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Preface

This volume contains the informal proceedings of the 13th International Work-
shop on Termination, to be held August 29-31, 2013, at the Centro Residenziale
Universitario di Bertinoro, Italy.

The International Workshop on Termination (WST) brings together, in an
informal setting, researchers interested in all aspects of termination, whether
this interest be practical or theoretical, primary or derived. The workshop also
provides a ground for cross-fertilisation of ideas from term rewriting and from

the different programming language communities.
This year, for the first time, WST takes place jointly with the 3rd Interna-
tional Workshop on Foundational and Practical Aspects of Resource Analysis

(FOPARA).

Previously, WST was held at St. Andrews (1993), La Bresse (1995), Ede
(1997), Dagstuhl (1999), Utrecht (2001), Valencia (2003), Aachen (2004), Seat-
tle (2006), Paris (2007), Leipzig (2009), Edinburgh (2010), and Obergurgl (2012).

The 13th Workshop on Termination consists of 16 regular submissions, con-
tained in this volume, and an invited talk by Byron Cook on Beyond Termina-

tion.

I would like to take this opportunity to thank all those that helped to prepare
and run the workshop: the participants, the members of the program committee,

and especially the local organisers.

Leipzig, August 27, 2013
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Small Polynomial Path Orders in TCT*
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1 Introduction

In [2] we propose the small polynomial path order (SPOP* for short). This order provides
a characterisation of the class of polytime computable function via term rewrite systems
(TRSs for short). Any polytime computable function is expressible as a constructor TRS
which is compatible with (an instance of) SPOP*. On the other hand, any function defined
by a constructor TRS compatible with SPOP* is polytime computable. This order has
also ramifications in the automated complexity analysis of rewrite systems. The innermost
runtime complexity of any constructor TRS R compatible with SPOP* lies in O(n?). Here
d € N refers to the maximal depth of recursion of defined symbols f in R.

This work deals with the implementation of SPOP™* in the Tyrolean complexity tool®
(TCT for short). The order has been extended to relative rewriting, and takes also usable
arguments [6] into account. As by-product, we obtain a form of reduction pair from sSPOP*.
Such reduction pairs can be used in the dependency pair analysis of Hirokawa and the second
author [5] and Noschinski et al. [7]. For details and proofs we refer the reader to [1].

2  Small Polynomial Path Orders

We assume familiarity with rewriting [3]. Let R be a TRS over a signature F, with defined
symbols in D. Constructors are denoted by C := F \ D. Further, let  C D denote a set
of recursive symbols, and let 2 denote a (quasi)-precedence on F. We denote by > and
~ the proper order and equivalence underlying =. We call the precedence 2 admissible
for SPOP™ if it retains the partitioning of F in the following sense. If f ~ g then f € C
implies g € C, likewise, f € K implies ¢ € K. Small polynomial path orders embody
the principle of predicative recursion [4] on compatible TRSs. To this end, arguments of
every function symbol are partitioned into normal and safe ones. Notationally we write

fltr, .otk tesn, - .o, tesr) With normal arguments ¢q, . . ., ¢ separated from safe arguments
tk+1,---,tkr by a semicolon. For constructors, we fix that all argument positions are safe.
We define the equivalence ~z5 on terms respecting this separation as follows: s =z t holds
ifs=tors=f(s1,...,5k Sk+1,---,Sk+1) and t = g(t1,...,tk; ths1,...,tp+s) where f ~ g

and s; & t; holds for all i = 1,...,k + 1. We write s ¥ ¢ if ¢ is a subterm (modulo =) of
a normal argument of s.

* This work is partially supported by FWF (Austrian Science Fund) project I-608-N18.
1 TCT is open source and available from http://cl-informatik.uibk.ac.at/software/tct.
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The following definition introduces small polynomial path orders, also accounting for
parameter substitution [2]. We denote by T(F</,V) the set of terms built from variables
and function symbols F</ := {g € F| f > g}.

» Definition 2.1. Let s = f(s1,...,Sk; Sk+1s---,Sk+i). Then s >spop, 1 if either

1) s; RSPOP; t for some argument s; of s.

2) fe€D,t=g(tr, -, tm;tmt1,-- -, tmin) wWith f > g and the following conditions hold:
(i) s B/~ t; for all normal arguments t; of ¢, (ii) s >spops ¢; for all safe arguments ¢; of
t, and (iii) t; € T(F</,V) for at most one j € {1,...,k+1}.

3) fek, t=g(t1,.. ., tk;tks1s--.,tgtt) with f ~ g and the following conditions hold: (i)
(81, 8k) >§;‘;f,gs (ti, .. tr), (ii) 5 >spopy, t; for all safe arguments ¢; (j = k+1,...,k+

1), and (iii) t; € T(F</,V) forall j =1,...,k + L.

. . d
Here Z¢pop+ denotes the extension of >spops; by safe equivalence ~. Further, >5p;;p* denotes
S ps
. d . .
the product extension of >spops: (s1,--.,5n) >§;‘;p; (t1,...,tn) if 8; Zepop+ ti for all i =
L...,n, and si, >spops, ti, for some ig € {1,...,n}.

The depth of recursion rdx x (f) of f € F is recursively defined by rdx x (f) :=1+dif f € K
and rdx c(f) :==d if f ¢ K, where d = max {0} U{rd> x(g9) | f > g}

» Proposition 2.2 ([2]). Let R be a constructor TRS compatible with an instance >gpop:,
based on an admissible precedence 2 with recursive symbols K. Then the innermost runtime
complexity of R lies in O(n?), where d = max{0} U {rdx (f) | f € D}.

3 Polynomial Path Orders as Complexity Processors

Our tool TCT operates internally on complezity problems P = (S/W, Q,T), where S, W, Q
are TRSs and 7 denotes a set of ground terms. The set 7T is called the set of starting terms
of P. Throughout the following, this complexity problem is kept fixed. The complexity
(function) cpp : N — N of P is defined as the partial function

cpp(n) := max{dh(¢, —Q—>S/W) |3t € T and |t| < n}.

Here —Q—>3/W = &7, S 23, denotes the Q-restricted rewrite relation of S relative to
W, where <4 is the restriction of —5 where all proper subterms of the redex are in Q
normal form. We call the complexity problem P a runtime complexity problem if all terms
in T are basic, i.e., of the form f(t1,...,t;) for f € D and constructor terms tq, ..., t,. It is
called an innermost complexity problem if all normal forms of Q are normal forms of SUW.

A (complezity) judgement is a statement F P: f where P is a complexity problem and
f: N — N. This judgement is valid if cpp is defined on all inputs, and cpp € O(f). A
complexity processor is an inference rule

EPiifi o0 EPaifa
FP:f

This processor is sound if = P: f is valid whenever the judgements F Py: f1, ..., FPn: fn
are valid. We follow the usual convention and annotate side conditions as premises to
inference rules. An inference of + P: f using sound processors is called a complezity proof.
If this inference admits no assumptions, then the judgement F P: f is valid.

In the following, we propose a complexity processors based on SPOP* that operates on
innermost runtime complexity problems. In essence, this processor requires that YW C R spop?,
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and § C© >qpops, holds, and that VW and S are constructor TRSs. If these requirements are
met, then the complexity of P lies in O(n?) for d € N the maximal depth of recursion as in
Proposition 2.2. To weaken monotonicity requirements, we integrate argument filterings into
the order. The argument filtering is constrained, so that in derivations of starting terms, no
redex is removed. Compare [6], where p-monotone orders are used in a similar spirit.

An argument filtering (for a signature F) is a mapping 7 that assigns to every k-ary
function symbol f € F an argument position ¢ € {1,...,k} or a (possibly empty) list
[i1,...,14;] of argument positions with 1 < i; < --- <4 < k. If 7(f) is a list we say that 7 is
non-collapsing on f. Below m always denotes an argument filtering. For each f € F, let f,
denote a fresh function symbol associated with f. We define F; := {f. | f € F and 7 (f) =
[i1,...,4]}. The sets D, and C, denote the defined symbols and constructors in F, as given
by the restriction of F, to symbols f, associated with f € D and f € C respectively. We
denote by 7 also its extension to terms: 7(t) :=t if ¢ is a variable, and for ¢t = f(¢1, ..., tx),
w(t) == w(t;) if n(f) =4 and f(n(ts,),...,w(t;,)) if #(f) = [i1,...,4]. For an order > on
terms over F,, we define s =™ t if 7(s) > m(¢) holds.

A map p: F — P(N) with u(f) C {1,...,k} for every k-ary f € F is called a re-
placement map on F. The set Pos,(t) of p-replacing positions in a term ¢ is given by
Pos,(t) := @ if t is a variable, and Pos,(t) := {e} U {i-p|i € pu(f) and p € Pos,(t;)} if
t = f(t1,....tx). For a binary relation — on terms we denote by 7,(—) the set of terms
t where sub-terms at non-p-replacing positions are in normal form: ¢ € 7,(—) if for all
positions p in ¢, if p & Pos,(t) then t|, — u does not hold for any term u. Let R denote a
set of rewrite rules. A replacement map p is called a usable replacement map for R in P, if
—5uw(T) € Tu(*x). For a usable replacement map p and argument filtering 7, we say
that 7 agrees with p if for all function symbols f in the domain of p, either (i) 7(f) = ¢ and
u(f) C {i} or otherwise (ii) u(f) C m(f) holds.

» Theorem 3.1. Let P = (S/W, Q,T) be an innermost complexity problem, where S and
W are constructor TRSs. Let w denote an argument filtering on the symbols in P that agrees
with a usable replacement map for S in P, and that is non-collapsing on defined symbols of
S. Let K C D, denote a set of recursive function symbols, and Z an admissible precedence
on Fr. The following processor is sound, for d := max{0} U {rdx x_(fx) | fx € Fx}.

SC>T wC >

s
spop;, = ~~spopg;

F(S/W,Q,T): n?

We remark that the restriction that 7 is non-collapsing on defined symbols of S is essen-
tial, compare also [1]. In TCT, Theorem 3.1 is usually applied in combination with the
relative decomposition processor [1], This processor allows the iterated combination of dif-
ferent techniques, by translating the judgement F (S/W,Q,T): f into the two judgements
F(S1/SoUW, 9, T): fand F (Sa/S1UW,Q,T): f, where S§; USs = S. Theorem 3.1 is
tight, in the sense that for any d € N one can find a complexity problem P that satisfies the
pre-conditions, and whose complexity function lies in Q(n?) [2]. The next example illustrates
the application of Theorem 3.1.

f /VV|og,Sﬁ U

» Example 3.2. Consider the innermost complexity problem P&g = (S,Og log

Wiogs 7',ﬁg> where the TRS Slig consisting of the rewrite rules

half®(s(s(z))) — half®(z) log®(s(s(x))) — log®(s(half(z))) ,
the TRS W consists of the rules

half(0) — 0 half(s(s(x))) — s(half(z)) ,



and T* consists of the basic terms f(s"(0)) for n € N and f € {half* log’}. Observe that

the rules in Sﬁ)g

It follows that the map pg, which maps any function symbol f in Pﬁ)g to @, is a usable

can only be applied on root positions in derivations starting from 7|'§g.

replacement map for Sl'f)g in P,’ig. Consider the argument filtering = with w(half) = 1 and

7(f) = [1] for f # half. Note that 7 trivially agrees with pg. Using K, := {half* log*} and
the empty precedence one can show Sﬁ)g C >§pop;5 and Wieg C Z;Tpma;s' Trivially rds x_(sz) =
rd> x_(0x) = 0, as neither half? > log? nor log? > half%. holds, we see that rd> x_(half?) =
rdzynw(logi) = 1. By Theorem 3.1, the complexity of P,ig is bounded by a linear function.

4  Polynomial Path Orders and Dependency Pairs

In TCT, a dependency pair problem (DP problem for short) is a complexity problem whose
strict and weak component contains also dependency pairs. Unlike for termination analysis,
we allow compound symbols in right hand sides of dependency pairs. The purpose of these
symbols is to group function calls. The example considered above is a DP problem that was
generated by TCT on AG01/#-3.7 from the termination problem data base*> (TPDB for short).
For each k-ary f € D, let f* denote a fresh function symbol also of arity k, the dependency
pair symbol (of f). The least extension of F to all dependency pair symbols is denoted by
F* We define t! := fi(ty,... 1) if t = f(t1,...,t;) and f € D, and t* := t otherwise. For
a set of terms T, we denote by T* the set of marked terms T* := {t* | t € T}. Consider
the infinite signature Com that contains for each i € N a fresh constructor symbol c; € Com
of arity ¢. Symbols in Com are called compound symbols. We denote by coM(t) the term ¢,
and overload this notation to sequences of terms such that coMm(ty,...,tx) = cg(t1, ..., tk)
for k # 1. A dependency pair (DP for short) is a rewrite rule I¥ — COM(T‘§7 . ,r,ﬁc) where
l,r1,...,m% € T(F,V). Let S and W be two TRSs over T (F,V), and let S* and W* be two
sets of dependency pairs. A dependency pair complexity problem, or simply DP problem, is a
runtime complexity problem P* = (S*US/W!UW, Q, T*) over marked basic terms T*#. We
keep the convention that S* and W¥ denote dependency pairs. Our notion of a DP problem
is general enough to capture images of the transformations proposed in the literature [5, 7]
for polynomial complexity analysis, compare [1]. In the following, we suppose S = &, i.e.,
the complexity function of P# accounts for dependency pairs only. We emphasise that for
innermost runtime complexity analysis, TCT always constructs a DP problem of this shape,
by either applying the weightgap condition [5] or using dependency tuples [7] only.

As a consequence of the following simple observation, the argument filtering employed
in Theorem 3.1 has to fulfil, besides the non-collapsing condition on defined symbols of S*,
only mild conditions on compound symbols.

» Lemma 4.1. Let PP = (ST/WEUW, Q, T be a DP problem. Suppose pi denotes a usable
replacement map for dependency pairs St in PE. Then jicon s a usable replacement map
for St in Pt. Here pcoy denotes the restriction of ju to compound symbols in the following
sense: fieon(Cn) := p(cy) for all c,, € Com, and otherwise pcoy(f) := @ for f € Ft.

For DP problems, one can remove the non-collapsing condition on the employed argument
filtering. The inferred complexity bound is less fine grained however.

» Theorem 4.2. Let P* = (S*/WFUW, Q, T#) be an innermost DP problem, where S, W*
and W are constructor TRSs. Let i denote a usable replacement map for SEUW? in P*, Let

2 See http://termination-portal.org/wiki/Termination_Competition.

6



m denote an arqument filtering on the symbols in P that agrees with a usable replacement map
for all dependency pairs in P*. Let K, C D% denote a set of recursive function symbols, and
2 an admissible precedence where c; ~ d; only holds for non-compound symbols c,d & Com.
The following processor is sound, for d := max{0} U {rd> x_(fz) | f= € Fi}.

St >:P0Pp*s WEUW C 22;)0;3;5

F(SE/WHUW, Q, TF): pmax(1,2:d)

We remark that the pre-conditions of the theorem are essential, and the estimated com-
plexity is asymptotically optimal in general [1].

5 Conclusion

In this work we have outlined the implementation of

b d sPOP* SsPOPE Ml
SPOP™ in TCT. We conclude with an empirical evalu- oun bP bP

ation of this method. In Table 1 we contrast SPOP*  O(1) 4017 20\0.28 20\0.27
to matriz interpretations (Ml for short). Here the sub-  O(n') 20v017r  72v0.81 98\0.48
script DP denotes that the input is first transformed  O(n?) 23019  1l\0.44 17\a.67
into a DP problem and syntactically simplified, com- O(n®)  6\0.23 3\0.60 8\14.7

pare [1, Section 14.5]. As testbed we used the 757  total  54\010 106\0.52  143\1.85
well-formed constructor TRSs from the TPDB 8.0.3 maybe 703\0.sa 652\1.20  613\1s.3

Comparing SPOP* and sSPOPpp we see a signif-

. . . . . Table 1 Number of oriented prob-
icant increase in precision and power. This can be

lems and average execution time (secs.)
attributed to the relaxed conditions on the employed

argument filtering. On the testbed, SPOPJp cannot cope in power with Mlpp, but the av-
erage execution time of SPOPJp is significantly lower. Worthy of note, SPOPJp and Mlpp
are incomparable. Their combination can handle 149 examples.
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SAT compilation for Termination Proofs via
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—— Abstract

For the termination method of rule removal by semantic labelling, matrix interpretations and then

unlabelling, we give a purely functional specification and apply our CO4 constraint compiler to
automatically generate a propositional encoding. This extends a “manual” SAT encoding of this
method in Jambox (Endrullis, 2008): we allow sequences of interpretations during labelling.

1 Introduction

Finding parameters for termination proof methods is a constraint satisfaction problem: given
a rewrite system, we are looking for a precedence for a path order, or for coefficients of
interpretations, etc.

For (finite domain) constraint programming, SAT (propositional satisfiably) takes the
role of an assembly language: it gives direct access to the machine (i.e., powerful and
highly optimized SAT solver), but it is cumbersome and error-prone for actual programming.
Instead, we want to use a high-level specification language, to increase expressiveness and
safety.

Two of us (Bau, Waldmann) are developing the CO4 language and compiler [1] that
translates Haskell specifications to SAT formulas. We have previously applied CO4 for
finding loops in string rewriting. With respect to a manual SAT encoding of TTT2 [5], our
compiled formula is larger by a factor of < 10, with a similar factor for run-times of the
SAT solver, but the source code of the constraint system is just 1/3 in size.

In this note, we report on an application of CO4 in termination of string rewriting, using
the method of semantic labelling, interpretations, and unlabelling. This is well-known [6],
and it had been implemented in several termination tools already: Teparla and Torpa used
semantic labelling in &~ 2006, by a stochastic search for models.

Jambox [2] = 2007 used a “manual” SAT encoding for the following constraint: given
a rewrite system R, there is a model M for R and an interpretation I for the M-labelled
system Rj); and a non-empty S C R such that each rule in Sy, is strictly I-decreasing.
We then have relative termination SN(S/R), that is, we can remove S. Correctness of this
method had been formalized for CeTA [4].

We now extend Jambox’ implementation by allowing for a sequence of interpretations
for the labelled system. This is a conceptually simple modification: instead of one order,
use a lexicographic product of several orders. Using the CO4 language, this modification
can be expressed directly in the source code (see function lexi), and all extra encoding is
done by the compiler.

2 Semantic Labelling and Unlabelling

An algebra A is a model for a rewrite system R over signature ¥ if for each s —g t, we have
A(s) = A(t). If we have a model A for R, we construct a labelled version R4 of R where
each function symbol is labelled by the value(s) of its argument(s).

8



SAT compilation for Termination Proofs via Semantic Labelling

» Example 1. We consider the string rewriting system R = {aa — aba} over the sig-
nature ¥ = {a,b}. The algebra A with domain D = {0,1}, and interpretation a4 =
{(0,1),(1,1)},b4 = {(0,0),(1,0)}, is a model for R, and R4 is {a1a9p — aobiag,a1a1 —
aoblal}.

Termination of R and R4 are equivalent (under some conditions that are true for string
rewriting). The point of the method is that termination of R4 may be easier to show that
termination of R since we increase the signature, and have more room to maneuver.

In the example, we can see that the number of occurrences of a; decreases in each rule ap-
plication. This can be verified by the (linear, additive) interpretation {(ao,0), (a1, 1), (b1,0)}
for R4. There is no such interpretation for R.

3 SAT compilation with CO4

CO4 [1] is a high-level declarative language for describing constraint systems. The language
is a subset of the purely functional programming language Haskell [3] that includes user-
defined algebraic data types and recursive functions defined by pattern matching, as well as
higher-order polymorphic types.

Source programs operate on algebraic data (like Booleans, List, Trees) which we call
concrete values. CO4 compilation creates programs that operate on abstract values. An
abstract value € A represents a set of concrete values of the same type. An abstract value
is a tree, where each node contains a sequence of propositional logic formulas. Given a
truth assignment o, the sequence of truth values of these formulas under o gives a binary
number that denotes a constructor. Doing this for each node, a concrete value decode(a, o)
is determined.

A high level, parametric constraint system constraint :: P -> U -> Bool written in
CO4 represents a predicate on U depending on a parameter p € P. p is not known a-priori.
The compilation and evaluation of a CO4 program is a staged process:

1. The original program, operating on concrete values C, is compiled into an abstract
program that operates on abstract values A.

2. Given an parameter p, the abstract program is evaluated, resulting in an abstract value
a (representing a Boolean).

3. The formula a = True is given to an external SAT solver. It tries to find a satisfying
assignment o.

4. A value u € U is reconstructed by o, so that constraint p u = True.

Values that depend on the u parameter of the top-level constraint are not known during
abstract evaluation. Abstract evaluation of case-distinctions on those values has to evaluate
(abstractly) all branches and then merge the results into a single abstract value.

Natural numbers may be defined as list of Booleans type Nat = [Bool] in CO4. For
naturals with bit-width %k this encoding ends up in abstract values with depth k. A user-
defined function on naturals would require k pattern matches to inspect a number: this
leads to long runtimes of the compiled program and the resulting formulas would be large.
To avoid those issues, CO4 provides built-in naturals, where a number of bit-width k is
encoded by an abstract value with k flags and no arguments. CO4 provides arithmetic and
relational operations on naturals as well.
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4 Implementation

Complete source code of the termination method is available as part of https://github.
com/jwaldmann/matchbox (file MB/Label/SLPO.standalone.hs).
Here, we just indicate the main types and functions. For string rewriting, we have

type Symbol = [Bool]; type Word = [Symbol]
data Mode = Strict | Weak ; data Rule = Mode Word Word ; type SRS = [Rule]

where lists are built-in (with their usual Haskell definition). A symbol is represented as a
binary string. The length of that string is known at run-time (when the implementation
sees the signature of the rewrite system) but not at compile-time.

We often access information that belongs to a symbol. We use binary trees where the
symbol encodes a path from the root to a leaf

data Tree a = Leaf a | Branch (Tree a) (Tree a)
get :: Tree a -> Symbol -> a
get t p = case p of
0 -> case t of Leaf x -> x
x:p’ -> case t of Branch 1 r ->
get (case x of False -> 1 ; True -> r) p’

Symbols will be labelled according to an unknown model, but we know the size of the
model. We represent a labelled symbol as the concatenation of a list of known booleans (the
original symbol) with a list (of known length) of unknown booleans (the label).

Note that the pattern matches on p and on t can be resolved at run-time (when generating
the SAT formula), but the pattern match on x has to be encoded (since x depends on the
model, which is determined by the solver).

We also represent finite algebras (of size 2") the same way: the domain is the set of bit
strings of length n, and for each symbol, we have a function from domain to domain:

type Model = Tree Func; type Func = Tree Value; type Value = [Booll]
We compose functions (and give the most general type):

timesF :: Tree a -> Func -> Tree a
timesF f g = case g of
Leaf w -> Leaf (get f w)
Branch 1 r -> Branch (timesF f 1) (timesF f r)

Given an algebra, we compute the labelled version of rewrite system, as a list of systems
(for each original rule, one sub-system containing all its labelled versions). Also, each side
of each rule is annotated with its value in the model. These values will be constrained to be
equal.

labelled :: SRS -> Model -> [ [ ((Value,Value), Rule) ] 1]
labelled srs mod =
let ks = keys ( leftmost mod )
labelRule u k = case u of
(1,r) -> case labelledW mod 1 k of
( ltop, 1’ ) -> case labelledW mod r k of
( rtop, r’ ) -> ((ltop,rtop),(1’,r’))
in map ( \ u -> map ( \ k -> labelRule u k ) ks ) srs

10
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We omit details on interpretations, and come back to the lexicographic comparison men-
tioned in the introduction:

data Comp = Greater | GreaterEquals | None
comp :: Interpretation -> Rule -> Comp
comps :: [ Interpretation ] -> Rule -> Comp
comps ints u = lexi (map ( \ i -> comp i u) ints )
lexi :: [Comp] -> Comp
lexi cs = case cs of

[] -> GreaterEquals

c : cs’ -> case c of

Greater -> Greater; GreaterEquals -> lexi cs’; None -> None

This shows the expressiveness of the CO4 language. — The main constraint is

data Label = Label Model [ Interpretation ] [ Bool ]
constraint :: SRS -> Label -> Bool

where constraint srs (Label mod ints flags) is True iff mod is a model for srs and
the lexicographic combination of ints is compatible with the labelled system, and removes
the flagged rules (of the original system) completely, and at least one rule is flagged.

5 Performance

We describe work-in-progress, so we don’t have complete performance data on a larger set
of problems. We give an example (that shows the power of the method) and a comparison
(that shows the quality of the SAT compilation).

» Example 2. Our implementation produces this termination proof for a?b? — b3a?:

matchbox ~/tpdb/tpdb-4.0/SRS/Zantema/z001.srs -12,2 --dim 1 --bits 4 --nat
# 2 bits for model values, 2 interpretations for labelled system

CNF finished (#variables: 21483, #clauses: 82956)

Solver finished in 4.152 seconds (result: True)

model: 3b0 2bl 3b2 1b3
2a0 0al 0a2 0a3

labelled system: a0 al b3 bO -> bl b3 b2 a0 a2 a0
a0 al b3 b2 -> bl b3 b0 a2 a0 a2
a0 a3 b2 bl -> bl b3 b0 a2 a0 ail
a0 a2 bl b3 -> bl b3 b0 a2 a0 a3

natural matrix interpretation 1 natural matrix interpretation 2
[(0,x -> [[11] * x + [[01D) [(0,x -> [[1]] * x + [[11D)
,(b2,x > [[3]] * x + [[11]) ,(b2,x > [[6]] * x + [[9]])
,(bl,x => [[1]1] * x + [[4]]) ,(bl,x => [[1]] * x + [[0]])
,(3,x > [[1]1] * x + [[111) ,(3,x > [[1]1] * x + [[4]])
,(@0,x => [[1]1] * x + [[0]]) ,(@0,x > [[1]] * x + [[0]])
,(@2,x > [[1]] » x + [[11D) ,(@2,x -> [[3]] » x + [[0]1D)
,(@al,x -> [[3]] » x + [[71D) ,(al,x -> [[1]] * x + [[0]1D])
,(@3,x > [[1]] * x + [[0]1])] ,(@3,x —> [[1]] * x + [[1]1])]

11
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» Example 3. We can mimick Jambox’ behaviour by restricting the number of interpre-
tations for the labelled system to 1. With a model of size 23, we get a termination proof
(details omitted)

matchbox ~/tpdb/tpdb-4.0/SRS/Zantema/z001.srs -13,1 -d1 -b3 --nat
CNF finished (#variables: 23876, #clauses: 91447)
Solver finished in 2.282 seconds (result: True)

Jambox’ formula (for the same parameters) has 33492 variables and 232683 clauses. That
means that our CO4 compiler produced a SAT encoding that is comparable to a manual
encoding.

6 Extensions

Our implementation additionally allows for each removal step for the labelled system to use
arctic or natural matrix interpretation, or lexicographic path order with argument filtering,
and also to reverse rules or not—where all these options are encoded in the program, and
thus chosen by the solver.

» Example 4. This gives one of the shorter termination proofs for Zantema’s system:

matchbox ~/tpdb/tpdb-4.0/SRS/Zantema/z001.srs -12,1 -d1 -bl --1po
CNF finished (#variables: 4752, #clauses: 17075)
Solver finished in 1.811 seconds (result: True)
model: 2b0 3bl 3b2 0b3
1a0 2al 1a2 1a3
labelled system: al a3 b2 b0 -> b0 b3 bl a2 al a0
al a0 b3 b2 -> b0 b3 bl a2 al a2
al a0 b3 bl -> b0 b3 b2 al a2 al
al a2 b0 b3 -> b0 b3 bl a2 al a3
LPO: delete symbols: al a3
precedence: a0 = b2 > a2 = b3 > b0 > bl

Here we compare (with respect to the path order) after applying the morphism (argument
filter) that deletes some symbols.
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—— Abstract

We developed a modular approach to automatic complexity analysis. Based on a novel alternation
between finding symbolic time bounds for program parts and using these to infer size bounds on

program variables, we can restrict each analysis step to a small program part while maintaining
a high level of precision. Extensive experiments with the implementation of our method demon-
strate its performance and power in comparison with other tools. In particular, our method finds
bounds for many programs whose complexity could not be analyzed by automatic tools before.
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Keywords and phrases Symbolic Complexity Bounds, Termination Analysis, Runtime Complex-
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Methods for automatically proving termination of imperative programs have received increased
attention recently. But in many cases, termination is not sufficient. Instead, the program
should terminate in reasonable (typically, (pseudo-)polynomial) time. We build upon the
well-known observation that (e.g., polynomial) rank functions used for termination proofs
implicitly also provide a runtime complexity bound. However, this only holds for proofs using
a single rank function. In practice, larger programs are usually handled by a disjunctive or
lexicographic combination of simple rank functions. Deriving a complexity bound in this
setting is much harder, as the two examples below illustrate.

For both programs, the lexicographic rank function Wwhile 1> 0 do while 1 > 0 do
(f1, f2) proves termination, where f; measures states t=i-1 }1( z ;J_r 1
by i and fy is x. However, the program on the left done done
has linear runtime, while the program on the right While x >10 do while x >1O do
has quadratic complexity. The difference between the do}ilg T do};g T

programs is in the size of x after the first loop. To handle such effects, our method derives
runtime complezity bounds for parts of the program and uses them to deduce size complexity
bounds for program variables at certain locations. We measure the size of integers by their
absolute values. These size bounds allow to derive more runtime complexity bounds, and the
process continues until all loops and variables have been handled.

For the example on the right, our method first proves that the first loop is executed
linearly often using the rank function i. Then, it deduces that i is bounded by its initial
value iy in all loop iterations. Combining these observations, our approach infers that x
is incremented by a value bounded by iy at most ig times, yielding that x is bounded by
xo + iZ. Finally, our method detects that the second loop is executed x times, and combines
this with our bound xo + i3 on the value of x when entering the second loop. This allows us
to conclude that the program’s runtime is bounded by ig + i + xo.
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Our main contribution is a novel approach which alternates between finding runtime
bounds and finding size bounds for sequential imperative programs operating on integer data
with (potentially non-linear) arithmetic and (unbounded) non-determinism. We apply this
general approach to obtain two main results:

1. A novel method to deduce (often non-linear) size bounds on program variables by com-
bining bounds for local variable changes with runtime bounds.

2. A new modular method to compute symbolic runtime bounds for isolated program parts.
These runtime bounds are based on size bounds for variables that may have been modified
in the preceding parts of the program. In this way, we only need to consider small
program parts at a time, allowing our approach to scale to larger programs.

Several methods to determine symbolic runtime complexity bounds have been developed
in recent years, e.g., [1, 2, 3,4, 5,6, 7,8, 9, 10, 11]. To the best of our knowledge, our
approach is the first that implements a combined, alternating size and runtime analysis for
imperative programs. To evaluate our method, we have created a simple prototype KoAT.

We compared this prototype with the 3

, 1L 1 ?|In~? |EXP|Ti
complexity analyzers PUBS [1, 2] and Rank [3] OgT| mmiognn N N e
. KoAT|102 0[151 058 3| 3 0] 1.7s
on 682 examples from the literature on ter-
. . . . . PUBS| 85 41104 1113] 4 6] .3s
mination and complexity analysis of integer
programs. The table on the side illustrates Rank| 56 0] 19 0] 8] 1] © Of 5s

how often the tools could infer a runtime bound for the example set. Here 1, logn, n, nlogn,
n?, n3, and n>3 represent their corresponding asymptotic classes and EXP is the class of
exponential functions. The column “Time” gives the average runtime on those examples
where the respective tool was successful. The table shows that on this collection, our approach

was substantially more powerful than the two other previous tools and still efficient.
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—— Abstract

One of the difficulties of proving program termination is managing the subtle interplay between
the finding of a termination argument and the finding of the argument’s supporting invariant. In
this extended abstract we propose a new mechanism that facilitates better cooperation between
these two types of reasoning. In an experimental evaluation we find that our new method leads
to dramatic performance improvements.

Keywords and phrases Termination analysis, safety proving, rank functions

1 Introduction

When proving program termination we are simultaneously solving two

problems: the search for a termination argument, and the search for y:=1;

a supporting invariant. Consider the example to the right. To prove while x > 0 do
termination of this program we are looking to find both a termination X=X —Y;
argument (i.e., “x decreases until 0”) and a supporting invariant (i.e., y:=y+ 1;
y > 0). The two are interrelated: Without y > 0, we cannot prove the done

validity of the argument “x decreases until 0”; and without “x decreases

towards 0”, how would we know that we need to prove y > 0?7

Several program termination proving tools (e.g. [9], [10], [11], [15], [17]) address this
problem using a strategy that oscillates between calls to an off-the-shelf safety prover (e.g.
(1], [3], [8], [12], [14], etc.) and calls to a rank function synthesis tool (e.g. [2], [5], [6], [16],
etc.). In this setting a candidate termination argument is iteratively constructed. The safety
prover proves or disproves the validity of the current argument via the search for invariants.
Refinement of the current termination argument is performed using the output of a rank
function synthesis tool when applied to counterexamples found by the safety prover.

A difficulty with this approach is that currently, the underlying tools do not share enough
information about the overall state of the termination proof. For example, the rank function
synthesis tool is only applied to the single path through the program described by the
counterexample found by the safety prover, while the context of this single path is not
considered at all. Meanwhile, the safety prover is unaware of things such as which paths in
the program have already been deemed terminating and how those paths might contribute
to other potentially infinite executions. The result is lost performance, as the underlying
tools often make choices inappropriate to the common goal of fast termination proving.

Here we introduce a technique that facilitates cooperation between the underlying tools
in a termination prover, thus allowing for decisions more appropriate to the common good of
proving program termination. The idea is to use a single representation of the state of the
termination proof search—called a cooperation graph—that both tools operate over. Nodes
in the graph are marked as either termination-nodes or safety-nodes to indicate their role
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i:=0; To: i:=0;
while i < n do
o
Whl_leJ S do oo iG> ) (i < n);
J=j+1L =i j:=0;
done
=i+ 1
done
T30 if(j <)
=i+
(a) (b)

Figure 1 Textual and control-flow graph representation of skeleton bubble sort routine

in the state of the proof. With this additional information exposed, we can now represent
the progress of the termination proof search by modifying the termination subgraph. This
has practical advantages: the safety prover can be encouraged not to explore parts of the
program that have already been proven terminating, and the rank function synthesis can
make use of the full program structure in order to find better termination arguments.

Our approach results in significant performance improvements over earlier methods and
our implementation succeeds on numerous programs where previous tools fail. In cases where
previous tools do succeed, our implementation boosts performance by orders of magnitude.

Limitations. While in theory our approach works in a general setting, our implementa-
tion focuses on sequential arithmetic programs (so these programs do not use the heap or
bitvectors). In some cases we have soundly abstracted C programs with heap to arithmetic
programs (e.g. using a technique due to Magill et al. [13]); in other cases, as is standard in
many tools (e.g. SLAM [3]), we essentially ignored bitvectors and the heap.

The full version of the present short paper has been published in [7].

2  lllustrating Example

We illustrate our approach using the example in Fig. 1, which displays a bubble-sort like
program (the manipulation of the data has been abstracted away). In our setting we use
a graph—called a cooperation graph—to facilitate sharing of information between a safety
prover and a rank function synthesis procedure. See Fig. 2 for the cooperation graph at
the start of the proof search. We start with the control-flow graph of the original program
from Fig. 1, which we keep for reasoning about safety (i.e., (un)reachability from the initial
program states). Intuitively, this part of the graph is for the finite prefix of a run from the
initial location to a loop with a (hypothetical) infinite suffix of the run. For this infinite suffix,
we have duplicated the loops of the original program (in the form of the strongly-connected
components (SCCs) of the graph with locations ¢! and ¢5). We connect the two parts of the
graph with non-deterministic transitions from one copy of the program to the other (i.e.,
74 and 75). Technically, the cooperation graph contains a superset of the transitions in the
initial program, yet if we can prove that there is no infinite run from the initial location
where ¢! or £ occur infinitely often, this implies termination of the original program as well.

After duplication, we also apply a few known tricks: In the new copy of the program, we
follow the approach of Biere et al. [4] by adding nodes (i.e., /¢ and %) and transitions to take
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~y1: if(ep; < 1);
e L
T0: 1:=0; JI'C - JI’
cpy = 0; p1:if(cp; > 1); n¢ = ;1;
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74 : skip; n: if(epy < 1)3 d
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. : if(epy < 1)
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P=itL e

n®:=n;
cpy = 1;

Figure 2 Cooperation graph derived from Fig. 1

a snapshot of variable values (i.e., y1 and 72). The current values of variables i, j, n are stored
in copies i} n® and the flag cp;, is set to indicate that a snapshot was taken at location
ly.. Furthermore, new transitions to an error location “err” have been added that can be
strengthened later by partial termination arguments ¢ la Cook et al. [9]. Proving this error
location unreachable then implies a termination proof for the input program. In the resulting
graph, reasoning about termination is performed on the right-hand side (the termination
subgraph) by a procedure built around an efficient rank function synthesis. We search for
supporting invariants on the left-hand side (the safety subgraph) via a safety prover.

Via this duplication to the termination and safety subgraphs, we can easily restrict certain
operations to either subgraph, yet still maintain a connection between them. The safety
subgraph describes an over-approximation of all reachable states, while the termination
subgraph is an over-approximation of those states whose termination has not been proven
yet. This allows us to perform operations in the one half that may not make sense (or
may be unsound) in the other: when we prove that transitions in the termination subgraph
can only be used finitely often, we can simply remove them, as they cannot contribute to
infinite executions. This is only sound because the safety subgraph remains unchanged in this
simplification, which keeps the set of reachable states unchanged and hence allows reasoning
about safety/invariants. These iterative program simplifications encode the progress of the
termination proof search and are directly available to the safety prover.

The graph structure guides the safety prover to unproven parts of the program yielding
relevant counterexamples and allowing the rank function synthesis to produce better termina-
tion arguments. If these do not allow a program simplification, they still guide the invariant
generation by the safety prover for nodes in the safety subgraph. The invariants in turn
support reasoning about the validity of termination arguments in the termination subgraph.

Termination proof sketch. In our example, we begin searching for a path from
the “start” location to the error location “err”. We might, for example, choose the path
(Tos T4y Y1, T4, M2, T4, M2, T4, p1) where Ty is drawn from the safety subgraph and the other
transitions come from the termination subgraph. Here, {(y1,7f,m2, 74, 12, 75) form a cy-
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cle in the execution, returning back to location /{. In our approach we do not sim-
ply use this command sequence directly to search for a new termination argument (as
is done in previous tools). Instead, we additionally consider all transitions from the
termination subgraph that enter and exit nodes in the strongly connected component
containing the found cycle of termination-transitions in the counterexample. In this
case, because the graph is so small, this includes the entire termination subgraph:

11 if(epy < 1)
i€ =i
=1
nc:=n;
T0: i:=0; cpy =1

cpy =05
cpy = ()m 4 : skip; 1 if(epy < 1); r
start @ [1

This graph has extra termination-edges (e.g. 74) and QL";_\ <" ]
shows that the rank function n—iis a better rank function '3.\-.// TG <) /'_:\”O
than j — i because 74 modifies j. Without 7%, j appears <> Ji=it '

as a constant so that j > i looks like a suitable candidate /\

invariant supporting the termination argument j — i. @W
Fig. 3 is the state of the cooperation graph after one -

counterexample. We use the rank function with n —i+1 e ilcf(:c22i~< Vi

3

for both ¢} and /¢, and n—i for both ¢ and ¢4. This rank Fo=is
function decreases each time we use the transition 77, Py =15

and the condition i < n implies that the rank function is

bounded from below. So ¢ can only be used finitely often and we can remove it from the
termination subgraph. This also allows to remove /%, /{ and all transitions connected to
the two, as they are not on a non-trivial SCC anymore and thus cannot occur infinitely often
in an execution. Removing the corresponding node ¢; from the safety subgraph is unsound,
as this would make the inner loop unreachable, without any termination proof for it.

To: i:=0;
cp; := 0
cpy = 0;
t . sprs N
T2 0 (> 0); 71t if(i < n); Ts 1f(i§ ')’1.
=i+ 1 ji=0; jr=j+ L
75 : skip;
by /\m

n2: if(cpy < 1);

p2 :if(cpy > 1);l y2 ¢ if(epy < 1);
T3 if(j <) L=

iCoa— .
R e

nc :=n;

cpy =1

Figure 3 Cooperation graph after safety and termination analysis on the graph from Fig. 2.
Due to termination analysis, the transition 74 has been removed. Afterward, ¢} was not part of a
non-trivial SCC anymore, so it, its duplicate £¢, and the connecting transitions were removed.

In the next iteration, starting on Fig. 3, all possible cycles in the termination subgraph
use the transition 7£. We prove this transition well founded via the rank function i — j for the
locations /5 and /4, allowing us to remove 74 and then, /4, /¢ and all connected transitions.
This yields a cooperation graph with an empty termination subgraph (so we are left with
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what is essentially the original graph from Fig. 1). Thus we have proved termination.

3 Conclusion

One of the difficulties for reliable and scalable program termination provers is orchestrating
the interplay between the reasoning about progress and the search for supporting invariants.
We have developed a new method that facilitates cooperation between these two types of
reasoning. Our representation gives the underlying tools the whole picture of the current proof
state, allowing both types of reasoning to contribute towards the greater goal and also to share
their intermediate findings. Our experiments (which we cannot present here for space reasons;
details on experiments and benchmarks are available at http://verify.rwth-aachen.de/
brockschmidt/Cooperating-T2/ and in [7]) indicate dramatic performance gains.

The full version of this short paper has been published at [7], and our implementation in
T2 is available for download at http://research.microsoft.com/en-us/projects/t2/.
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—— Abstract

Function symbols are widely acknowledged as an important feature in logic programming, but
unfortunately, common inference tasks become undecidable in their presence. To cope with this

issue, recent research has focused on identifying decidable classes of programs allowing only a
restricted use of function symbols while ensuring decidability of common inference tasks. In this
paper, we give an overview of current termination criteria. We also present a technique which
can be used in conjunction with current termination criteria to enlarge the class of programs
recognized as terminating.
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1 Introduction and Preliminaries

In recent years, there has been a great deal of interest in enhancing answer set solvers
by supporting function symbols. Function symbols often make modeling easier and the
resulting encodings more readable and concise, but unfortunately, common inference tasks
become undecidable in their presence. The class of finitely ground programs, proposed in [1],
guarantees decidability of common inference tasks. In particular, finitely ground programs
are terminating, i.e. the bottom-up evaluation of these programs gives a finite number of
finite stable models. Since membership in the class is semi-decidable, research has focused
on identifying sufficient conditions for a program to be finitely ground, leading to different
criteria, called termination criteria. Efforts in this direction are w-restricted programs [9],
A-restricted programs [2], finite domain programs [1], argument-restricted programs [8], safe
programs [7], T-acyclic programs [7], and bounded programs [5]. In this paper, we give an
overview of recent research on this topic. Specifically, we present some recently proposed
decidable termination criteria, able to recognize the termination of disjunctive logic programs,
and an orthogonal technique that can be used in conjunction with them to enlarge the class
of programs recognized as finitely-ground [6].

We assume the reader is familiar with logic programs with function symbols under the
stable model semantics [3] (see [5] for a brief overview). Given a program P we denote by
arg(P) the set of all arguments of P, i.e., expressions of the form p[i] where p is a predicate
symbol of arity n appearing in P and 1 < i < n. We use body(r) and head(r) to denote
the body and the head of a rule r in P; body™ (r) denotes the conjunction of all positive
literals in body(r). For any rule r, ground(r) denotes the set of rules obtained by replacing
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variables with ground terms which can be constructed using constants and function symbols
occurring in P. An argument ¢[i] € arg(P) is said to be limited if it takes values from a
finite domain, that is, if for every (stable) model M of P the projection of @ over the i-th
arguments is a finite set, where @ is the set of g-atoms in M. We consider programs where
rules are range restricted, that is all variables occurring in a rule r also occur in body™ (r)
and distinguish base predicate symbols, defined only by facts (i.e., ground rules with empty
body) from derived predicate symbols, defined by arbitrary rules. For ease of presentation,
we sometimes consider only positive programs as the techniques described can be easily
extended to programs with negative body literals and disjunction in head.

2 Basic Termination Criteria

In this section, we describe the most general “basic” termination criterion proposed in the
literature, namely argument-restricted programs [8]. We shall not discuss other well-known
basic termination criteria, such as w-restricted programs [9], A-restricted programs [2] and
finite domain programs [1], as they have been generalized by argument-restricted programs.
We named the aforementioned termination criteria “basic” as their definition does not rely
on other termination criteria.

Termination criteria are used to determine sets of arguments which are limited. In the
following we shall use the following notations. Given a program P and a criterion W, W (P)
denotes the set of arguments which are recognized as limited by criterion W, whereas W
denotes the class of programs which are recognized as terminating by W, that is the class of
programs such that arg(P) = W (P).

Argument-restricted programs [8]. The argument-restricted criterion tests the possibility
to find for each argument a finite upper bound of the depth of terms that may occur in
that argument during the program evaluation. This test is based on the notion of argument
ranking function defined below. For any atom A of the form p(t1,...,t,), A° denotes the
predicate symbol p, and A? denotes term ¢;, for 1 < i < n.

» Definition 1. An argument ranking for a program P is a partial function ¢ from arg(P)
to non-negative integers such that, for every rule r of P, every atom A occurring in the
head of r, and every variable X occurring in an argument term A%, if ¢(A°[:]) is defined,
then body™ (r) contains an atom B such that X occurs in an argument term B?, ¢(B°[j]) is
defined, and the following condition is satisfied

$(A°[i]) — ¢(B[j]) = d(X, A") — d(X, B)

where d(X,t) =01if t = X;if t = f(vy,...,vk), then d(X,t) =1+  max  d(X,v).

v; contains
The set of restricted arguments of P is AR(P) = {p[i] | p[t] € arg(P)A3¢ s.t. ¢(pli]) is defined}.
A program P is said to be argument restricted ifft AR(P) = arg(P). O

» Example 2. Consider the following logic program Ps:

P(£(X)) < q(X)
q(X) < p(£(X))

The program is recognized to be argument-restricted. In particular, the argument-restricted
function ¢ can be defined as follows: ¢(p[1]) =1 and ¢(q[1]) = 0. O
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3 Iterated Termination Criteria

In this section we present recently proposed criteria which, starting from a set of limited
arguments defined through the application of a basic criterion, computes a possibly larger
set of limited arguments.

Safe programs [7]. The first technique is obtained by introducing a fixpoint function, called
safe function, which, iteratively, extends a given set of limited arguments. Its definition is
based on the notion of activation graph.

The activation graph of a program P, denoted Q(P), is a directed graph whose nodes are
the rules of P, and there is an edge (r;,7;) in the graph iff r; activates r;, i.e. there exist
two ground rules 1} € ground(r;), r; € ground(r;) and a set of ground atoms D such that
(i) D ¥ i, (i) D =1}, and (i) D U head(r;) 7. This intuitively means that if D does
not satisfy 7, D satisfies 1}, and head(r}) is added to D to satisfy r, this causes 7’ not to
be satisfied anymore (and then to be “activated”).

» Definition 3. Given a program P and a basic termination criterion W, the set of W-safe
arguments S-W (P) is computed by first setting S- W(P) = W(P) and next iteratively adding
each argument g[k] such that for all rules » € P where ¢ appears in the head (i) r does
not depend on a cycle of Q(P), or (ii) for every head atom ¢(t1,...,t,), every variable X
appearing in t;, appears also in some safe argument in body™ (r). A program P is said to be

W-safe if S-W(P) = arg(P). O

The criterion obtained by combining basic criterion W with the safe function is denoted by

S-W.

» Example 4. The following simple logic program P, is not recognized as terminating by
any basic termination criteria introduced so far.

p(X,X) — base(X).
p(£(X), g(X)) < p(X,X).

However, this program is terminating and P, € S-W, for every basic criterion W, since the
activation graph of P, does not contain any cycle. O

Bounded Programs [5]. The definition of bounded programs relies on the notion of labelled
argument graph. This graph, denoted G, (P), is derived from the argument graph by labelling
edges as follows: for each pair of nodes p[i], ¢[j] € arg(P) and for every rule r € P such that
(i) an atom p(ty, ..., t,) appears in head(r), (i) an atom q(uy, ..., uy,) appears in body™ (r),
(tit) terms t; and u; have a common variable X, there is an edge (¢[j], p[i], (@, 7, h, k}), where
h and k are natural numbers denoting the positions of p(t1, ..., t,) in head(r) and q(uy, ..., )
in body™ (1), respectively!, whereas o = € if t; = u;, a = f if u; = X and t; = f(..., X, ...),
a=fif uj = f(...,X,...) and t; = X. For the sake of simplicity, without loss of generality,
we assume that if a variable X appears in two terms occurring in the head and body of a
rule respectively, then only one of the two terms is a complex term and that the nesting level
of complex terms is at most one.

L We assume that literals in the head (resp. body) are ordered with the first one being associated with 1,
the second one with 2, etc.
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T erpll
ro: count(lc(a,le(b,le(c,nil))),0). ‘ . ler11
ry: f-count(X,L,I) < count(le(X,L),I). lc,r;,1,1

ry ¢ count(L,s(I,1)) « f-count(X,L,I). / EEi,’fl; 3
@@ . @

- Sifpl1 7

Figure 1 Rewriting of P6 and corresponding labelled argument graph.

Given a path p = (a1,b1, (1,71, h1,k1))s - - oy (@, by (Qny Py By K ) ), we define A (p) =
Q1 oo Qny A2(p) =715 ooy Ty and Ag(p) = (r1, b1, k1) oo (Tiny Bn, k). Given a cycle m consist-
ing of n labelled edges e, ..., e,, we can derive n different cyclic paths starting from each of
the e;’s—we use 7(7) to denote the set of such cyclic paths.

Given two cycles m; and g, we write m1 ~ mo iff 3p; € 7(m1) and Jps € 7(m2) such
that A3(p1) = As(p2). Given a program P, we say that a cycle = in Gr(P) is active iff
dp € 7(m) such that Aa(p) =71, ...,rm and (r1,72), ..., ("m—1,7m), (Tm,71) is a cyclic path in
the activation graph Q(P).

Given a program P and a path p in G1(P), we denote with Xl(p) the string obtained
from A (p) by iteratively eliminating pairs of the form 4% from the string until the resulting
string cannot be further reduced.

Given a program P, a cycle 7 in G1(P) can be classified as follows. We say that = is 1)
balanced if Ip € 7(x) s.t. Ai(p) is empty, i) growing if Ip € 7(x) s.t. A1(p) does not contain
a symbol of the form #, iii) failing otherwise.

» Definition 5. Given a program P and a basic termination criterion W, the set of W-

bounded arguments B-W (P) is computed by first setting B-W(P) = W(P) and next iter-

atively adding each argument q[k] such that for each basic cycle m in Gr,(P) on which q[k]

depends, at least one of the following conditions holds:

1. 7 is not active or is not growing;

2. 7 contains an edge (s[j],pli], (f,r,11,12)) and, letting p(t1,...,t,) be the li-th atom in the
head of r, for every variable X in t;, there is an atom b(uy, ..., up) in body™(r) s.t. X
appears in a term up, and b[h] is W-bounded;

3. there is a basic cycle ' in Gp(P) s.t. @ ~x, © is not balanced, and 7' passes only
through W-bounded arguments.

A program P is said to be W-bounded if B-W(P) = arg(P). O

The criterion obtained by combining basic criterion W with the bounded function is
denoted by B-W. The class of W-bounded programs is denoted by BW. A relevant aspect
that distinguishes this technique from other works is that this technique analyzes how groups
of arguments are each other related—this is illustrated in the following example.

» Example 6. Consider the following logic program Ps:

ro: count([a,b,c],0).
ry: count(L, I+ 1) « count([X|L], I).

The bottom-up evaluation of Pg terminates yielding the set of atoms count([a,b, c|,0),
count([b, c], 1), count([c],2), and count([],3). The query goal count([],L) can be used to
retrieve the length L of list [a,b, c].? O

2 Notice that Ps has been written so as to count the number of elements in a list when evaluated in a
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To comply with the syntactic restrictions required by the bounded technique, Figure
1 shows a rewriting of Pg and the corresponding labelled argument graph. where lc and
s denote the list constructor and the sum operators respectively. Basically, considering
the argument-restricted technique as the basic criterion W, after having established that
argument count[1] is limited, that is count[1] € B-AR(Ps), by analyzing the two cycles
involving arguments count[1] and count[2], respectively and using Condition 3 of Definition
5 it is possible to detect that also argument count[2] is limited, that is count[2] € B-AR(Ps).
Consequently, Pg is AR-bounded.

4 Rewriting technique

In this section we present a rewriting technique [6] that, used in conjunction with current
termination criteria, allows us to detect more programs as finitely-ground. This technique
takes a logic program P and transforms it into an adorned program P* with the aim of
applying termination criteria to P* rather than P. The transformation is sound in that if the
adorned program satisfies a certain termination criterion, then the original program satisfies
this criterion as well and, consequently, is finitely-ground. Importantly, as showed by the
below example, applying termination criteria to adorned programs rather than the original
ones strictly enlarges the class of programs recognized as finitely-ground. This technique is
much more general than those used to deal with chase termination (see [4]).

» Example 7. Consider the following program Pz, where base is a base predicate symbol
defined by facts not showed here.

ro: p(X,£(X)) < base(X).
ri: p(X,£(X)) < p(Y,X), base(Y).

r2 i p(X,Y) « p(£(X), £(Y)).
First, base predicate symbols are adorned with strings of €’s; thus, we get the adorned
predicate symbol base®. This is used to adorn the body of ry so as to get

po: pT(X,£(X)) « base®(X).
from which we derive the new adorned predicate symbol pf:, and the adornment definition
£, = £(¢). Next, p* and base® are used to adorn the body of r; so as to get

pP1: pflf2 (X7 f(x)) — pef1 (Y7 X), base* (Y)
from which we derive the new adorned predicate symbol pf:f2, and the adornment definition
f, = £(£4). Intuitively, the body of p; is coherently adorned because Y is always associated

with the same adornment symbol e. Using the new adorned predicate symbol pf:f2, we can
adorn rule ro and get

p2 i PUH(X,Y) — pU(£(X), £(Y)).

At this point, we are not able to generate new adorned rules (using the adorned predicate
symbols generated so far) with coherently adorned bodies and the transformation terminates.
In fact, p*f2(Y, X), base®(Y) is not coherently adorned because the same variable Y is associated

bottom-up fashion, and therefore differs from the classical formulation relying on a top-down evaluation
strategy. However, programs relying on a top-down evaluation strategy can be rewritten into programs
whose bottom-up evaluation gives the same result.

24



Towards decidable classes of logic programs with function symbols

with both £; and €; moreover, p< (£(X), £(Y)) is not coherently adorned because £(X) does
not comply with the (simple) term structure described by e.

To determine termination of the bottom-up evaluation of P, we can apply current
termination criteria to P4 = {po, p1, p2} rather than P7. O

It is worth noting that the rewriting technique ensures that if P} is recognized as
terminating, so is P7. Notice also that both P; and PJ are recursive, but while some
termination criteria (e.g., the argument-restricted and I'-acyclicity criteria) detect P} as
terminating, none of the current termination criteria is able to realize that P; terminates.
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—— Abstract

We show how the problem of nontermination proving can be reduced to a question of under-
approximation search guided by a safety prover. This reduction leads to new nontermination
proving implementation strategies based on existing tools for safety proving. Our preliminary
implementation has shown favorable results over existing tools.
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1 Introduction

The problem of proving program nontermination represents an interesting complement to
termination as, unlike safety, termination’s falsification cannot be witnessed by a finite trace.
While the problem of proving termination has now been extensively studied, the search for
reliable and scalable methods for proving nontermination remains open.

In this extended abstract we present a new method of proving nontermination based
on a reduction to safety proving that leverages the power of existing tools. An iterative
algorithm is developed which uses counterexamples to a fixed safety property to refine an
underapproximation of a program. With our approach, existing safety provers can now be
employed to prove nontermination of programs that previous techniques could not handle.
Not only does the new approach perform better, it also leads to nontermination proving tools
supporting features previous tools could not handle reliably, e.g. heap, nonlinear commands,
and nondeterminism.

Recall that safety of a program means that no undesired (or unsafe) program state can
be reached from any initial state of the program. On source code level, unsafe states can be
expressed by a statement “assert(p)” for a Boolean expression ¢. Then the program is unsafe
iff there exists a run of the program from an initial state such that in this run, ¢ is violated
at the position of this statement. Techniques for safety proving include counter-example
based abstraction refinement as in SLAM [1] or interpolation as in IMPACT [9)].

Gupta et al. [8] characterize nontermination of a program by the existence of a recurrence
set. A program is nonterminating iff there exists a recurrence set for the program’s transition
relation. The existence of a recurrence set implies that the program does not terminate when
from a reachable state in the recurrence set we can always choose the next transition to a
state that also belongs to the recurrence set.

26



Automated nontermination proofs by safety proofs

As opposed to their approach we search for an underapproximation of the original program
that never terminates, regardless of the values introduced by nondeterministic assignments
during the run. This property is characterized by a closed recurrence set for the transition
relation of the underapproximation. For every state in the closed recurrence set, every
possible transition leads us to a state that belongs to the closed recurrence set. As “never
terminates” can be encoded as safety property, we can then iterate a safety prover together
with a method of underapproximating based on counterexamples. We have to be careful,
however, to find the right underapproximation in order to avoid unsoundness.

We describe our algorithm informally. It takes as input a program P and a loop L in P to
be considered for nontermination. We then mark the L’s exit location as an error location and
invoke a safety checker. Any path that reaches the exit location is the counterexample to safety
and it cannot contribute towards the nontermination of the loop. We then find an underap-
proximation of P that eliminates this path. Our algorithm either finds a precondition for P
or a precondition after a nondeterministic assignment statement such that every state which
fulfills this precondition reaches the error location when the counterexample path is followed.
To eliminate the counterexample path we then negate this condition and add a restriction on
the state space to get our underapproximating refinement. We continue this procedure as
long as there is some counterexample to safety of our current underapproximation.

Note that sometimes our refinements are too weak and the search for a safe underapprox-
imation may lead to divergence. In such cases we use suitable heuristics to strengthen our
underapproximation which then avoids the problem of divergence.

Let P’ be our final underapproximation that is safe. We refer to the loop L after
refinements as L'. To prove nontermination we first need to ensure that the loop L’ in P’ is
still reachable after the refinements. This can again be encoded as a safety problem, this
time marking the loop header as an error location. If safety is violated, the counterexample
path represents the path to L’ ensuring the reachability of L'.

Note that our refinements also restrict the choices for nondeterministic assignment state-
ments. We finally ensure that for every reachable state at the nondeterministic assignment
inside L', we can still make a choice so that execution is never halted. When the check
succeeds, we report nontermination. In the final underapproximation, the set of all reachable
states at the loop header of L’ forms a closed recurrence set for the loop’s transition relation.

2 Example

We now describe our algorithm using a simple example. Consider the following program.
In this program the command i := nondet() represents nondeterministic

value introduction into the variable i (e.g. user input). The loop in this if (k Z 0)
program is nonterminating when the program is invoked with appropriate skip;
inputs and when appropriate choices for the nondet assignment are made. els_e
We are interested in automatically detecting this nontermination. .I = __1;

In order to find the desired underapproximation for our example, Whllle (i=0){
we first introduce an assume statement (where “assume(p)” can be | = nondet();
implemented by “if (—p) exit”) at the beginning with the initial Do,

precondition true. We also place assume(true) statements after each
use of nondet. We then put an assert(false) statement at points where the loop under
consideration exits (thus encoding the “never terminates” property). See Figure 1(a).

We then use a safety checker (here: for programs on integer data) to search for paths that
violate this assertion. Any error path clearly cannot contribute towards the nontermination
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assume(true);

if (k > 0)
skip;

else
i=—=1

while (i > 0) {
i := nondet();
assume(true);

}

assert(false);

=2
(a)

if (k > 0)
skip;

else
i=—1

while (i > 0) {
i := nondet();
assume(true);

}

assert(false);

=2
(b)

assume(k > 0Ai > 0);

if (k > 0)
skip;

else
i=—=1

while (i > 0) {
i := nondet();
assume(true);

}

assert(false);

=2
()

if (k > 0)
skip;

else
i=—1;

while (i > 0) {
i := nondet();
assume(i > 0);

}

assert(false);

assume(k > 0 Ai > 0);

assume(k > 0 Ai > 0);

if (k >0)
skip;

else
i=—1;

assert(false);
while (i > 0) {
i := nondet();

assume(i > 0);

}
(e)

assume(k > 0Ai > 0);
assume(k > 0);

skip;

while (i > 0) {
i := nondet();
assume(i > 0);

()

Figure 1 Original instrumented program (a) and its successive underapproximations (b), (c),
(d). Reachability check for the loop (e), and nondeterminism-assume that must be checked for

satisfiability (f).

28




Automated nontermination proofs by safety proofs

of the loop. Initially, as a first counterexample to safety, we might get the path k < 0, i:=
—1, i <0, from a safety prover. We now want to determine from which states we can reach
assert(false) and eliminate those states. Using a precondition computation similar to
Calcagno et al. [4] we find the condition k < 0. Note that our condition gives a set of states
that actually reach the error location. To rule out the states k < 0 we can add the negation
(e.g. k > 0) to the precondition assume statement. See Figure 1(b).

We then try to prove the assert statement unreachable for the program in Figure 1(b).
Here we might get the path k > 0, skip, i < 0, which again violates the assertion. For this
path we would discover the precondition k > 0 Ai < 0, and to rule out these states we refine
the precondition assume statement with “assume(k > 0 Ai>0)”. See Figure 1(c).

On this program our safety prover will again fail, perhaps resulting in the path k >
0, skip, i > 0, i := nondet(), i < 0. In this case our algorithm stops computing the
precondition at the command i := nondet(). Here we would learn that at the nondeterministic
command the result must be i < 0 in order to violate the assertion, thus we would refine the
assume statement just after the nondeterministic statement with the negation of i < 0 and
get “assume(i > 0)”. See Figure 1(d).

The program in Figure 1(d) cannot violate the assertion, and thus we have hopefully
computed the desired underapproximation to the transition relation needed in order to prove
nontermination. However, for soundness, it is essential to ensure that the loop in Figure 1(d)
is still reachable, even after the successive restrictions to the state space. We encode this
condition as a safety problem. See Figure 1(e). This time we add assert(false) before
the loop and aim to prove that the assertion is violated. The existence of a path violating
the assertion ensures that the loop in Figure 1(d) is reachable. In this case the assertion is
reachable, and thus the loop is still reachable. The path violating the assertion is our desired
path to the loop which we refer to as stem. Figure 1(f) shows the stem and the loop.

Finally we need to ensure that the assume statement in Figure 1(f) can always be satisfied
with some choice of i by any reachable state from the restricted pre-state. This is necessary
since our underapproximations may accidentally have eliminated not only the paths to the
loop’s exit location, but also all of the non-terminating paths inside the loop. We ensure this
by calculating a location invariant inv before the nondet statement. We then check that the
formula inv — 3i’.i’ > 0 is valid. Even the weakest invariant true can be sufficient to easily
prove the validity of the above formula. This ensures that for every reachable state at the
nondeterministic assignment we can still make a choice so that execution is never halted.
Once this check succeeds we report nontermination.

3 Experiments

In order to assess the impact of our approach, we have built a preliminary implementation

within the tool T2 [2] [5] and evaluated it empirically comparing with the following tools:
TNT [8]. Note that the original TNT tool was not available and thus we have reimple-
mented the underlying constraint-based algorithm with Z3 [6] as SMT backend.
APROVE [7], using the Java Bytecode frontend. When proving nontermination of Java
Bytecode programs, APROVE implements the SMT-based nontermination analysis by
Brockschmidt et al. [3].
Juria [13]: JuLIA implements an approach via a reduction from Java Bytecode to
constraint logic programming described by Payet and Spoto [11].

As a benchmark set, we applied the tools on a set of 495 benchmarks from a variety of
applications (e.g. Windows device drivers, the APACHE web server, the POSTGRESQL server,
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integer approximations of numerical programs from a book on numerical recipes [12], integer
approximations of benchmarks from LLBMC [10] and other tool evaluations).

We conducted three sets of experiments. The first set consists of all the 77 examples
previously known to be nonterminating, the second set consists of all the 258 examples
previously known to be terminating, and the third set consists of all the 160 examples for
which no previous results are known and which are too large to render a manual analysis
feasible. We used the first set of examples to assess the efficiency of the algorithm, the second
set to demonstrate the algorithm’s soundness, and the third set to check if our algorithm
scales well on relatively large and complicated examples. The results demonstrate that our
procedure is overwhelmingly the most successful tool and does not show erroneous behavior
in our experiments.

4  Conclusion

In this paper we introduced a new method of proving nontermination. The idea is to split the
reasoning in two parts: a safety prover is used to prove that a loop in an underapproximation of
the original program never terminates; meanwhile failed safety proofs are used to calculate the
underapproximation. Our implementation has shown that our approach leads to performance
improvements against previous tools where they are applicable.
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We reformulate Okada’s version of Takeuti’s ordinal diagrams as inference rules in the style of
the abstract path ordering.
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1 Purpose

Ordinals are used in proof-theoretical investigations to chraracterize the logical complexity
of formal systems of analysis and of specific mathematical theorems. Ordinal diagrams,
the original version of which is due to Takeuti [12], are one of the most powerful syntactic
notations of ordinals that have been devised. They are related to the Friedman’s [11] and
KiiZ’s [6] gap version of Kruskal’s famous Tree Theorem [7, 8], in that the well-orderedness of
diagrams follows from the Gap Tree Theorem. Partially ordered versions of ordinal diagrams
are only possible in restricted cases; see [10, 5, 4].

We reformulate ordinal diagrams in the style Okada [9] by ignoring forests (that is,
unconnected trees), which can be compared as multisets of trees [2]. This re-articulation
highlights the (as yet unexploited) similarity of the ordering of diagrams with the abstract
path ordering [1], designed to prove termination of term rewriting systems.

2 Atomic Case

Given base sets ¥ and II, well-ordered by a precedence >, with all of II greater than all of
¥, we define a well-ordering >, over unordered trees T with leaves from ¥ and (internal)
nodes from II, that is:

T:=X|1(T,...,T)

Notation: s,t,sy,tp are trees of T'; a, 8 are nodes from II; a, b are leaves from ¥; u,v € T\ X,
the non-leaf trees.

Stratified subtrees. By an a-subtree we mean an immediate subtree of some a node in
the tree for which there are no smaller nodes en route from the root. Define the relation >,
as follows:

Bxza sbiu

B(...,8...)bau

where > here is > (the ordering on nodes). As usual, we are using > and & for the reflexive
closures.

This relation is transitive.

The following three definitions are mutually recursive.
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Minimal operator. The smallest node in a tree (or trees) that is greater than .

ta(a) = oo
_ min{f, ua(81,...,8)} B>«
Ha(B(s1,---5n) {Ma(51,~--,8n) ax>f
ta(s1,...y8n) = min{ua(s1),. ., pa(sn)}

where > is > and minima are taken with respect to >, with co greater than all node values.

Stratified ordering. For each «, the following is a well-ordering.

a>b UD.o> v U>, fupt U U>a[Pa v
a0 1 (a2) UPa®2al . po{u,v} (ad)
a>qyb U>, b U>q VU U>q U

where > is > and u >, />, v means u >, s for every s <, v. Recall that a and b are leaves;
u and v are not. Clearly, each stratum >, has the “stratified” subtree property, namely:
T Do y implies x >, y.

We note that u >g v iff u >, v whenever v = o (u,v) > 8 > «, there being no S-subtrees
in u or v, so («3) is not applicable and the second hypothesis of (a4) is vacuous.

Target ordering. The ordinal path ordering > is a dependent lexicographic pair, con-
sisting of the ordering > on nodes followed by the multiset extension of the ordering >,
selected by the shared node o, on immediate subtrees.

a> R T A o IR G 7/
(co1) A PN CLLEL, SELL) kR CLLIL/ELED AP

U>e0 b ey Skyeat) Yoo B(onsty ) ey Skyoot) Yoo @ty .n)

where > is > and >, is the multiset extension of >,,.

Another way to express this top-level ordering is to extend > so that non-leaves are
compared by comparing their root nodes in the node ordering and non-leaves are always
greater than leaves, and to define > to compare non-leaf trees with equal root values to
each other by comparing the multiset of immediate subtrees in the order indexed by the
root-node value. (Trees with incomparable roots are incomparable.) Then >, is the union
of these two (disjoint) orderings, and we can economize by using the following rules:

s>t s>t
01,2 003
S>> t ( ) S>e0 t (03)
3 Tree Case

Given a base set ¥ with minimal element 0, well-ordered by >, we define a well-ordering >,
over unordered (trees of) trees T with leaves from ¥ and ¢rees for internal nodes, that is:

T:=%|T(T,...,T)

There is no longer a separate node vocabulary II. Hence, the ordering on nodes is no longer
>, but instead is the lowest stratum >q of the same ordering as is being defined on trees.
The definition is the same, except that > is replaced by >q throughout.
Notation: «,f,s,t, s, te are trees of T'; a,b are leaves from X; u,v € T\ X.

The following four definitions are mutually recursive.

Stratified subtrees. A subtree of an « node with no smaller nodes en route.

B>2a sbtyu

B(...)8...)Pau
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where > here is >.

Minimal operator. As above: The smallest node in a tree (or trees) that is greater than
a.

pa(a) = oo
min{f, o (s1,...,8,)} B>«
:U'Oz(ﬁ(slv""sn)) =
Ma(817"'78n) OZZB
pa(S1s--8n) = min{pa(s1),. ., fta(sn)}
where > is > and minima are taken with respect to >q.

Stratified ordering. For each «, the following is a well-ordering.

a>b UDHO 24V U >y {u,w} U u>a/l>a v
a>q,b U>q b US> U U>q U

where > is >q.

Target ordering. Dependent lexicographic pair, ordering the roots followed by the multiset
extension of the selected ordering on immediate subtrees.

a>f {8k, o {oste,. . }
U>e b ey Syt ) Yoo B(ovyt,..) ey Syt ) oo e tgy..)

where > is the node ordering >y and >, is the multiset extension of >,.

4 Examples

We focus in the coming examples on unary trees (strings) and the atomic ordering, though
the tree case is the more interesting.

4.1 An Example

Consider the rewriting rule ffx — fgfx, with IT = {f,g} and ¥ anything, and let f > g.
First, notice that fx >, gy, for any y, and in particular fx >., gfx. So the target ordering
>s does not have the subtree property (which is what makes it useful in this—and many
other—cases).

Since f is the largest node value in the precedence, we have fx >, gy for all trees x and
y. Similarly, we have

e,

fr>e gfy fx>¢/>r gfy
fx>rgfy

{fx} >r {gfy}

ffx > ffy

(ad)
(003)

since there are no f-subtrees in gfy.

Since >, is total and well-ordered, it cannot be monotonic. Still we want s >, t whenever
s rewrites to ¢; in other words, we want v f fw >0 vfgfw, for all v,w e IT*.

We show that if u > v, for © and v having the same root node, then au >, av, for any
node «a (f or g). There are four cases: g > gy implies fgz >0 fgy and ggz > ggy and
fr >0 fyimplies ffx > ffy and gfx > gfy.
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It is easy to verify that gz > gy implies fgz >o fgy for all strings x and y:

9T > gY 9T >f[br gy
9T >r gy
fgr>0 fgy

(ad)
(003)

there being no f-subtrees in gy. (So this is also true for larger alphabets, as long as f is
maximal.)
Furthermore, fx >o fy implies ffzr >« ffy:

fooefy Faolrdy |
fz>p fy
ITE

(c03)

because, for any z <¢ y, we have

7 fr>e fy

x>

fx(aS) x>ry Yy by 2z

fr>rx x>z
fx>r 2

and = >, y >, z always implies z >, z on account of the subtree property and transitivity.
Virtually the same argument (with one additional step) shows that fx > fy implies gfz >o

9fy.
Lastly, one can show that gx >. gy implies ggx >0 g9 y:
JT >0 §Y (ad) gL >gT >4y
[92>F 9y ] ga >/ y
gxr>99Y
99T >0 99Y

(ad)
(e03)

there being no f-subtrees in gy, and x >, y being the only way that one can have gz > gy.
The bracketed step is omitted if f does not occur in x or y.

4.2 A Counterexample

For the purposes of a counterexample in [3] (showing the necessity of a subterm condition for
the critical-pair lemma in the case of normal conditional rewriting), the following inequalities
were needed: a > b, fa > ga, hfa > ¢ > kfa, ¢ > kgb, fr > hfx (1), fx > kgb, hz > kz. For that, we
can interpret terms as follows:

[a] 1
[o] 0
[l = 0(1(1),1)
[h(z)] = 0([z],2) ie. [h] = A\x.0(=,2)
[F(@)] = 1([=])
[k(z)] = 0([=])
lo(x)] = o([=])
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5

Conclusion

The use of ordinal diagrams, as made simple by the above inference rules, holds out some
hope for helping in difficult (non-simplifying) termination proofs.
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1 Introduction

As pointed out by Cristina Borralleras in her dissertation [5, Thm. 7.3.2] (see also [4, Section
5.4]), the dependency-pair method of Thomas Arts and Jirgen Giesl [1] is actually a special
case of the semantic path ordering of Sam Kamin and Jean-Jacques Lévy [14]. We expand
and elaborate on that relationship in what follows.

2 The Semantic Path Ordering

Let irreflexive » and reflexive > be two binary relations on terms such that their combined
“modulo” relation >/ (= 2* o > o »¥) is terminating (in the sense of [2]). This means that
there is no sequence of terms

802---28(’)>812~-2S,1>822---2S’2>---

containing infinitely many > steps and is equivalent to saying that the modulo relation’s
transitive closure (»/2)* is well-founded. Let’s refer to this relation »/> as the semantic
ordering. Typically, but not exclusively, it is defined via a homomorphism from terms to
some well-founded domain.

Despite the deliberately misleading choice of symbols, > need not be the reflexive-closure
of »>. But if it is, then »>/2 is terminating if (and only if) > is.

If both relations are transitive and also are compatible with each other (meaning that
either » o > € > or » o » C »; see [14, p. 14] and [1, n. 5]), and provided > is itself well-founded,
then the above termination condition holds. We prefer, however, not to bother requiring
transitivity.

Let » and > be as above and let » denote the immediate subterm relation. We can define
a very simple semantic path ordering >/, with (base) semantic ordering >/, as follows:

ds;. s B s; zt s>t thit.8>tj s>t thit.8>tj
s>t, szt s>t, sxt szt

If = is the intersection > N < and » is % N 5, then it follows that

s=t, Vi; 4t. s>1;,Vs; 4 s.1>s5;
s~
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This is in essence the semantic path ordering of [14] (cf. [11, Def. 4]) over the semantic
relation > with a trivial (empty) functional (lifting the ordering from subterms to terms),
so that there is no recursion on subterms. We have added % to the definition (in particular,
in the third case) in the obvious way. (The use of a quasi-order was also suggested in [14,
p. 10].) Technically, the relation satisfies the weak (non-strict) monotonicity condition on
the functional (cf. [14, p. 12]). It also satisfies the requirements of the general path ordering
[11]. The conditions in the definition could be relaxed somewhat to take into account the
possible non-transitivity of the relations.

» Theorem 1. The simple semantic path ordering >[% is terminating.

The proof is essentially as in [14] (and [11, Thm. 2]), but takes the quasi-ordered case
into account.

Proof. Suppose the path relation is not terminating and look at a minimal counterexample
ug 2*>3* ug 2¥>%* ug ¥*>2z* -+, minimal with respect to subterm. Let’s number the cases as

follows:
s ot s>t, s>t s2xt, s>t
s>t S>ot s§%3t

The minimal counterexample never employs the first case: Clearly, it is not the case
that ug 21 u1, since then the sequence beginning with the subterm of uy that justifies the
inequality would be smaller. Suppose wu; > u;4+1 is the first occurrence of case 1 in the
counterexample (¢ > 1), and that it is justified by ¢; % w1 for subterm ¢; of u;. Whether
Ui—1 >2 Ui OF Ui—1 X3 U;, we would have u;_q > ¢; % u441 by the side requirement s > t; of the
other two cases.

Whenever u; >5 u;41, we have u; > u;r1; when u; 23 u;y1, we have u; > u;y1. This
contradicts termination of >/>. “

For reduction in a semantic path ordering of a term-rewriting system to provide ter-
mination, one shows first of all that ¢ > r for every rule ¢ —» r (meaning that o > ro for
every substitution o). As explained in [14, pp. 14-15], the semantic path ordering is not
necessarily weakly monotonic. That is, it need not be the case that

s>t=f(...,8,...)x f(...,t,...)

Therefore, one also needs to demonstrate ([14, p. 14, post correctionem])

s=>t=f(....8,...)2f(...,t,...) (*)

so that s — ¢ implies either s > ¢ (if it is a top-rewrite) or s 2 ¢ (if not), which is enough
to ensure that s % ¢ whenever s — ¢ and give termination [7, Second Termination Theorem)].
With condition (*), the intersection of % and — is monotonic, since s %t and f(...,s,...) >

fl.ot, ) yield f(o.o,s,..) 23 f(oot .00,

3 The Dependency-Pair Method

Consider now the (basic) dependency-pair framework [1, Thm. 7]. For every rule £ » r and
nonvariable (not necessarily proper) subterm v of r that is not headed by a constructor (a
symbol that never appears at the head of a left-hand side of any rule), we have a dependency
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pair £ - u. Suppose we are given a pair of (partial and quasi-) orderings »,> that are
compatible (as above), and such that > is well-founded and > is weakly monotonic, meaning:

st=f(...,8,...)2 f(...,t,...)

Then, a rewrite system terminates if ¢ > r for every rule and ¢ > u for every dependency pair
(again, for all substitutions).

» Theorem 2. If a rewrite system can be shown terminating by the basic dependency-pair
method using the pair > and >, then it is terminating by the semantic path ordering method
using the same pair.

Proof. Modify the ordering > so that all terms headed by constructors are smaller than all
those that are not (see [5, Sect. 7.3], [9, n. 9], [4, Section 5.4]). Clearly, the ordering remains
terminating and this change has no effect on dependency pairs, because constructor-headed
terms are never compared. To maintain compatibility, also remove from > any pair whose
left-side is a constructor term (they are never needed), and remove from > any pair with
left-side a constructor and right-side not (also unnecessary).

Consider a rule £ - r. We show that £ > r. If r is a proper subterm of ¢, and in particular
if r is a variable, then £ >; . If not, then ¢ > r, since it is one of the dependency pairs or else
r is headed by a constructor. Furthermore, £ > r;, for every subterm r; of j, either because
r; is a subterm of ¢, or because of a dependency pair £ — r;, or because r; is headed by a
constructor, so £ > rj, and r;’s subterms are smaller (by induction).

For reduction in the semantic path ordering to provide termination, we said that one
also needs condition (*) to hold. But the dependency pair conditions tell us that ¢ > r for
every rule, and weak monotonicity tells us that c¢[¢] > ¢[r] for any context c. Therefore,
s=>t=f(...,8,...)2 f(...,t,...), as required. <

It is clear why there is no need to consider dependency pairs ¢ - u when u is a proper
subterm of ¢, as suggested in [9, n. 8], since then ¢ >; w. In fact, the pair can be ignored if
¢ has any proper subterm ¢, such that ¢ x u, as suggested in [10, Sect. 6.3].

4 The Monotonic Semantic Path Ordering

The dependency-pair conditions for termination also fulfill the requirements for the mono-
tonic semantic path ordering of [3] (preceded by [12]). This method combines a (multiset)
semantic path ordering > over a well-founded quasi-order > with a (weakly-) monotonic
quasi-ordering >. It demands that ¢ > r and ¢ > r for each rule, and, furthermore, that the
two base orderings satisfy

s>t=f(...,8..)2>f(.. t...) (**)

See [9, Sect. 4]. (The latter condition is called “quasi-monotonicity” of > with respect to >
in [3] and “harmony” of > with > in [9, Sect. 3].)

Suppose now that > and > are one and the same well-founded monotonic quasi-ordering.
The above condition (**) translates into weak-monotonicity of >. Then to satisfy the re-
quirements of the corresponding monotonic semantic path ordering, we have ¢ > r by the
demands of the dependency method and ¢ > r for the same reasons as in the above proof.
See [5, Thm. 7.3.2] and [4, Section 5.4].
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5 Conclusion

The ordinary semantic path ordering [14], general path ordering [11, 13], and monotonic
semantic path ordering [3] all include recursive cases, where subterms are examined recur-
sively (in some order or other) if two terms are semantically equivalent (vis-a-vis =). As
noted in [4, Section 5.4], dependency pairs do not make use of the recursive case of the path
ordering. Including recursion on subterms refines the simple-minded ordering and can only
be of service in termination proofs. (Some might view the absence of recursive comparisons
an “advantage”, in that the search space is reduced.)

On the other hand, the dependency-pair formulation of this termination method has
the practical advantage of rephrasing the task as the termination problem of an enlarged
rewrite system (one that includes rewrite rules that force s > t; to hold) for which it may
be relatively easy to adapt ordinary termination-proof systems. In one standard version
of the method, additional rules—with altered root symbols—are used to disentangle the
strong-monotonicity and weak-monotonicity requirements.

It is commonplace with the dependency-pair method for »/> to be some version of the
recursive path ordering [7, 8]. The same is true for the semantic path ordering, which often
uses a simpler recursive path ordering for its semantic ordering. This kind of semantic or-
dering is something that David Plaisted and I used from the earliest days of path orderings.*

On account of the weak monotonicity requirement for the component ordering > used for
the semantic path ordering, general path ordering, or dependency-pair method, the ordering
> in all three cases can ignore selected subterms, which is very often useful.

Nothing we have said relates to the powerful data-flow techniques of [1], which take the
narrowing ideas of [6] and others to a high degree of utility. Were one to want to, the
analysis of dependency-pair chains could be captured by pattern-based semantic, perhaps
akin to that in [15].

Acknowledgement. I thank Jiigen Giesl, Jean-Pierre Jouannaud, and Ori Lahav for their
advice and comments.
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—— Abstract

The predicative lexicographic path order (PLPO for short), a syntactic restriction of the lex-
icographic path order, is presented. As well as lexicographic path orders, several non-trivial
primitive recursive equations, e.g., primitive recursion with parameter substitution, unnested
multiple recursion, or simple nested recursion, can be oriented with PLPOs. It can be shown
that PLPOs however only induce primitive recursive upper bounds for derivation lengths of com-
patible rewrite systems. This yields an alternative proof of a classical fact that the class of
primitive recursive functions is closed under these non-trivial primitive recursive equations.
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1 Introduction

As shown by R. Péter [9], the class of primitive recursive functions is closed under a
recursion schema that is not an instance of primitive recursion, e.g., primitive recursion
with parameter substitution (PRP) f(z + 1,y) = h(z,y, f(z,p(z,y))), unnested multiple
recursion (UMR) f(z+1,y+1) = h(z,y, f(x,p(x,y)), f(x+1,y)), or simple nested recursion
(SNR) f(xz+1,y) = h(z,y, f(z,p(x,y, f(z,y)))). H. Simmons [10] showed Péter’s results in
a general framework aiming to answer a deep question why primitive recursive functions are
closed under these non-trivial primitive recursive equations. As observed by E. A. Cichon
and A. Weiermann [6], in order to assess the complexity of a given function, we can discuss
about maximal lengths of rewriting sequences, which is known as derivation lengths, in a
term rewrite system that defines the function. More precisely, if every derivation length in a
given rewrite system R is bonded by a function in a class F, then the function defined by
R is elementary recursive in F measured by the size of a starting term. In [2] M. Avanzini
and G. Moser have shown that “elementary recursive in” can be replaced by “polynomial
time in” if one only considers of rewriting sequences starting with terms whose arguments
are already normalised. In [6] alternative proofs of Péter’s results were given employing
primitive recursive number-theoretic interpretations of rewrite systems corresponding to
those non-trivial primitive recursive equations mentioned above. On the other side, any
equation of (PRP), (UMR) and (SNR) can be oriented with a termination order known
as the lexicographic path order (LPO for short). As shown by Weiermann [11], LPOs
induce multiply recursive upper bounds for those derivation lengths. Thus, in order to
discuss about (PRP), (UMR) or (SNR), it is natural to restrict LPOs. In [5] Cichon

* This work is supported by JSPS posdoctoral fellowships for young scientists.
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introduced the ramified lexicographic path order (RLPO for short), a syntactic restriction
of LPO, capturing (PRP) and (UMR). This work is an attempt to find a mazimal model
for primitive recursive functions based on termination orders in a way different from [5] but
stemming from Simmons’ approach in [10]. The recursion-theoretic characterisation given
in [10] is based on a restrictive (higher order primitive) recursion that is commonly known
as predicative recursion. A brief explanation about predicative recursion can be found in
the paragraph after Example 5 on page 3. Taking the idea of predicative recursion into the
lexicographic comparison, we introduce the predicative lexicographic path order (PLPO for
short), a syntactic restriction of LPO. As well as LPOs, (PRP) (UMR) and (SNR) can be
oriented with PLPOs. However, in contrast to LPOs, PLPOs only induce primitive recursive
upper bounds for derivation lengths of compatible rewrite systems. This yields an alternative
proof of the fact that primitive recursive functions are closed under (PRP) (UMR) and
(SNR). The definition of PLPO is also strongly motivated by a more recent work [1] by
Avanzini, Moser and the author.

2  Predicative Lexicographic Path Orders

Let V denote a countably infinite set of variables. A signature F is a finite set of function
symbols. The number of argument positions of a function symbol f € F is denoted as
arity(f). We write 7 (V, F) to denote the set of terms over V and F. The signature F can
be partitioned into the set C of constructors and the set D of defined symbols. We suppose
that C contains at least one constant. We assume a specific (possibly empty) subset Diex
of D. A precedence >x on the signature F is a quasi-order whose strict part >x is well-
founded on F. We write f ~r g if f >r g and g > f. We also assume that the argument
positions of every function symbol are separated into two kinds. The separation is indicated by

semicolon as f(t1,...,tk; tht1,- .-, tet1), Where ty, ..., ¢, are called normal arguments whereas
tk+1,--.,tk+s are called safe ones. The equivalence ~x is extended to the term equivalence
~. We write f(s1,..., 8k Spt1s--5 k1) = g1,y s Skg1s - - s thr) if f =F gand s; =t
for all j € {1,...,k +1}. An auxiliary relation s = f(s1,..., Sk} Sk+1,-- -, Sk+1) Jplpo t holds

if one of the following cases holds, where s 25, t denotes s Jpjpo t Or 5 =2 2.

1. feCands; Jppot for some i € {1,...,k+1}.

2. feDand s; Jypo t for some i € {1,...,k}.

3. feD,t=g(ti, ..., tm;tmsti, - tmin) for some g such that f > g, and s Jpipo t; for
all j e {1,...,m+n}.

Now we define the predicative lezicographic path order (PLPO for short) denoted as > pipo.

We write s Zpipo t if 8 >pipo ¢ Or s & t, like the relation Jpipo, write (s1,...,8%) Zpipo

(t1,...,tk) if 85 Zpipo ¢; for all j € {1,...,k}, and we write (s1,...,8k) >pipo (t1,.-.,tk) if

(S1,-..,8k) Zplpo (t1,-..,tk) and additionally s; >pipo ¢; for some ¢ € {1,...,k}.

» Definition 1. s = f(s1,...,8k;Sk+1,-- -, Sk+1) >plpo ¢ holds if one of the following holds.

1. s Opipo t.

2. s; Zpipo t for some i € {1,... . k+1}.

3. feD, t=g(t, .., tmitmt1s-..,tmys) for some g such that f > g, s Jpipo t; for all
Je{l,...,m}, and s >ppo t; forall j € {m+1,...,m+n}.

4. f € D\Diex,t = g(t1, .-tk tht1,- -, tpt) for some g such that f =z g, (s1,..., k) Zpipo
(t1y. .y tx), and (g1, -+, Skti) >plpo (thtty - oy thtt)-

5. f€Dex, t=9(t1,- - tmitma1,---,tmsr) for some g such that f ~z g, and there exists
io € {1,...,min(k, m)} such that s; ~ ¢; for all j € {1,...,90—1}, Siy >plpo tigs S Tplpo ;
forall j € {iop+1,...,m}, and s >ppo ¢ forall je {m+1,...,m+n}.
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By induction according to the definition of >0, the inclusion >pp0C >0 can be shown
for the LPO >, induced by the same precedence. The converse inclusion does not hold in
general.

> Example 2. Rpr = {f(;0,y) = g(:y).f(;s2),y) = h(;z, v, f(;z,9))}

The sets C and D are defined by C = {0,s} and D = {g,h,f}. Let Diex = (. Define a
precedence >z by f =~z f and f >x g, h. Define an argument separation as indicated in the
rules. Then Rpr can be oriented with the PLPO >, induced by >r. For the first rule
f(;0,y) >pipo y and hence f(;0,y) >pipo g(;y) by Case 3 in Definition 1. Consider the second
rule. Since (s(;2),¥) >pipo (2,¥), F(;5(;2),y) >pipo f(;2,y) holds as an instance of Case 4.
An application of Case 3 allows us to conclude f(;s(;x),y) >pipo N2, v, f(;2,v)).

» Example 3. Rerp = {f(0;y) — g(;v),f(sG2);y) = h(z;y, f(2;p(z;9)))}-

The sets C and D are defined as in the previous example. Define the set Diex by Diex = {f}.
Define a precedence >x by f =z f and f >x q for all q € {g,p,h}. Define an argument
separation as indicated. Then Rprp can be oriented with the induced PLPO >j,,. We only
consider the most interesting case. Namely we oriente the second rule. Since s(;x) Jpipo
z, f(s(;2);y) Jpipo  holds by the definition of Jpipe. This together with Case 3 yields
f(s(;2);y) >pipo P(x;y). Hence an application of Case 5 yields f(s(;x);y) >pipo f(z; p(z;y)).
Another application of Case 3 allows us to conclude f(s(;);y) >pipo h(z; y, f(z; p(z;v))).

f0,43) — 8o(y;),
» Example 4. Rymr = f(s(;2),0;) — gi(x;f(x,q(x;);)),
f(sG2),sGy);) — h(z,y:f(@,pla,y;);),f(sG ), u:))

The sets C and D are defined as in the former two examples and the set Die, is defined in
the previous example. Define a precedence > by f = f and f >z g for all g € {go, g1, p, g, h}.
Define an argument separation as indicated. Then Rymgr can be oriented with the induced
PLPO >pipo- Let us consider the most interesting case. Namely we oriente the third
rule. Since f >x p and s(;u) Jpipo u for each v € {z,y}, f(s(;x),s(;y);) Tpipo P(z, ;)
holds by the definition of Jyp.. Hence, since s(;) >pipo &, an application of Case 5 in
Definition 1 yields f(s(;x),s(;);) >pipo f(@, p(z,y;); ). Another application of Case 5 yields
f(s(;2),s(;Y);) >pipo T(s(Gx),y; ). Clearly f(s(;x),s(;y);) Tpipo u for each u € {z,y}. Hence
an application of Case 3 allows us to conclude f(s(;z),s(;¥);) >ppo h(z,y; f(z, p(z,v;);),

f(sG ), y;)).

» Example 5. Rsnr = {f(0;y) — g(9),f(s(2);y) = h(z;y, f(asp(;y, flz;y))))}-

The sets C, D and D are defined as in the former three examples. Define a pre-
cedence >r as in the previous example. Define an argument separation as indicated.
Then Rsnr can be oriented with the induced PLPO >,,,. We only oriente the second
rule. As we observed in the previous example, f(s(;x);y) >pipo f(2z;y) holds by Case 5.
Hence f(s(;2);¥) >pipo P(z;y,f(z;y)) holds by Case 3. This together with Case 5 yields
f(sG;x);y) >pipo f(z; p(x;y, f(z;y))). Thus another application of Case 3 allows us to conclude

f(s(;2);9) >pipo h(z;y, f(z; plas y, (23 9)))).

Careful readers may observe that the general form of nested recursion, e.g., defining
equations for the Ackermann function, cannot be oriented with PLPOs. As intended in [4],
predicative recursion is a syntactic restriction of the standard (primitive) recursion, where the
number of recursive calls is measured only by a normal argument whereas results of recursion
are allowed to be substituted only for safe arguments: f(x + 1,7;2) = h(x,¥; 2, f(z, 7, 2)).
In [10] the meaning of predicative recursion is modified (though [10] is an earlier work
than [4]) in such a way that recursive calls are allowed even on safe arguments for the
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standard primitive recursion (see Example 2) but still restricted on normal arguments for
multiple (nested) recursion (see Example 3-5). In the sequel we present a primitive recursive
interpretation for PLPOs. This yields that the maximal length of rewriting sequences in
any rewrite system compatible with a PLPO is bounded by a primitive recursive function in
the size of the starting term. All the missing details can be found in a technical report [7].
Following [6, page 214], given a natural d > 2, we define the primitive recursive function F,,
by Fo(z) = d**! and F,,41(2) = Fi(lﬂ)(m), where F¢ denotes the d-fold iteration of F,.

» Definition 6. Given k, we inductively define the k-ary primitive recursive function F,,, ,, by

Fron(z1,exr)+d(1+2ny1) n+1 .
Fm Y L xy) i n <k,

Fm,O(xla---7xk) =0, Fm,n+1(x1>---a37k) = Frnon (@1, 2k) k ( =1 J) .
Bl @) (kg if k< n.

» Definition 7. Let ¢ be a natural such that 2 < /¢, F a signature and > a precedence on
F. The rank rk : F — N is defined in accordance with >x, i.e., rk(f) > rk(g) & f 27 g.
Define a natural K by K = max{k | f € F and f has k normal argument positions}. Then a
primitive recursive interpretation Z : 7 (F) — N is defined by Z(t) = dfwn+exe1 (Tt Z(te)).
S L(thes), where t = f(t1,. .. tiitira, ... tip) € T(F).

Let 2 < £. We define a restriction 350 0f Tpipo: 8 = (515 -+ k5 Skt 15 -+ Sk41) Tpypo

plpo
holds if one of the following cases holds, where s 3¢t denotes s 17, t or s = t.

1. feCands; Qﬁlpotforsomeie{1,...,k+l}.

2. feDands; Qépo t for some i € {1,...,k}.

3. fe€D,t=g(t1, - stm;tmt1,---stmin) for some g such that f >z g, and s O
allje{1,....m+n}.

We write >ﬁ|po to denote the PLPO induced by :If),po and |t| to denote the size of a term ¢.

In addition, for a rewrite system R and a relation >, we write R C> if [ > r holds for every

rule (I —» r) € R.

{—1

pipo L for

» Lemma 8. Let s,t € T(F,V) and o : V — T(F) be a ground substitution. Suppose
max({arity(f) | f e FU{{ - (K+2)+2}U{|t|+1}) < d. Ifs >f;|p0 t, then, for the
interpretation I induced by £ and d, Z(so) > I(to) holds.

» Lemma 9. Let s,t € T(F) be ground terms and C(O) € T(FU{O}) a (ground) context.
If Z(s) > Z(t), then Z(C(s)) > Z(C(t)) holds.

» Theorem 10. Let R be a rewrite system over a signature F such that R §>f;|po for some
£>2 and s,t € T(F) be ground terms. Suppose max({arity(f) | fe F}U{l - (K+2)+2}U
{Irl+1] (= r)eR}) <d. Ifs—rt, then, for the interpretation induced by £ and d,
Z(s) > Z(t) holds.

» Theorem 11. For any rewrite system R such that R C>pipe for some PLPO >pip0, the
length of any rewriting sequence in R starting with a ground term is bounded by a primitive
recursive function in the size of the starting term.

» Corollary 12. The class of primitive recursive functions is closed under primitive recursion

with parameter substitution, unnested multiple recursion and simple nested recursion.

3 Concluding remarks

A novel termination order, the predicative lexicographic path order PLPO, was presented.
As well as LPOs, any instance of (PRP), (UMR) and (SNR) can be oriented with a PLPO.
Note that general simple nested recursion briefly discussed in [6, page 221], e.g., simple
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nested recursion with more than one recursion parameters, can be even oriented with PLPOs.
On the other side, PLPOs only induce primitive recursive upper bounds for derivation
lengths of compatible rewrite systems. It turns out that the presented primitive recursive
interpretation is not affected even if in Case 4 of Definition 1 one allows permutations of safe
argument positions on {k + 1,...,k +[}. Allowance of permutations of normal argument
positions is not clear at present. One would recall that, as shown by D. Hofbauer in [8],
multiset path orders only induce primitive recursive upper bounds for derivation lengths of
compatible rewrite systems. Allowance of multiset comparison is not clear in the case even
for safe arguments. We mention that every PLPO is a slight extension of an exponential path
order EPO* defined in [1] though EPO*s only induce exponential (innermost) derivational
complexity. An auxiliary relation Jepo employed to define EPO* is strictly included in Tpipo.
We also mention that the auxiliary relation T, is exactly the same as the relation >pqp
introduced in [3] to define the polynomial path order POP*. By induction according to the
inductive definition of an EPO* >0, it can be shown that >epos C>pipo holds with the
same precedence and the same argument separation. In general none of (PRP), (UMR)
and (SNR) can be oriented with EPO*s. Perhaps it should be emphasised that a significant
difference between PLPO and EPO* lies in Case 4 of Definition 1. Without Case 4 PLPOs
would only induce elementary recursive derivational complexity.
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—— Abstract

In this paper, we propose an approach for detecting loops in derivations of graph rewriting systems
via a translation of the derivation process and loop conditions into propositional formulas. A
satisfying assignment represents a derivation with a detected loop and so it witnesses that the
corresponding graph rewriting system does not terminate.
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1 Introduction

The question of termination or non-termination of graph rewriting systems seems to be
an interesting issue, but is in general undecidable [5]. Nevertheless, techniques to prove
termination of graph rewriting systems were introduced (cf. e.g. [4]). Termination of graph
rewriting is defined in the following way (cf. [4]).

» Definition 1 (Termination). A graph rewriting system GRS is terminating, if it does not
admit an infinite derivation.

The question of looping or non-looping has attracted much attention over the last years in the
context of string and term rewriting systems, but is not so much studied in the area of graph
rewriting. Also, SAT-based approaches are applied to string and term rewriting (cf. e.g. [6]).
In this paper, we propose a new approach for detecting loops in derivations of graph rewriting
systems via a translation of derivations and loop conditions into propositional formulas. The
idea of translating graph rewriting into SAT was introduced in [3], the proposed technique
for loop detection is supplemented to this approach. By using a translation to SAT, we want
to benefit from fast solving techniques implemented in modern SAT solvers.

2  Graph Rewriting

We use edge labeled directed graphs without multiple edges and with a finite node set. For
a finite set 3 of labels, such a graph is a pair G = (V, E) where V = {1,...,n} = [n] for
some n € N is a finite set of nodes, numbered from 1 ton, and E CV x ¥ x V is a set of
labeled edges. n is called the size of G. The components V and E are also denoted by Vg
and Eg. We call an edge (v, z,v) a sling and an edge (v, *,v") unlabeled and omit the label
* in drawings. Two edges (vy,z,v9) and (v}, z’,v}) are considered as an undirected edge if
vy = v and vy = v{. A special graph is the empty graph O = (0,0). We call G a subgraph of
H, denoted by G C H, if Vo C Vg and Eg C Ey.

Furthermore, we use injective graph morphisms for the matching. Let G, H be two graphs
as defined above. An injective graph morphism from g: G — H is an injective mapping
gv: Vo — Vg, that is structure- and label-preserving, i.e. for each edge (v,z,v") € Eg,
(gv (v),z,gv (V")) € Eg. An injective graph morphism g: G — H yields the image g(G) =
(9v(Va),9(Ec)) € H with gp(Ec)) = {(gv(v),z,g9v (V")) | (v,z,v") € Eg} called the
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match of G in H. In the following, we will write g(v) and g(e) for nodes v € Vi and edges
e € Fg because the type of the argument indicates the indices V and FE.

» Example 2. Figure 1 shows the example graph Gy. Its nodes are numbered from 1 to
4 and all its edges except the slings are unlabeled and undirected. The slings are labeled
with @ to denote that the corresponding nodes have not yet been chosen. The graph on
the left-hand of the arrow in Figure 2, called L¢poose in the following, is a subgraph of Gy.
One can choose four injective mappings from Lepoese t0 Go: g = {1 — 1}, g = {1 — 2},
g={1—3},or g={1+4}.

1%} 1%} %] I} %) member member member

b B4 b — 8 bo — &
O—2——® — - @
Figure 1 The graph Gy Figure 2 The rule choose Figure 3 The rule remFEdge

A rule r = (L O K C R) counsists of three graphs: the left-hand side L, the gluing graph
K, and the right-hand side R. In our approach, we only consider rules with Ex = @ and an
invariant node set, i.e. Vi, = Vi = Vg. For that reason, we simplify the rule notation to
r = (L — R), denote the set of nodes of a rule r by V,. and its size by size(r) = size(L).

The application of a rule to a graph works as follows. Let r = (L — R) be a rule,
G a graph, and g: L — G an injective graph morphism. Remove the edges in g(L) from
G yielding D and add R disjointly to D. Finally, glue R and D as follows. (1) Merge
each v € Vi with g(v). (2) If there is an edge (v, z,v") € Er with v,v" € Vg and an edge
(9(v),z,g(v")) € Ep then these edges are identified. The application of a rule r to a graph G
with respect to an injective graph morphism g yielding a graph H is denoted by G T:; H.

This is called rule application or direct derivation and fits into the double-pushout app;"oach
(cf. [1]). The sequential composition d = Gy = G; = --- = G, of n direct derivations

71,91 72,92 Tns9n

for some n € N is called a derivation, shortly denoted by G :;> G, for n > 0 and Gy :;> G,
forn>0ifry,...,r, € P.

» Example 3. In Figure 2, one can find an example for a graph rewriting rule which adds
a member sling to a node. As described above, there are four mappings from Lcpoose t0
Go. In Figure 4 a derivation is shown. The first graph G; of the derivation is the result of
applying choose to Gy twice by using the mappings g = {1 — 2} and, then, g = {1 — 4}.
Applying the rule remFEdge from Figure 3 with the mapping g = {1 — 4,2 — 3} results in
the second graph. Finally, a three time application of the rule remFEdge yields the last graph.

I member & member I member 9 member I member @ member

o 2. 088 6

Figure 4 A sample derivation

A graph grammar is a system GG = (Gp, P, A) consisting of an initial graph Gy, a finite
set P of graph rewriting rules, and a set A C X of terminal symbols. The graph grammar
GG specifies all derivations from the initial graph Gy to graphs labeled over A.
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» Example 4. As an example, we consider the vertez cover problem that refers to the question,
whether for a graph G = (V, E), a subset X C V exists, such that for all (v,z,v') € E,
v € X orv' € X. The corresponding graph grammar for the graph Gy from Figure 1 is
VC = (Go, {choose,remEdge}, {member,@}). The derivation in Figure 4 states the last
part of a possible computation with G as input. The two-time application of choose yields
the first graph of the derivation as detailed above. A vertex cover is found, because the last
graph of the derivation has only edges labeled with member or @.

3 Detecting Loops in Graph Rewriting via SAT

Every propositional formula with variable set {edge(v,a,v', k) | (v,a,v’) € [n] x ¥ x [n], k €
[m]} represents a sequence Gy, ..., Gy, of graphs for each variable assignment f satisfying
the formula, i.e. the graph G}, contains the edge (v, a,v’) if and only if f(edge(v,a,v’,k)) =
TRUE. Please note, that this translation does not allow node addition or deletion. A single
initial graph G in the kth derivation step can be described by the formula

graph(G)(k) = /\ edge(v,a,v’, k) A /\ —edge(v,a,v', k).
(v,a,v")EEG (v,a,v")e([n]xEx[n])—Eqg

» Example 5. Then, the graph G in Figure 1 is expressed via the following formula

graph(Gop)(0) = /\ edge(v,a,v’,0) A /\ —edge(v,a,v’,0)
(v,a,v")EEq (v,a,v")E([n]XEX[n])—Eq
where Ey = {(1,%,2),(2,%,1),(2,%,3),(3,%,2),(3,*,4), (4,*,3),(2,*,4), (4,%,2),(1,2,1),
(2,2,2),(3,9,3),(4,2,4)}. Please note, that in case of undirected edges both corresponding
directed edges have to occur in the formula.

For a rule r = (L — R) the set of injective graph morphisms from [size(r)] to the set of
nodes [n] is denoted by M(r,n). Let k € N be a derivation step, G;_1 be a graph with the
node set [n], r = (L — R) be a rule, and g € M(r,n). The application of r to Gi_1 with
respect to g is then expressed by the following formulas

morph(r,g,k) = A(y.0,01ek, €d9e(9(v),a,9(v"), k — 1),

rem(r, g, k) = /\(v,a,v’)eEL—ER —edge(g(v),a, g(v'), k),

add(r, g, k) = /\(v,a,y/)eER edge(g(v),a,g(v'), k),

keep(r,g, k) = /\(v,a7v’)€g(ELUER) (edge(v,a,v’,k -1+ edge(v,a,v’,k))

where g(Er, U ER) = {(9(v),a,g(¥")) | (v,a,v"),€ E;, U ER},

apply(r, g, k) = morph(r, g, k) A rem(r, g, k) A add(r, g, k) A keep(r, g, k).

The formula morph describes that g is a graph morphism from L to Gi_;. The removal of
the images of every edge of the left-hand side L from Gj_; is expressed by rem. The addition
of edges of the right-hand side R is described by add. That edges that have been neither
deleted nor added must be kept, corresponds to the formula keep. Finally, apply describes
the whole application of r to Gx_1 with respect to g. The following theorem states that a
satisfying assignment to apply corresponds to a direct derivation.

» Theorem 6. G;_1 = Gy, if and only if there is a satisfying assignment to the formula
g
graph(Gk_1)(k — 1) A apply(r, g, k) A graph(Gy)(k).

» Example 7. For the rule remFEdge in Figure 3, the first graph G in Figure 4, and the
graph morphism g = {1 — 4,2 +— 3} one gets the following formulas: morph(remEdge, g,2) =
edge(4, member, 4,1) Aedge(3, *,4,1) Aedge(4, *,3,1), rem(remEdge, g, 2) = —edge(3, *,4,2) A
—edge(4, *,3,2), and add(remEdge, g, 2) = edge(4, member, 4,2).
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For each rule r € P and each mapping g € M(r,n), the possible applications of r to
G- are expressed via step(k) = vTGP,gGM(T,n) apply(r, g, k). All derivation starting in Gy of
length m are described by der(Gg, m) = graph(Go)(0) A Aj~, step(k). The following theorem
states the connection between der and successful derivations.

» Theorem 8. Let Gy and Gt be two graphs of size n, P be a rule set, and m € N be the
number of derivation steps. Then there is a successful derivation Gy :7;> Gr if and only if

there is a satisfying assignment to der(Gg, m) A graph(Gt)(m).

Let n be the size of Gy and p(n) be a polynomial bound. Then all derivations starting in Gg
with a length of at most p(n) are expressed via all_der(Gg, p(n)) = %Z)O der(Gg, m).

» Example 9. A satisfying assignment to the following subformula yields the derivation
detailed in Example 3 where c is an abbreviation for choose and rE for remEdge
graph(Go)(0) A apply(c, {1 — 2},1) A apply(c, {1 — 4},2) Aapply(rE, {1 — 4,2 — 3},3)A
apply(rE, {1+ 2,2 +— 1},4) Aapply(rE, {1 — 2,2 — 3},5) A apply(rE, {1 — 4,2 — 2},6).

Let Gy and Hy be two graphs and g: Gy — Hy be an injective graph morphism. Then
the JOIN-Theorem in ([2], p. 101) states the conditions under which a derivation Gy == G,
can be extended to a derivation Hy == H,,. Loosely speaking, Hy — G is joined with each
G,. This result can be used to find derivations of the form Gy == G,, = Hy 2 G, ie. to
detect loops in derivations. According to the JOIN-Theorem, the derivation Go == G,, would
be extended to a derivation Hy == H,,. Important here is that nodes connecting g(Go) and
Hy — g(Gyp) are not deleted during the derivation. In this paper, we only consider rules that
do not delete nodes but this is still a special case. Thus, we use the term simple looping
instead of looping and define it as follows.

» Definition 10 (Simple Loops). A graph rewriting system with an initial graph G and a
rule set P containing no node deletion rules is called simple looping, if there are graphs G, H
and an injective graph morphism ¢: G — H such that G :;> G =;> H.

» Example 11. Let us consider again Example 4 and let us assume that choose has been
defined in a wrong way (see Figure 5). The application of choose to Gy yields the last graph
in Figure 6 where G is isomorphic to a subgraph of it, i.e. the derivation contains a simple
loop. The rule choose can be applied infinitely often to node 2.

6] 6] %] %] 6] 6] %] %]
i i N0 0 0 — 0 0 0 0
a @%@ choose a ?&@
& — &3 member
member
Figure 5 The altered rule choose Figure 6 A detected loop

For some graph in a derivation of length m isomorphic to a subgraph of the last graph of
this derivation, we define the following propositional formula

m—1
loop(m) = \/ ' \/ A (edge(v,a, v/, k) — edge(g(v),a, g(v), m)).
k=1 ge M(n,n) (v,a,v’)E[R]XEX[n]

Please note, that this formula generates up to n™ possible morphisms (g € M(n,n)) and
has to be restricted in some way. An idea could be to use node types to reduce the possible
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matchings. In the derivation from Example 3, we could use the member- and J-slings as node
types such that member-nodes could only match member-nodes (the same for @-nodes).
Detecting a simple loop in all derivations up to a length of p(n) is defined as follows

p(n)
loop_detection(Gg, p(n)) = \/ (der(Go, m) A loop(m)).
m=0

Simple looping corresponds to a satisfying assignment for loop_ detection.

» Theorem 12. Let GRS be a graph rewriting system with an initial graph Go of size n and P
be a rule set containing no node deletion rules. Then GRS is simple looping if and only if there
is a polynomial p(n) such that there is a satisfying assignment to loop_ detection(Go, p(n)).

» Example 13. A satisfying assignment to the subformula der(Go, 1) A loop(1) would yield
the detected simple loop from Example 11.

4 Conclusion

In this paper, we have introduced a SAT-based approach for detecting simple loops in
derivations of graph rewriting systems. In future, we want to investigate looping for subgraphs,
i.e. we want to find derivations Gy = G =t H where a subgraph G of G is isomorphic to
a subgraph of H. This idea would cover simple looping. Moreover, we want to devise a
translation to SAT for graph rewriting systems with node deletion rules.
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—— Abstract

As an alternative to recursion [2] or cycles [6], which grant Turing-completeness, we sketch a
system of nets that is sufficiently expressive to manipulate complex inductive and co-inductive
objects, but enforces termination at the same time. We aim at a logically sound framework,
close to prior fixed-point logics [1], that can be computationally implemented as a graph-based
rewriting system in the style of proof nets. A complete and fully satisfactory formalization
might require a refined approach, based on systems of interaction nets that are enriched with a
deep-inference typing system as presented in [3].

1998 ACM Subject Classification F.1.2, F.4.1

Keywords and phrases Interaction Nets, Proof Nets, Linear Logic, Fixed Points, Inductive and
Co-Inductive Types.

1 Introduction

Inductive types include typically integers, list, trees, or more complex finite objects, possibly
simply-typed A-terms. Co-inductive types typically represent infinite data-structures like
streams, however some infinite co-inductive terms also admit finite representations.

For instance, lists of elements of type A are either the empty list or a construct made of
an element of type A and another list. An unfolded definition of their type could be written,
using some standard functional programming syntax, as follows:

Nil | Cons of A * (Nil | Cons of A * (Nil | Cons of A * (...)))

With linear logic connectives it writes 1 AR (1 AR (1@ A®(...))), which can also be
represented finitely with a p abstraction: pa.1® A® «.

Using instead a v abstraction, the dual connector, type va.1® A ® a denotes streams,
i. e. possibly infinite sequences of elements of A. In particular, streams of natural numbers,
for instance, include recurrent sequences such as [1,2,1,2,1,2,...[, or slightly more complex
sequences like [1,1,2,1,2,3,1,2,3,4...[, which can be defined finitely in most programming
languages.

A few specific inductive types like integers, lists or trees are easily represented in systems
of nets like interaction nets [5], but co-inductive types are not commonly found. We describe
in this paper a generic method to implement any inductive or co-inductive type, from the
multiplicative, additive and exponential constructions provided by linear logic. We will
moreover show that the exponential constructions are not strictly required.

2 Unfolding Boxes

Given the usual system of proof nets for MELL [4], we consider sets N [Py : 'y, ..., Py : Tg]
of nets of interface I' containing open emplacements (also called net variables) P; of interface
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T';. These are called open nets. The usual principles behind net reduction are unchanged;
open emplacements just do not actively take part in the interaction process.

Unfolding boxes (a finite description of a co-inductive object). Let N(H) be an open
net with interface:

B B, i Vi
N(H)

Al Ap Uy U
whose open emplacement H is typed with atomic type variables aq, ..., o and By, ..., B4
as follows:

B1Y B Vi Vi

H
a1y apy Uy Upn

Such a net can be enclosed within an unfolding box as described hereafter. The open
emplacement H and type variables «; and (;, which are expected to appear in their respec-
tive A; or B; and are assumed not to appear in any of the V; or the U;, are bound in the
process.

NBI-BI* ~-iu,8q.Bq* Vi Vi
B -1 By W v
@ N(H)
Al{ * Ap{ Ul{ * Um}
z/al.Al* -{yap.Ap* U1+ I Um+

From a logical viewpoint, the content of an unfolding box pg is the body of an inductive
proof in which the open emplacement H is used as induction hypothesis. Ports typed va;. A;
or uf;. B; are principal ports, and ports typed V; or U; are auxiliary ports which do not
interact immediately.

Moreover, two atomic variables among the «; or the 8; can be chosen equal when their
respective A; or B; (i. e. the types they mask) are equal.

Reduction of unfolding boxes