine Sorensen.

[n the untyped A-caleulus there are terms which have an infinite reduction path. The most obvious
example is 0 = «w w. where w = Ar.rr. It has an infinite reduction path where in every step the term
reduces to itself:

o Q—=;0—=;5...

Not all infinite reduction paths have this form. but other infinite reduction paths seem to share a similar
but weaker property. For instance the term ¥ = v v. where v = Ar.r x y. has the following infinite reduction

path:
A Vs Uy—sVyy—i...



In every step the redex ¥ appears as a subterm. and the context of the redex is extended with an application
® .

As a slightly more complicated example consider the term v y v where v = Xar.e ta gy . This term has
the following infinite reduction path:

P vyt =i Az (ygy)oie = vyl ros (A ey ere = olyuyl v —=.

The path p is similar to 7. but the extra application e y is not added to the context: it is added msude the
redex.

In all three reduction paths above it happens infinitely often that a term is followed (after a number of
steps) by another term in which the first is embedded (the latter arises from the former by addition of a
number of subterms). In the first part of the paper we formalize this idea and show that it holds for ali
infinite reduction paths for all notions of reduction on A-terms. The result is a translation into A-calenlus of
INruskal’s Tree Theorem.,

In all three reduction paths above it may also be noted that all the rerms have Q embedded i rhen
In the second part of the paper we formalize this idea and show that it holds for all A-reduction paths.
The proof is an application of the theory of so-called perpetual reductions. currently being developed by the
author and others.

26 Termination Problems Requiring Semantic Proofs
Joachim Stetnbacl)

I'liere exist various techniques for proving ternunation of term rewriting svstents { TRS=), Mast of them
are based on simplification orderings requiring the subterm property ¢ [t = . This condition prevents ternu-
nation proofs of a rule ! — r where ! 1s homeomorphically embedded in » (for example. f(f(2)) — f(g(f(2)))1.
Ispecially. recursive function definitions can therefore be difficult to deal with. Thus. the development of
wdequate approaches has been foreed since a few vears. However. most of these (semantic) techniques cannot
e applied without any knowledge on the TRS, the termination of which must be shown sinee it is very har
10 choose adequate ordering parameters for a given TRS. Therefore. we want to present a catalogue of hard
rermination problems (special TRSs) together with appropriate orderings. For an impression of what kinds
of problems we are interested in. see the following two examples.

Example 1 (Psendo-Fibonacei Numbers. D.R. Hofstadter) Thes specificalion s remomescont af thy
Frhonacer definttion in that each new value s a sum of the two previous values — but not of the mumediately
previouns fwe values. Instead. the two immediately previous rvalues tell how far 1o count back fo obfam th
numbers to be added to make the new ralue.

f(s(0)) + s(0) f(s(s(0))) = s(0)
s(s(s())) 2+ f(s(a(s())) = f(s(s(2)))) + K(s(5(s(2)) - (5(2)))
Fhe diffrculty on proving fermeation ts that the lefi-hand side of the third rule s homeomarpheeally cmbedded
oeren both arqguments of + of the rght-hand side.

Example 2 (List Reverse. G. Huet & J.-M. Hullot) Consider an arromatization of list structures when
nil and « are consiructors. Let the reverse rev be defined with the help of two awriliary functions revl and
rev2 such that revl{er y) = car(rev(z.y)) and rev2(z.y) = cdrirev(r.y)).

rev(nil) X+ nil revi(a.nil) &
rev(ray) = revl{z.y)erev2(z.y) revi(e.yes) = revi(y.:)
rev2(e.nil) 2 nil

rev2(a.y.z) —» revi{a.rev(rev2(y.z))).rev2(x.rev(rev2(y.z)))

A fermumation proof for this TRS has te take into account the mutual recursion of rev and rev2 (rules 2
6 by semaellancously requiring o to be mnimal.

For each example. (1) a detailed analysis wrt. the termination point of view will he given and (i1
parameters for semantic path orderings. transformation orderings and other semantic techniques will he
proposed in order to prove termination. which is intended to help not only for evaluating rhe power of b
also for developing new orderings.



27 On Proving the Termination of Algorithms by Machine
Christoph Walther

Proving the termination of a recursively defined algorithm requires a certain creativity of the (human or
automated) reasoner for inventing a hypothesis whose truth implies that the algorithm terminates. ‘e
present a reasoning method for simulating this kind of creativity by machine. The proposed method works
automatically. i.e. without any human support. We show. (1) how a termination hypothesis for an algorithm
is synthesized by machine. (2) which knowledge about algorithms is required for an automated synthesis.
and (3) how this knowledge is computed. Our method solves the problem for a relevant class of algorithms.
including classical sorting algorithms and algorithms for standard arithmetical operations. which are given
in a pure functional notation. The soundness of the method is proved and several examples are presented
for illustrating the performance of the proposal. The method has been implemented and proved successtul
in practice.
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28 Some applications of monotone interpretations
Andreas Welermann

We plan to include the following material.

I. Cichon & Weiermann 1995:

The derivation lengths of rewrite systems which model parameter recursion. simple nested recurston. unnested
multiple recursion. etcetera are primitive recursive.

2. Weiermann 1995:

A natural rewrite system for the Kirby Paris hydra battle is defined an its derivation lengths are classified
with appropriate Hardy functions [cf. Problem 23 LNCS 133].

3. Weiermann 1993:

We give some general conditions under which the following principle (due to Cichon) holds: The derivation
lengths of terminating rewriting systems is related to the order type of its underlying termination ordering
via the slow growing hierarchy. [This result generalizes prior results of Hofbauer and Weiermann concerning
the multiset and lexicographic path ordering.]

29 Total termination of term rewriting is undecidable
Hans Zantema

Usually termination of term rewriting systems is proved by means of a monotonic well-founded order. It
can be proved that most standard orders used for this purpose like recursive path order and Knuth-Bendix
order are total on ground terms, or can be extended to an order that is total. monotonic and well-founded
on ground terms. A term rewriting system is called totally terminating if its termination can be proved by
mmeans of a monotonic well-founded order that is total on ground terms. For example. a terminating systems
like

fla) — f(b)

glb) — ygla)

is not totally terminating since it 1s essentially impossible to orient a and 5.

[t 1s well-known that termination is an undecidable property of finite TRS’s. Even simple termination
is undecidable. even for single rewrite rules. On the other hand. compatibility with recursive path order or
[Knuth-Bendix order 1s decidable. The notion of total termination is stronger than the undecidable property
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~imple termination. and weaker than the decidable property of path order rermination. The question arises
whether total rermination is decidable or not. In September 1904 rwo contlicting conjectures arose on this
topic: Albert Rubio conjectured that it was decidable while Jean-Pieree Jouannaud conjectured that it wax
undecidable,

As the title indicates. we prove that total termination is undecidable. Qur basic rool tor proving unde-
ability is Post’s Correspondence Problem. which is a well-known undecidable probleni First we give a
very simple new proof that simple termination is an undecidable property by means of a transtormation of
an arbitrary instance of Post’s Correspondence Problem to a term rewriting system. Next we give a shigl
modification of this transformation for which the proof of undecidability of total termination can be wiven.
The proof consists of the construction of a monotonic well-founded total order. For non-tatally ferminating

el

<vstems the properties totality and monotanicity are conflicting: the main problem in the proof s ro use the
particular shape of the rewrite system to he able to combine totality and monotonieity.

Abstracts (Non-Participants)

30 Algorithms Used In Automated Natural Deduction Prover And Experiments
[.i Data

The paper presents algorithms and some heuristics used to implement antomated natural deduenion prover
VANDPIL the natural deduction was adapted from Gentzen svstem, Andrews” Challense and Toring Halvine
Problem were solved using ANDP. but they have not been proved by other prover

Kevivords: Unification Algorithms, Gentzen system, hearisties. natural deduetion

[here are many rules in natural deduction system adapted from Gentzen svstem. The rules for intre-
dueing quantifiers are Universal Generalization and Existential Generalization. The rules for eliminating
quantifiers are Universal Specialization and Existential Specialization.

We have twa algorithms to handle quantifiers. one is for introducing quantifiers. the other is for climinating
quantifiers,

The paper presents some technigues used to implement the auromated Gentzen systeni.

The experiments:

{11 The mechanical proof of Andrews challenge in natural deduction style. but it is not solved by
resolution,

21 The mechanical proof of Halting Problem in natural deduction style,

[1 Failed To Prove Halting Problem By Resolution,

Massimo Bruschi reported the following facts in [2]:

"I was unable to abtain a mechanical proof of the theorem simply by applying ENprover. " Applications
AL OTTER. Argonne's thearem prover, also were unsuceesseful,

Prof. Li Data

Dept. of Applied Mathematies.
Tsinghua University,

Beijing [OU0N,

China.

c-mail: vanglp @hepe2.ihep.ac.en
Far: (3611 2562758

31 The Uniform Termination Problem for Certain Classes of Semi-Thue Systems
Robert MeNanghton

tAnnouncement of results. May 13, 1994)
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Where € is a class of semi-Thue systems. the uniform termination problem for ¢ is: Given SeC. 1s there
an infinite derivation in 57 Of interest is this problem when ( is the class of one-rule Thue systems. The
question about the solvability of this problem. a live one for some vears now. is the focus of the research
reported here.

An inhabitor of a semi-Thue system is an alphabetic character that does not oceur i the lefi side of any
rule but occurs in every right side. Qur first result 1s an algorithm for the uniform rermination problem for
the class of semi-Thue systems with an inhibitor (but with any finite number of rules). For example. the
one-rule semi-Thue system with the single rule ¢h — bbdee has the inhibitor . This system has an infinite
derivation whose first three lines are chb. bhdech. bbdebbdec.

We designate the one rule of a one-rule semi-Thue system as w; — w2, Some one-rule semi- Thue systems
without inhibitors have derivations that are like derivations in svstems with inhibitors. A derivation (finite
or infinite) in a one-rule system is well behaved if. for every occurrence of wy i any line each of whos
letter occurrences is introduced in that line or some previous line as a lerter of ww. the following is true
iy = ry. where (1) the occurrence of » comes totally from one occurrence of 1wy introduced in a line. (2
the aceurrence of y comes totally from an eecurrence of ws intraduced in another line. and (3) exactly one
of the following holds: (a) the occurrence of » is a suffix of its wo. (b the oceurrence of yis a prefix of 1=
wo. Otherwise the derivation is il behared. (It is not difficult ro prove that. i a one-rule system with an
imhibitor. all derivations are well behaved.)

Our second result is an algorithm to tell whether a given one-rule semi-Thue system has an ill behaved
finite derivation. Our third result is an algorithm to determine whether there exists an mfinite well hehaved
derivation in any given one-rule semi-Thue system. Our fourth result is that a system that has an infinit
well behaved derivation has a loop: i.e.. there are strings 2. ro. 23 sitch that ro —% 2 prees tn the exaple
ahove. there is such a loop: wo = bl ry = bbd and r3 = dec.) The question corvesponding to this st resub
lor systems all of whose infinite derivations are ill behaved s open.

For comparison. cansider the system with the one rule ch — bbee. which has no inhibiror hur is similar
the example above, It has an infinite well behaved derivation similar to that mentioned for the other svstonm
whose first three lines are chb. bbeeb. bhebhee.

As a result of this research. the termination prohlem for one-rule Thue systems is reduced to the tern-
nation problem for one-rule systems without infinite well hehaved derivations, The system cch — bhece 1s an
cxample of one with no infinite well behaved derivation but has an infinite ill behaved derivation: one such
i~ the infinite derivation whose first six lines are ccocbh, cobbeech, bbecebeech. bbebbeceecch, bbebbecechbbece,
bhebbechbheccheee, (Note that the first line is embedded in the fifth and the second is embedded in the sixth.
The unique oceurrence of wy in the fifth line comes from oceurrences of w intraduced in three distinet lines.

References

[1] Winfried Kurth, Termunation und Konfluens von Sema-Thue-systemen met nur eoner Regel Dissertation.
Technischen Universitidt Clausthal, 1990.

[

Winfried Kurth, “Explanations to the text.” unpublished paper of five pages distributed by the author.
summarizing [1].

Robert McNaughton. “The uniform halting problem for one-rule semi-Thue systems: progress report.”
Report 94-18. Department of Computer Science. Rensselaer Polytechnic Institute. Troy. NY 12180,
1.5 AL 1994, (I would like to announce that Theorem 2.8 is not valid. but becomes valid with some
changes in definitions. Also. Theorems 3.1 and 3.2 should have acknowledged the work of Zantema and
(reser ‘1]]

IS

[t H. Zantema and A. Geser. “A complete characterization of termination of 0717 — 1707 presented a
a conference in 1995, Appeared previously as Report UTU-C'S-1994-44. Computer Science. Universitel
["trecht. Utrecht. The Netherlands. 1941

[3] Winfried Kurth., "One-rule semi-Thue systems with loops of length one. two or three” Report. Abteil-
lung fiir forstliche Biometrie und Informatik, Universitit Gottingen, Germany, Jannary 1995,

Robert MeNaughton

Department of Computer Science
Rensselaer Polytechnic Institute
Trov. NY 12180-3590. U.S.A.
menaught @esirpredu



