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Abstract

Abstract combinatorial commutation properties for sefiagavell-foundedness of unions of re-
lations can be applied to generic path orderings used in@tion proofs.

1 Introduction

Path orderings provide a convenient and popular methodafing termination, particularly of term-
rewriting systems. Here, we set out to prove the well-foaiméss of an abstract path ordering—in the
style of [15,[3]—which includes the usual path orderings ostforder terms as special cases. We will
apply the commutation methods bf [7] plus a strong variariftirig.

2 The Selection Property

All relations herein are binary. Juxtaposition is used famposition of relations. We represent union by
-+, and denote the reflexive, transitive, and reflexive-ttarestclosures of relatiof by E¢, E*, andE*,
respectively. We will us&® to represent the set of “immortal” elemestir which there is an infinite
E-chains E SE ¢’ E --- of elements of the underlying set.

Definition 1 (Selection[[¥]) Relation Bselectgelation A if
BA"CAA+B)"+B".

In other words, if one can get from an elemeiid an element by oneB-step followed by one or more
A-steps, then one can also get frarto t by first taking anA-step and then some combinationfefand
B-steps, or else one can get there by one or nBesteps alone. This is a weaker requirement than the
“local” condition explored in[[1l1], 12] and called “lazy conutation” in [4].

Theorem 2([[7l, Theorem 7ﬂ). If relation B selects relation A, then
(A+B)” = A'B*(A° +B").

This notation is meant to convey that one can get from any eitnat is immortal in the unioA+ B
to an element that is immortal in one of the two componentimeia by taking some number étsteps
followed by some number d8-steps. This implies, of course, that the union is well-emh whenever
both A andB are.

WhenA is transitive, as it will be in the cases of interest hereg@@n is the same as the following
local condition:

*Research supported in part by the Israel Science Foundafiant no. 254/01).
1The proof in [7] relies on a more general claim (Theorem 3@uabiconstriction”. The latter, however, is phrased there
too broadly. Nevertheless, it does apply to the case in heana. grateful to Ori Brostovski for pointing this out.
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Definition 3 (Jumping) Relation Ajumps overelation B if
BACA(A+B)*+B".
This is noticeably weaker than lazy commutatibnl [11,12wHich allows only oneB rather tharB*.
Corollary 4. If transitive relation A jumps over relation B, then
(A+B)” = A*B*(A” +B%).

This, too, implies “separation” of termination of the unian- B.

3 The Abstract Path Ordering
We propose the following generic definition of path ordesing
Definition 5 (Abstract Path Ordering)Theabstract path orderinig a relation> (not necessarily tran-

sitive) on some set T, parameterized by two other abstrdatioas, > and well-founded>, and by
arbitrary binary conditions C and D, defined as follows:

t>-sandtCs (@)
t>s if or
t>sandt (> + >)/>sandtDs, (b)

where is short for>*>* (or just>>*, in the transitive> case), and the “division” operator is defined
by B/A={(x,y) : Vz. yAz=- xBZ. In other words, in case (b),* u or t > u for all >-neighbors u of s.

This is a generalization of the abstract ordering given 1j.[1
Let 1 be short fors> N (> + >) />, the main part of case (b). By the cases of the definition, we ha

> C »+3 C =+>.
Lemma 6. For the above abstract path ordering, relatianselects>.

Proof. By the division clause of the second case (b), onethasC - + >. Also, the recursive definition
of > must expand so that C (r>+ 1)*. Pasting the various facts together, we get

> C =4+> C =4+(>-+) C ">+ C>E+)+3.
So, in fact,>> commutes lazily overs, which implies selection (by an easy induction). O
It follows from TheoreniP that- is well-founded if7 is. Of course T is well-founded if> is. So:
Proposition 7. An abstract path ordering is well-founded whenever its conent relations> is.

This works, as is, for some interpretation-based ternmonatrderings.
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4 Lifting and Escaping
The problem is that, for path orderings; is normally defined, recursively, in terms of applied to
subterms.

Theorem 8. An abstract path ordering- defined on a set T is well-founded if well-foundedness foir
the>-neighbors of an elementssT implies well-foundedness of (or of >>) for s.

Proof. We are presuming that is well-founded. Les be ar--minimal element ofl that is immortal in
>. By TheorenR (witht> for A and 3 for B) and Lemmadl6, there must be dnd* s that is immortal
in 3 (and, therefore, in>). By the assumption of this theorem, there must be a neigétbars’' that is
immortal in >, contradicting minimality of. O

This condition is captured by the following:
Definition 9 (Lifting). Relation Alifts to relation B if
B* C AA+B)”.
In general,
Theorem 10([lZ, Lemma 84]) If relation A lifts to B and B selects A, then
(A+B)” =(A+B)"*A”.
Corollary 11. An abstract path ordering- is well-founded if> lifts to .

A minori ad maiusf it lifts to >>.

This applies to the nested multiset orderihgl [10], wherds the multiset ordering, and to lexico-
graphic orderings. The general case of such “lifted” de€ing was first studied in17] and was pursued
further in [14[15].

It turns out, however, that oftentimes we need a weakemaltize to lifting, in which theA-step need
only take placeeventually Borrowing modal-logic notation (segl [8] for details),shi$ captured by the
next definition.

Definition 12 (Escaping) Relation Aescapes fromelation B if
B* = <JA(A+B)?]B”.

Here,B” is being used to denote the set of all infirehains and the& means that some suffix looks
like [A(A+B)*]B*. The double-bracket notation turns the set (of sequergés) B)” into the relation
between those elements having immoAaileighbors and everything. Accordingly, the definition mea
that there is a point in every infinit8-chain such that aA-step out of that point leads to a potentially
“immortal” element in the union. Escaping is somewhat réstient of the “bar induction” criterion
in [A5].

Theorem 13. If relation A escapes from B and B selects A, then
B* C B*A”.
So, under these conditionB,is well-founded ifA is. Because we are presuming well-foundedness
of >, the inescapable conclusion is that
Corollary 14. An abstract path ordering- is well-founded if> escapes fronm.

The multiset path orderin@][4], lexicographic path ordgdh7], and recursive path orderinig [18, 5]
are all special cases, wheteis the proper subterm relation (g8} = ), C andD are always true, and
> is a recursive lifting of> to multisets, precedence (first) and (then) multisets,qatesce and tuples
lexicographically, and a mixture thereof, respectively.
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5 Discussion

We are optimistic that the commutation-based approachnth&ee will likewise help for advanced path
orderings, like the general path ordering [9] and highéleorecursive-path-ordering 113,116, 2], without
recourse to reducibility/computability predicates, hessa (as pointed out in][6]) there is an analogy
between the use of reducibility predicates and the use wfpaf well-foundedness of the “constricting”
derivations used in the proof of Theoré&in 2 cited above.

We can apply this commutation method to analyze the depegemair method of proving termina-
tion. (Seelll]; compare[6].) We also hope to analyze minib@a sequence arguments for well-quasi-
orderings in a similar fashion. (See[19]; compare [15].)
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Abstract. Inspired by binary counting we present and analyze a small
length preserving terminating string rewriting system with several nice
properties, in particular having derivations of exponential length. These
observations are the key for the proof in [1] that a particular kind of
RNA-editing admits a sequence of modifications that essentially requires
an exponential number of steps.

1 Length preserving string rewriting

Let X' be any set of symbols.

A string rewrite Tule £ — r over X consists of two strings £/, r € L*.

A string rewriting system (SRS) over X is a set of string rewrite rules over
Y. We assume X' to be finite, and only consider SRSs that are finite.

An SRS R is called length-preserving if the length |¢| of ¢ is equal to the
length |r| of r for every rule £ — r € R.

For an SRS R its rewrite relation — g is defined by

xly — R xry

for every z,y € X* and every £ — r € R.

An SRS R is called terminating if — g is terminating.

The derivation length d(t, R) of a string t with respect to an SRS R is the
maximal value of n such that t rewrites in n steps to any string. For R being
terminating this is well-defined; here our finiteness assumptuion is essential.

An SRS has ezponential derivation length if there exists ¢ > 1 such that

sup d(t, R) = O(c").
[t|l=n

The following proposition states that for length-preserving terminating SRSs
this derivation length is the highest possible.

Proposition 1. Let R be a length-preserving terminating SRS over X, and ¢ =
|X|. Then
sup d(t, R) = O(c").

|t]=n



Proof. Assume ¢ with |t| = n admits a reduction of length greater than ¢".
Then all strings in this reduction are in X", due to length-preservingness. The
total number of such strings is |X™| = ¢”, so this reduction contains double
occurrences, giving rise to infinite reduction, contradicting termination. a

If ¢, = zy and {2 = yz for two (possibly equal) rules £; — 71 and ¢y — ra,
and a non-empty string y, then we say that these rules overlap. An SRS is called
orthogonal if there are no other overlaps than the trivial overlaps obtained by
choosing twice the same rule and ¢; = y = 5. It is easy to see that orthogonal
string rewriting satisfies the diamond property, that is, if t — g u; for ¢ = 1,2 and
uy # uo, then there exists v such that u; —g v for ¢ = 1,2. As a consequence
we have the following proposition.

Proposition 2. Let R be a terminating and orthogonal SRS. Then every string
t has a unique normal form wu, and every reduction from t to u has the same
length.

For an SRS R its string reverse R" is defined to consist of all rules ¢” — r” for
{ — r € R; here t" denotes the string reversal of a string ¢. Trivially, termination,
derivation lengths and orthogonality are preserved under string reversal.

However, there is also another kind of reversal. For an SRS R we define its
rewrite reverse R to consist of all rules r — ¢ for £ — r € R. For arbitrary
string rewriting the basic properties are not preserved, for instance, the single
rule aa — a is terminating, but its rewrite reverse is not terminating.

Proposition 3. Let R be a length-preserving SRS. Then R is terminating if
and only if R~ s terminating, and R has exponential derivation length if and
only if R~ has exponential derivation length.

Proof. If R is not terminating then there is a string ¢ having an infinite reduction.
Let n = [t|. Then all strings in this reduction are in the finite set X™. So there
is a string u in this reduction such that u —>§ u. By reversing arrows this yields
an infinite reduction of R, proving that R~ is not terminating. Similarly, non-
termination of R yields non-termination of R as (R) = R. The claim on
exponential derivation lengths follows from the observation that if ¢ —% u then
|t| = |ul, and there is a reduction from w to ¢ of the same length with respect to
R—. ad

In the next section we encode binary counting in length-preserving string
rewriting, yielding a length-preserving SRS with exponential derivation length.

2 Binary counting

In n-digit binary numbers we can count in 2" — 1 steps from the number 0
represented by the string 0™ to the number 2” — 1 represented by the string 1™.
For doing so we need a carry mechanism for which we introduce a fresh symbol
c. Adding one to a number ending in 0 is represented by replacing this 0 by 1,



and adding one to a number ending in 1 is represented by replacing this 1 by c.
Next we need rules for propagating this c¢: the pattern Oc should be replaced by
10 and c¢: the pattern 1c should be replaced by ¢0. Summarizing, this counting
from 0™ to 1™ can be mimicked by the SRS consisting of the four rules

0—1
1—c¢
0c — 10
lc — c0

This SRS is terminating, as is easily seen by dependency pair analysis. This
is the most straightforward SRS representation of binary counting; it appeared
before, e.g., in a presentation of Dieter Hofbauer and Johannes Waldmann on
Proof Theory and Rewriting in Obergurgl, March 30, 2010.

By construction there is a reduction from 0™ to 1™ containing 2™ — 1 ap-
plications of the first two rules, so having exponential derivation length. This
reduction can even be extended: the string 1™ further reduces to the normal
form ™.

However, by applying only the first two rules there is also a reduction from
0™ to ¢ in only 2n steps. Note that in this linear reduction the first two rules
are applied on all positions, while in the exponential length reduction the first
two rules are only applied on the rightmost position. To force that the first two
rules are only applied on the rightmost position, we introduce a fresh symbol b,
and replace the first two rules ¢ — r by £b — rb, yielding

0b — 1b
1b — cb
Oc — 10

lc — c0

This SRS is still terminating and admits exponential derivation length for the
same reason, but now the system is orthogonal, so by Proposition 2 every reduc-
tion from 0"b to ¢"b has the same length. As this system still mimicks the binary
counting in an exponential number of steps, we conclude that every reduction
from 0™b to ¢"b has length exponential in n.

Next, note that in the reduction encoding binary counting every application
of the first rule is directly followed by an application of the second rule, and the
second rule is only applied directly after the first rule. So the first two rules can
be combined in one rule, still keeping exponential derivation length. The result
is the following SRS B:

0b — cb
B:< 0c—10
le — c0

In the rest of this note we investigate this particular SRS B. Just like the
earlier variants, termination of B immediately follows from dependency pair
analysis. The SRS B has been designed in such a way that 0™b rewrites to ¢"b



in a number f(n) of steps, for every n, where f(n) is exponential in n. Let us
analyze f(n) more precisely. We have f(0) = 0, and by

o"b _f(n-1) Ocnflb _,n—1 1n710b N 1”7161) _,n—1 Conflb _f(n-1) b

we obtain
f(n) = 2f(n—1)+2n—1,

for every n > 0, from which one easily proves by induction that
fln) = 3%x2" —2n—3

for every n > 0.

A remarkable property is the fact that B is a renaming of B. In this re-
naming the symbols 0 and ¢ are swapped, while the symbols 1 and b are kept.
By this swapping also the second and third rule swap. This expresses the fact
that counting up in binary notation is exactly the same as counting down, while
swapping the symbols 0 and c.

We saw that 0"~ 1b reduces to ¢ 1b in f(n — 1) steps. The next proposition
states that this is the longest possible reduction of strings of length n.

Proposition 4. In B, no string of length n admits a reduction of length greater
than f(n —1).

Proof. We do induction on n. Assume t is a string of length n of maximal
reduction length. Assume it contains a b on position k for £ < n, then the
reduction steps can be split up in steps on the n—k symbol right from this b, and
the k symbols on position k and left from it. These steps are independent, so by
the induction hypthesis the total number of steps is at most f(k—1)+f(n—k—1),
which is always less than f(n—1). So in the remaining case there are no b’s except
for possibly the last position. If there are no b’s at all then only the second and
third rule can be applied, giving a linear reduction length (count 2#c + #1).
So t consists of n — 1 symbols from {0, 1, ¢} followed by a b. As ¢ is assumed to
have maximal reduction length, it is in normal form with respect to B, that
is, it does not contain patterns cb, 10 or ¢0. From this we conclude that either
t = 0" !b or t ends in 1b. In the latter case this end pattern 1b will never be
reduced due to the shape of the rules, so only the seond and third rule apply,
yielding linear reduction length as observed before. So in the remaining case we
have ¢t = 0"~ 'b. As we know that every reduction of 0"~'b to its normal form
¢"~1b has length f(n — 1), this concludes the proof. O

With respect to the SRS B the next proposition implies that f(n —1) is not
only a bound on reduction lengths of strings of length n, it is also a bound on
conversion lengths.

Proposition 5. Let R be a terminating length-preserving SRS for which both
R and R~ are orthogonal. Let s <% t, for which no conversion from s to t
exists shorter than n steps. Then there is a string u with |u| = |s| = |t| having a
reduction of length n.



Proof. Applying the diamond property for — g yields v with s —%, v and t —% v
with p4¢q < n, due to minimality of n we obtain p+¢ = n. Similarly, applying the
diamond property for — g~ yields v with u —>’1’;; s and u _>(113: t with p’ + ¢ < mn,
due to minimality of n we obtain p’ + ¢’ = n. From Proposition 2 we conlude
that all reductions from u to v have the same length, so p+p’ = ¢+ ¢’. Now the
equalities imply p+p’ = g+ ¢’ = n, so u has a reduciton of length p +p’ = n to
V. O

3 An application

In [1] a mutation mechanism has been investigated inspired by a particular kind
of RNA-editing. One of the key results states that in this mechanism it is possible
to start in some string of length n and end in another string after an exponential
number of steps, while it is not possible to reach the same string in less than
exponentially many steps. The key argument makes use of our results on B: it is
shown that the mutation mechanism can mimick string rewriting, while starting
from the right kind of strings essentially no other steps can be done than those
that mimick string rewriting. For the argument the following properties were
essential:

B is orthogonal,

— B7 is orthogonal, that is, the right-hand sides of B are non-overlapping,
all left-hand sides and right-hand sides of B have length two,

— there are strings ¢;,u; for which |t;| = |u;| = 4, for all 4, and ¢; rewrites to
u;, but not in a number of steps less than exponential in 7.
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Abstract

This paper shows a sufficient condition for non-termination of constrained term rewriting sys-
tems. There is a distance in the non-termination proofs of constrained and unconstrained systems,
e.g., constrained rewrite rules such that the right-hand sides are encompassments of the left-hand
sides do not always cause non-termination. For such constrained rewrite rules, we characterize ex-
tra constraints that ensure non-termination caused by the constrained rewrite rules. We also show
that such extra constraints sometimes can be obtained from the constraints of the constrained rewrite
rules, by removing some closures from the disjunctive normal forms of the constraints.

1 Introduction

Constrained (un)conditional term rewriting systeare sets of constrained (un)conditional rewrite rules

[21, 15, 18, 7, 4, 5, 12, 20]. For such systems, the constraint parts of rules are evaluated by some
built-in semantics given by the membership relation, linear integer arithmetics (so-Badisdurger
arithmeticg, equational theories independent on the rewrite rules, and so on. The condition parts of
rules are evaluated by the rewrite rules recursively. Constrained systems have been enriched such as
constrained equational systeif@ESs, for short)10, 11], that are rewrite systems with built-in numbers

and semantic data structures. This paper deals eatistrained unconditional term rewriting systems
(constrained TRSs, for short) defined & 12, 20].

Theorem proving methods for constrained (un)conditional TRSs are investigated in several ways
[6, 1, 4,9, 12 5, 20]. In these methods, termination of given constrained systems has to be guaranteed
(or proved in advance). Moreover, before starting the process of theorem proving, users have to specify
reduction orders to be consistent with the reduction of the given systems. The methods proceeds, ori-
enting equations by means of the reduction orders at each step of the expansion operation, and carrying
them as hypotheses. All the combined systems of the given system and intermediate hypotheses must be
consistent with the reduction orders in order to guarantee correctness of proofs obtained by the methods.

It is very difficult to know in advance which reduction orders are adequate for given constrained
systems and equation sets to be proved, as well as the casmpfetion procedurel8]. To avoid this
difficulty, termination provers can be used instead of reduction orders, as well as the case of completion
procedures??]. At each step of the orientation, the methods orients almost all equations temporally in
a direction, combines each of them with the given system and the adopted hypotheses, and adds one of
the temporally oriented equations such that the termination provers succeeds in proving termination of
the corresponding combined systems, into the adopted hypothesis set. This operation guarantees that,
if the process finishes successfully, then the reduction of the combined system of the given system and
all the adopted hypotheses can be used as the reduction orders we expected. Especially, in the case of
constrained TRSs (as shown later or 12,[20, 11]) obtained from imperative programs witihhile-
loops, the approach of employing termination provers is often helpful because any path-based order such
as lexicographic path order is hardly helpful in proving termination of such constrained TRSs.

When termination provers are employed in theorem proving methods, at each step of the expansion,
the provers are invoked great many times and they are sometimes applied to non-terminating systems
because the methods orients almost all equations temporally in both directions until the methods find an
appropriate oriented equation. In each execution, the termination provers tend to spend much time on

*This work is partly supported by MEXT. KAKENHI #20300010, #20500008, and #21700011.
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trying to prove termination of systems even if the systems are not terminating. Moreover, if the provers
fail to disprove termination, then the provers must wait for either the ending of all the processes or the
timeout. For this reason, improvements of disproving power of the provers is promising for making the
theorem proving methods efficient.

The DP frameworkZ, 14, 13], one of the termination proof techniques for unconstrained term rewrit-
ing systems (TRSs, for short), has been extended for the class of C&34][ To prove termination of
constrained TRSs, we can use the result§@11], by adapting constrained TRSs to CESs. On the other
hand, any sufficient condition for disproving termination of constrained systems is not known, except for
the detection of unconstrained rewrite rules of the form C[t0]. Of course, it would be possible to
extend this method for constrained rules, e.g., the detection of constrainetl+ulgg 6] [¢] such that
@ is valid. However, such an extension is not so practical because the constraints of rules are hardly
valid. Thus, we need to relax the side condition tpas valid.

Now, we will take a close look at the relation between non-termination and the constraints of rules,
by using a running example. Consider the following constrained RR$ obtained by transforming the
following imperative programl2] (or [11], adapting CESs to constrained TRSs and adding the rules for
the entry functiorsum and thereturn-statement):

int sum(int x){ sum(X) — eval(x,0,0)
int i = 0, z = 0; eval(X,i, )—>eva|(X s(i),plus(z,s(i))) [x>=iVi=X]
while( x != i ){ eval(x,i,z) — [(x=iVi=X)]
z += i+1; Rm — plus(0,y) —
i+t um plus(s(x),y) — s (plus( Y)) [s(x) > 0]
} plus(p(x),y) — p(plus(x.y)) [0 = p(x)]
return z; s(p(x)) — x
} p(s(x)) — x

Here, the function symbol s, p, andplus represent linear arithmetic expressions over integers as usual,
and the predicate symbsgl is interpreted by> over integers. For a non-negative integesum(s"(0))
computes the summation fro@rto n, e.g.,sum(s'%(0)) is reduced byR,,m t0 s°°(0). Terms obtained by
applying the entry functiosum to terms ovef 0,s(), plus(, ) } are terminating bu®,, is not terminating,
e.g.,eval(0,s(0),0) is not terminating. On the other hand, the constrained TRS obtainedRrgmby
replacingx > i Vi = x by x > i is terminating. Thus, it is not true that any constrained rewrite rules of the
formt — CJt6] [¢] cause non-termination.

The reason why every ruke— C[t0] [¢] does not always cause non-termination is that every re-
ductionto — Ca[tBg] does not provide an infinitely contiguous reductibés — COo[t600],t600
— CO00]t6066a],---, i.e., the validity ofpo does not imply the validity ofpfo, 660,---. Thus,
the validity of o=- @0 is an alternative to the validity ap. Unfortunately, this alternative is still weak.
For example, consider the second relel(x,i,z) — eval(x,s(i),plus(zs(i))) [X > iVi> X] in Reym,
a substitution@ = {i+—s(i),z— plus(zs(i))}, and a substitutiom = {x+— s(0),i— 0,z— 0}. The
reductioneval(x,i,z)0 = eval(s(0),0,0) —g,,, eval(s(0),s(0), plus(0,s(0))) = eval(x,i,z)8c holds but
eval(x,i,2)00 —g,,, eval(x,i,z)000 does not hold. Infac(x > iVi > x) = (x>~ iVi > X)8 is not valid.

Recall what is sufficient for non-termination, i.e., the validitygaf, ¢80, ¢060a0,---. This is not
true for all substitution® satisfyingg but true for some of them. For example, giveh= {x—0,i—
s(0)}, all of the constraint$x > i Vi = x)o’, (X =i Vi > x)80’, (x>~ iVi>x)060’,--- are valid, i.e.,
eval(x,i,z)g’ is not terminating. Actually, this holds for any substitutias/ssuch that(i > x)o’, (i >
x)8a’, (i = x)0080’,--- are valid. Thus, for such substitutioas, all of the constraint$x - i Vi = x)o’
(Xx=iVi=x)080d’, (x=iVi=x)008d’,--- are valid because the validity @f - xi)6 - -- 6’ implies the
validity of (x> iVi=x)8---00’. To conclude, a constrained rule- C[t6] [[¢] causes non-termination
if there exist a substitutioa’ and a constraing such thana’, n6a’, n66a’,---, andn = ¢ are valid.
By replacing the existence @ by the satisfiability of, the sufficient condition is translated into the
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one that there exists a satisfiable constrgistich that) = ¢ andn = n 6 are valid: for a substitutiog’
such thain o’ is valid, the validity ofn = n 6 implies the validity ofn8a’, n660’,--- and the validity
of n = @ implies the validity ofp8a’, p68a’,---.

This paper shows a sufficient condition for non-termination of constrained TRSs, following the above
observation. We also show a heuristics to find extra constraints (suglabsve) for constrained rules
of the formt — C[t8] [¢] if the rules cause non-termination. For the sake of simplicity, we discuss on
the simpler class than the class of CESs. Though, we believe that the results in this paper holds for more
complicated classes, such as CESs.

We assume familiarity with the basic concepts and notations of term rewriting systems (TRSs, for
short) B, 19], and first-order predicate logid §].

2 Constrained Term Rewriting Systems

In this section, we recall the definition of constrained term rewriting systég€[5, 12, 20].

Let 4 be a signature such thét has at least a constant (i.7(¢) # 0), and & be a finite set
of predicatesymbols. We sometimes dencten vV @ by ¢ = @ as usual. Let# be astructurefor
formulas over(¥, 22, ¥'), where the interpretation of closed formul@ady .#, denoted by.# |~ ¢,
is defined as usual. We suppose that for every elemanthe universe of#, there exists a termne
T (%) such thait)” = a. Thevalidity andsatisfiabilityof formulas are defined as usual. Whgén#,
and.# are fixed in context, we may call formulas o&f, &2, 7") constraints(w.r.t. .#). We assume
that for each structure we use, there exist decision algorithms for the validity (and satisfiability) w.r.t.
the structure. For example, an algorithm for the truth value of closed (quantified) formulas for linear
integer arithmetics is well-knowr8J, that can be used for deciding the validity and satisfiability. This
assumption is usual in recent frameworks of constrained systerh@][

Let¥ and.# be signatures such th&aN¥ = 0 and¥ contains at least a constad?, be a finite set of
predicate symbols, an@’ be a structure fof¢, &2). A constrained rewrite rule ove(#,9, 2,V , #)
is atriple(l,r, @), written asl — r [¢], such that andr are terms in7 (% U¥,7'), | is not a variable,
@ is a quantifier-free constraint w.rt (i.e., a formula over¥,2?,7)), and7ar(l) 2 ¥ar(r)u
fv(@), and ¢ is satisfiable w.r.t.Z. We may writel — r instead ofl — r [T]. A constrained term
rewriting systenfconstrained TRS, for shordver(.7,¥, 22, ¥ ,.#) is a finite set of constrained rewrite
rules over(#,9, 2,7, .#). Therewrite relation —g is defined by{(C[lo|p,Clrolp) || = [¢] €
R, Zan(0lw(p) € T (4,7), @o is valid w.rt. . }.
Example 1. Let a signatureZpa = {0,s(),p(),plus(,)}, a predicate se#?pa = {> (,)}, and.#pa be a
structure for(%pa, #pa) such that the universe of/pa is the sefZ of integersp-“P = 0, s///PA(x) =X-+1,
p%A(x) = x— 1, plusPA(x1,X2) = X1 + X2, and =7 = {(m,n) | m,n € Z, m> n}. The constrained
TRSR.um in Sectionl is over({sum(),eval(,,)},%pa, Ppa, ¥, Apn).

In contrast taconditional TRS$19], any constrained rewrite rule is not used for evaluating the truth
value of instantiated constraints in the rewrite relation. For this reason, the termination is different from
operational terminatiorof conditional TRSs17], that is finiteness of derivation trees.

3 Sufficient Condition for Non-Termination of Constrained TRSs

Throughout this section, we assume tRag a constrained TRS ovée?, ¢, 2, V', .#'). Before showing

the main result based on the observation in Sectiowe start with adapting a well-known sufficient
condition for non-termination of unconstrained TRSs to constrained systems. The well-known sufficient
condition is the detection of the reductibr-* C[t6]. If the range off is over terms in7 (¢, ), then

this is also a sufficient condition of non-termination for constrained TRSs because the reduction is closed
under contexts and substitutions whose ranges are over terfig4h7): if there exists a reduction

—4 C[t8] such thatZan(6) C .7 (¥, 7), thenRis not terminating.
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A simple way to find the reduction—* C[t6] is to find a rewrite rule of the formh— C[t6]. In
contrast, as shown in Sectidnthis approach is not useful for the case of constrained TRSs and thus we
have to find extra constraintg (as shown in Sectioft) for constrained rules — C[t0] [¢] that cause
non-termination. The role af is to narrow down the original constraipt

Theorem 1. R is not terminating if there exist a constrained rewrite rale- C[t6] [¢] € Rand a
constraintn such thatzan(|y ) € 7(¥,7), n is satisfiable w.rt.#, andn = n6 andn = ¢ are
valid w.rt..Z.

As the well-known sufficient condition is based on the detection of a reductionC[t 6], we would
like to extend Theorem so as to be based on the detection of reductions that cause non-termination.
However, this seems impossible because constraints suygchrad) cannot be specified in the reduction
sequences. So as to specify constraints in reduction sequences, we review the reduction under constraints.
Let ¢ be a constraint that is satisfiable w.t#. Then, theconstrained reduction-y r under (s is
defined as follows12, 5]: —yr = { (Cllo],C[ra]) || —r [[@] € R, ¢ = @0 is valid w.rt..# }. Note
that—y r and—r are notidentical. Itis clear that— rt impliess8 —g 8 for any substitutior® such
thaty is valid w.r.t..#. Thus, to show non-termination e#g, it suffices to show non-termination of
—y r for somey. Theoreml is extended to constrained reductions as follows.

Theorem 2. Letn be a constraint. Then, there exists an infinite derivation-gfr (i.e., Ris not termi-
nating) if there exist a terrm a contexC[ ], and a substitutior® such thatZan(8|q,,)) € 7 (4, 7),t
—, rCltO], andn = n 6 is valid w.rt..Z.

A difficulty of automating the method based on Theor&ns how to find extra constraintg.
However, the constraints of rules sometimes provide hints to find the constmairfier the example
eval(X,i,z) — eval(x,s(i), plus(z,s(i))) [x > iVi > X] € Rum in Sectionl, we used the constraint- x
asn. This constraint = x is a closure of the original constraixt- i Vi > x of the rule. The following
theorem incorporates a heuristics to find the extra constraints

Theorem 3. Let ¢ be a constraint and be a substitution wittwZan(6) C .7 (¥4,7), N1V -V Nn
be a disjunctive normal form (DNF, for short) ¢f and (V,E) be a directed graph such that =
{ni | ni is satisfiable w.rt.#} andE = {(ni,n;) | ni,nj €V, ni=n;0) is valid w.rt..#}, and a path
ni,--- Ny of nodesk > 0) be acyclein (V,E). Then,n; V-V n is satisfiable w.r.t.#, and(n; v--- v
n)=@and(niVv---vny)=(nyVv---vn)6 are valid w.rt..Z.

Sinceny, ..., n, are closures of the DNF @, the range of valuations satisfying the constrgiht - - - v
N, obtained from the cycle is narrower than the range,aindn; V- -- vV | plays a role of) in Theorem
1. This is the reason why DNFs are used.

Example 2. Consider the constraint- i Vi >~ x again. Letgp bex - iVi > x and8 be a substitution
{i—s(i),z—plus(zs(i))}. Then, neithek = i=-X >~ s(i), X = i=-s(i) > X, nori = x=-x> s(i) is valid
buti > x=-s(i) > xis valid. Thus, we have the gragfi > x},{(i > x,i = x)}), that has a cycle.

Finally, we obtain the following sufficient condition for non-termination.

Theorem 4. R is not terminating if there exist a rule— C[16] [¢] € R such thatZan(0|s,()) €
T(¥4,7),and foraDNFnyV---Vn,of g, the directed grapli{ n; | ni is satisfiable w.rt.},{(ni,n;j) |
ni,Nj €V, ni=n;0isvalid w.rt..#}) has a cycle.

Note that the sufficient condition in Theorehis decidable if the validity of constraints ovg¢, &2, 7)
is decidable. When = 1in Theoren, it suffices to check the validity af; = n16.

Example 3. The directed graph constructed from the redel(x,i,z) — eval(X,s(i), plus(z,s(i))) [[x >
i Vi > X] € Rum In Sectionl has a cycle. Therefore, by TheordnR,,, is not terminating.
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The method in this paper to disprove termination analyzes single constrained rules of the-form
C[l6] [y]. For this reason, the method is not so powerful while the sufficient condition in Thebiem
general. To make the method more practical, we need to improve it. Moreover, we have to experiment
for many non-terminating constrained TRSs in order to verify the usefulness of the method.
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A Proof of Theorem 1

Proof. It follows from the assumption that—, gr C[t6] andn = n 0 is valid w.r.t..#. Thus, it follows
from Theoren® thatR is not terminating. O

B Proof of Theorem2

Proof. We first show that i —7 o t, thens — ¢ t6 for any substitutiord such that 6 is satisfiable
w.r.t. .# andn=-n0 is valid w.r.t. .#. We prove this claim by induction on. Since the case that
n = 0 is clear, we only consider the remaining case that 0. Suppose thas = C[lo| —,r C[r0]
—>ij1 t wherel — r [¢] € Randn = ¢o is valid w.r.t..#. Then,n6 = o0 is also valid because of
the validity of n = @o. It follows from the validity ofn = @0 andn6=-no6 thatn =-na0 is also
valid. Thus, we hav¢C[lo])8 —, r (C[ra])8. By the induction hypothesis, we hay@[ra])8 —>3le
t6. Therefore, we havsd —>[‘LR t0.

Next, we prove the theorem. Suppose ﬂhewﬁR C[tB]. Then, by definitiony) is satisfiable w.r.t.
. Due to the above claim, we have th& —  (C[t6])6, t86 —,  (C[t])60,---. Thus, we
have an infinite derivation— » C[t6] — r C[(C[t8])8] = C[CB[t86]] — 5 C[CO](C[t6])66]] —

. Sincen is satisfiable, there exists a substitutidrsuch thatfv(n) € Zom(d), Fan(lwn) ) C
T (¢), and.# = nd. Thus, we have an infinite derivatied —7 (C[t6])d —F (C[CO[t00]])d —%
(C[CO[(C[t6])66]])0 —4 ---. ThereforeRis not terminating. O

C Proof of Theorem3

Proof. By definition, ny,...,ny (k > 0) are satisfiable w.r.t#. Sincen;V ---V n| is a disjunction of
some closures in a DNF @, (n;V---V ny) = @is valid w.r.t..#. It follows from the construction of
E and the definition of cycles that = n/,,6 is valid w.r.t..# for 1 < i < k, where we consider+ 1
aslifi=k Thus,(nyVv---vn)=(nyVv---vny)0 is also valid w.rt.#. Therefore, this theorem
holds. O
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We present our work in progress concerning the logical foundations of the analysis of termination for
imperative recursive programs. The analysis is based on forward symbolic execution [13]] and functional
semantics. The distinctive feature of our approach is the formulation of the termination condition as
an induction principle developed from the structure of the program with respect to iterative structures
(recursive calls and while loops). Moreover the termination condition insures the existence and the
uniqueness of the function implemented by the program. Note that the existence is not automatic, because
a recursive program corresponds, logically, to an implicit definition. It is interesting that this inductive
termination condition can be also used for proving the uniqueness of the function as well as the total
correctness of the program. We show in this paper how to prove the existence of the implemented
function in the case of single recursion programs (programs with at most one recursive call on each
branch). The method can be applied however to all imperative recursive programs, where recursive calls
are outside the loops. For other programs, termination analysis appears to involve co-recursive functions
and it is subject to further investigation. The methods presented here are under implementation in the
Theorema system [3]].

Related work. Existing static analysis methods in the Floyd-Hoare style [8} [11] for proving termina-
tion of programs with loops consist in manually annotate the loop with a termination term [10], or to
synthesize the termination term automatically using various techniques mostly from linear [integer] pro-
gramming [15, 1, 2]]. These approaches can be seen in the context of our work as methods for proving
certain classes of such logically expressed termination conditions that we generate. A recent approach
for termination of functional programs is based on the comparison of infinite paths in the control flow
graph and in ,,size-change graphs”, comparison that is reduced to the inclusion test for Biichi automata.
Automated tools supporting termination analysis are e.g. Terminator [4} (9], ACL2 [[12]], and termination
tools for term rewriting systems (http://rewriting.loria.fr/).

Theoretical background. Our approach is purely logic, meaning that the program correctness is prov-
able in predicate logic, without using any additional theoretical model for program semantics or program
execution, but only using the theories relevant to the predicates, constants and functions present in the
program text. (By a theory we understand a set of formulae in the language of predicate logic with equal-
ity.) We call such theories Y object theories. We consider two kinds of functions in the object theory:
i) basic — they have only input conditions, but no output conditions (e.g. arithmetic operations in various
number domains); and ii) additional — they are functions implemented by other programs or bounded
arithmetical operations, and in the process of verification conditions generation only their specification
will be used.

Additionally, we consider a meta-theory which includes the programming constructs (statements),
the program itself, as well as the terms and the formulae from the object theory, which are meta—terms
from the point of view of the meta-theory, and they behave like quoted. The programming statements are:
abrupt statements (break, return), assignments — including recursive calls, conditionals and while

*Supported by Upper Austrian Government and Austrian Science Foundation (FWF) grant W1214-DK1
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loops. The statements contain formulae and terms from the object theory. A program P is a tuple of state-
ments and is annotated with pre- and postcondition, the logic formulae /¢[o] and O[a, B], respectively.
It takes as input a certain number of variables and it returns a single value . For simplicity we consider
a single input variable (denoted conventionally by o). (Clearly this formalism can be easily extended to
several input and output variables).

The meta-theory contains further constructs for reasoning about programs: The meta-predicate I1
checks that a program is syntactically correct, that every branch contains a return statement, that break
statement occurs only inside loops, and that each variable is initialized before it is used. The meta-
level function X creates an object-level formula containing a new [second order] symbol f denoting
conventionally the function defined by the program. It generates a conjunction of formulae with the
shape:

Y@= (fla] =1),

having the following meaning: the expression for f is the symbolic term ¢, conditioned by the object-level
formula @ — the accumulated conditions coming from the analysis of each statement on the respective
path. This formula is universally quantified over the input variable o satisfying the input condition /7
of the program. (Please note that in this paper we depart from the classical notation for application of
functions and predicates, in that we use the square brackets instead of the usual round brackets.) We
consider this formula as being the semantics of the program P in the following sense: the function f
implemented by the program satisfies £[P], in other words X[P] is the implicit definition of the function
f.

Note that ¥ effectively translates the original program into a functional program. From this point on,
one could reason about the program using e.g. the Scott fixpoint theory ([14]], pag. 86), however we
prefer a purely logical approach.

The meta-level function I' generates two kinds of verification conditions insuring the partial cor-
rectness of the program. Safety conditions are formulae with the shape ® = I, [t], where I, is the input
condition of some function % called with the current symbolic value ¢, and the formula & accumulates the
conditions on the respective branch. Functional conditions are formulae checking that the output con-
dition on the currently returned value is a consequence of the accumulated conditions on the respective
branch.

Finally, the meta-level function ® generates a termination condition for the recursive program and
for each while loop.

The detailed formalization of the predicate and meta-functions are presented in [3, 6. [7]].

Single recursion programs. We present in this paper the main meta-theorems concerning the programs
which have at most one recursive call on each branch. 1t is quite straightforward to show that such
programs can always be expressed as in (I]), where Q is a predicate and S, C, and R are functions defined
using the constructs present in the program text, possibly using conditionals but no recursion.

P: fla]= if Qla] then S[o] else Cla, f[R[a]] (1)

The semantics formula X[P] and termination condition ®[P] for such a program are (2) and (3),
respectively.

Ola] = (fla] = Sla]) Qlo] = r[a]
" {ﬁQ[a] = (fla] =ClofRIg]) @ ol {ﬁQ[a] A rlR[od] = n[a]} = g 7l 3
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(We use as notations: x : Iy for “x satisfying I¢[x]” and A with curly brackets for conjunction of
several formulae.) Note that both formulae are at object level. Also, (2)) is an implicit definition of f.

In formula (@), 7 is a new constant symbol, thus in fact it behaves like a universally quantified
predicate. This is why this formula is in fact an induction principle. Note also that the termination
condition abstracts some details of the actual program (functions S and C), because they are in fact not
important for termination.

The rationale of this formula is as follows: The left-hand side of the implications represents a prop-
erty which should be fulfilled by the predicate zw[| (“the program terminates on input o), property
which, in case of recursive calls includes also the predicate 7[R[c]] — that is the arbitrary predicate ap-
plied to the current symbolic values of the arguments of the recursive call to f. However there may be
many predicates which have this property (for instance “True”). Intuitively, we consider that the pred-
icate expressing termination is the strongest predicate obeying this property. Since the new constant 7
behaves like a universally quantified (second order) variable, the formula states that the input condition
Iy is stronger than any such predicate, thus it is stronger than the termination predicate. Therefore, the
program terminates for any values of the input variable which fulfills the input condition.

Correctness of the method. The total correctness formula for single recursion programs is expressed
as: “The formula Z’I tla] = Ofla, fla]] is a logical consequence of the object theory augmented with

X[P] and with the verification conditions.” However, this always holds in the case that ¥[P] is contra-
dictory to the theory, which may happen when the program is recursive. Therefore, one proves first that
the existence (and the uniqueness) of a f satisfying X[P] is a logical consequence of the object theory
augmented with the verification conditions. This follows from the termination condition.

We give now the main steps of the development leading to this fact. Please note that we use n,m as
natural numbers, and n" for the successor function.

Lemma 1. (Existence of the repetition function.) The formula

¥ 37 (G0 =x A ¥ (Gln* ] = G ])

is a logical consequence of the natural number theory.

Proof. Let x be arbitrary but fixed.
One proves first v 3 (H[0] =x A v H [n*] = h[H([n]]) by natural induction on m. From here by
m: n<m
Skolemization on H one obtains jEIf v (A[m][0] =x A v H [m][n*] = h[.7[m][n]]). Furthermore one
m: n<m
can prove VN z € [m][n] = 7€[n][n] by natural induction on n and by taking g[n] = .7[n][n] one has
nN m=n
(since x was arbitrary) V 3 (g[0] =x A VNg[rﬁ] = h[g[n]]) which by Skolemization on g gives the desired
X g n:
formula (with notation G|n,x] instead of G[x][n]). O
Remark 1. The function G|n, x| is usually denoted as /" [x].
Remark 2. It is straightforward to show that h"[h[x]] = A" [x].

The subsequent properties need the theory of natural numbers, although we do not specify this ex-
plicitely.
Lemma 2. (Existence of the recursion index.) The formula VI EIN O[R"[a]] is a logical consequence of
oy n:
the termination condition (3)) and the safety verification conditions.

Proof. The proof uses the induction principle given in (3], where 7[¢t] is EN QO[R"[a]]. One needs to use
n:

the safety conditions and the property of /" given above. O
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Remark 1. One can define now a function (the recursion index of o) M[a] = min{n | Q[R"[ct]} because
the set is nonempty.
Remark 2. It is straightforward to show that M[R[c]]" = M[«].

Theorem 1. (Existence of the function implemented by the program.) The formula (2) is a logical
consequence of the termination condition (3|) and the safety verification conditions.

Proof. The proof is similar to the one from Lemma|l} only that instead of the running argument n we use
o with a certain recursion index.
One proves first:
i3 o (Mlal <m) = ((Qle] = Fla] = Sla]) A (~Qlo] = Flo] = Clar,FIR[e]]) )
by natural induction on m.
By Skolemizing F from (4] one obtains:

2.5 oMl <m) = ((Qlo] = F[m][a] = S[a]) A (=Qla] = F[m][a] = C[a, 7 [m][R[]]]))

Furthermore one can prove V[ VN(m > Mla]) = (F[m][o] = .Z[M][a]][n]) by the induction given in
oy m:

the formula (3)) (taking as 7[c| the formula above without the quantifier for @).
Finally one takes f|a] = .% [M]a]|[a]. O

Remark. Uniqueness of f is straightforward: take fi, f> satisfying (2)) and use (3) with 7[c] as fi[a] =

fala.

Theorem 2. (Total correctness.) The formula Vi¢[a| = O¢|a, fla]] is a logical consequence of the
o

object theory augmented with the program semantics and the verification conditions.

Proof. The proof is straightforward by taking in (3) 7[a] as O¢[a, f[a]]. This is because the left-hand
side of the (3]) becomes identical to the functional conditions generated for partial correctness. O

Programs containing while loops. Our approach can be easily extended to programs containing ar-
bitrarily nested possibly abrupt terminating while loops, by transforming the loop body B into a tail
recursive function where the loop invariant 1 represents the specification of the new function. The pa-
rameters of the virtual function are the so called crifical variables — the variables which are modified
within the loop body. The actual arguments of the call are the values of the critical variables when
entering the loop. The template semantics and termination formulae are similar to those correspond-
ing to primitive recursive functions, namely if the while loop is (B)) then the semantics is (6) and the
termination condition is (7).

W: while ¢[6] do 1,B (5)
~¢[8] = (5] = 8) ~¢[8] = (3]
5" {m = (o) =siRls)y @ 4 {ms] ATIR[S]] = n[é]} = y=ol M

In case of nested loops, the operations from the body of the inner loops are not reflected explicitly in
the clauses of the semantics and verification conditions, except if a return — at all levels or a break—
in non-nested loops is encountered. It is the loop invariant that encodes them and that it is used in the
further analysis of the program. The details of the formalization are found in [7]].

The correctness proof proceeds similar to the case of primitive recursive functions, the only differ-
ence being the definition of the loops semantics on the recursive branch.

4
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Conclusions and future work. During the construction of a mathematical theory, when we define a
new function in an implicit way, we prove the existence of it in order to avoid introducing a contradiction
in our theory. Likewise, during the construction of a software system, when we program a new function,
we prove the termination of it, in order to insure the effectiveness of our system. The work presented
here is a step towards showing that these two situations essentially reduce to the same logical operations.

Further work includes the treatment of programs with loops that contain abrupt termination and
recursive calls, investigation of termination theory for programs with multiple recursion and with nested
recursion, as well as the development of methods for proving the verification conditions by combining
logical and algebraic algorithms.
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1 Introduction

In the past five years, techniques have been developed to analyze the non-termination — as opposed to
termination — of logic programs. The main motivation for this work is to provide precision results for
termination analyzers. The first and most well-known non-termination analyzer is N7'1 ([5]). Recently,
we developed a slightly more precise analyzer, P2P, presented in [8]].

Both non-termination analyzers contain two phases in their analysis. In a first phase, they compute
a suitable, finite approximation of all the computations for the considered class of queries. In a second
phase, the non-termination analyzers analyze these finite approximations of the computations, to detect
loops. They prove that these loops correspond to infinite derivations in concrete computations of the
program for the considered queries.

In NT1I, the finite approximation of the computations are binary unfoldings of the given program.
Detecting loops is based on a special more general than relation, called A-more general.

In [8]], the finite approximations of the computations is the moded SLD-tree. This concept has been
introduced in [[7], in the context of termination and non-termination prediction. A moded SLD-tree is a
symbolic approximation of concrete derivations, based on modes. It’s finiteness is ensured by applying
a complete loop check on the symbolic derivations, called LP-check. For its second phase, the analysis
in [8] introduces a sound loop check on the moded SLD-tree. Each observed loop corresponds to a
non-terminating computation for the concrete derivations. We illustrate this technique with an example.

Example 1. a(£f(X),s(Y)):- a(X,s(s(Y))).

N, < aXl)

‘ 1\s()
X\ f(Y)

N« a(Y,s(s(J)))

1‘ Y\(2)

N,: —a(Z,s(s(s(J)))

Figure 1: Moded SLD-tree of Example

P2P constructs the moded SLD-tree of Figure |l| In this tree, I and J are input modes, denoting
unknown ground terms. P2P proves that the path from N to N, can be repeated infinitely often for any
query a(X,s(J)) with X a variable and J a variable-free term. 0

In [8]], the non-termination analyzer P2P was applied to all non-terminating programs of the bench-
mark of the annual termination competition'] It turned out that P2P was able to prove non-termination
for all non-terminating programs in the benchmark.

*Supported by the Fund for Scientific Research - FWO-project G0561-08
! Available at http://www.lri.fr/"marche/termination-competition/



Our work since then has focussed on two new directions. One is to identify classes of programs
for which current non-termination analyzers fail. A second is to investigate whether the inclusion of
type-information, in addition to modes, may improve the power of our analyzer.

Considering the first of these questions, a limitation of both N7'1 and P2P is that they only detect
non-terminating derivations if, within these derivations, some fixed sequence of clauses can be applied
repeatedly. The following example violates this restriction.

Example 2. The program, longer, loops for any query longer (L), with L a non-empty list of zeros. The
predicate zeros/1 checks if the list contains only zeros. At the recursive call, a zero is added to the list in
the previous call.

longer ([0|L]):-
zeros (L), zeros([]).
longer ([0,0IL]). zeros([0|L]):- zeros(L).

The list in the recursive call is longer than the original one and thus, the number of applications of the
recursive clause for zeros/1 increases in each recursion. Therefore, no fixed sequence of clauses can be
repeated infinitely and both NT1 and P2P fail to prove non-termination of this example. O

There are many variants of this class of programs. Instead of having an increasing number of ap-
plications of a same clause, we could have a predicate that always succeeds but in which alternative
clauses are used for obtaining success. Again, NT1 and P2P will fail to prove non-termination, because
the sequence of clause applications is not repeated. We overcome this limitation by using non-failure
information. Non-failure analysis ([2]) detects classes of goals that can be guaranteed not to fail, given
mode and type information. If, in a derivation a non-failing selected atom is selected, we treat it with a
special transition allowing to abstract from the exact sequence of clauses needed to reach success. To use
the information provided by non-failure analysis in the non-termination analysis of [8], type information
must be added to the symbolic derivation tree. We add this information using regular types ([4]).

Example 3. For the program longer of Example |2} the type inference technique of [lI|] is able to auto-
matically infer the following type definition and signatures:

T, — [ ;[To | 1) Ty —0 longer(Ty;) zeros(Ty;)
Non-failure analysis of [2|] proves that zeros/1 is non-failing if its argument is an input mode of type

Ty,. It cannot show that longer/1 with an argument of type T, is non-failing, because longer(] |) fails.
We will illustrate that we can prove non-termination on the basis of this extra information. O

The set of terms constructible from a certain type definition, is called the denotation of the type. We
represent the denotation of type 7 by Den(T).

Another limitation of both NT'I and P2P is related to aliased variables. We illustrate this with an
example from [6]].

Example 4. append([],L,L). append ([H|T],L, [HIR]) :- append(T,L,R).

The query append(X,X,X) succeeds once with a computed answer substitution X/ [1. The program
loops after backtracking.

Both NTI and P2P fail to prove non-termination due to the aliased variables in the query. ]

Non-termination of the last example can be proven by specializing append for the considered query.

Example 5. Specializing append for the query append (X,X,X), using the ECCE specializer of [3],
produces the following program:

append (X,X,X) :- appl(X). appl([1).
app2([HIT]) :- app2(T). app1([A,BIC]):- app2(C).
Both NTI and P2P prove non-termination of this specialized program. O



2 Moded-Typed SLD-trees and the NF'G transition by example

In this section, we extend the moded SLD-tree, intuitively introduced in Example [T} with types and a
special transition to treat non-failing selected atoms. As in [8], we use the complete loop check LP —
check to obtain finite trees.
N,: < longer(L)
1‘ L\[o]M] N,: < longer(L)

. LM
N,: « zeros(M), longer([0,0]M]) 1‘

M\[]/ W'ﬂl N,: < zeros(M), longer([0,0[M])

N2: « longer([0,0]) NFG , N3

N,: < longer([0,0|M])

N,: « zeros([0]), longer([0,0,0]) ‘
4

3‘ N,: < zeros([0]M]), longer([0,0,0[M])
N,: « zeros([ ]), longer([0,0,0])
NFG 3
2 Iz
N,: « longer([0,0,0]) N,: < longer([0,0,0|M])
Figure 2: Moded-typed SLD-tree of the longer pro- Figure 3: Moded-typed SLD-tree with NFG
gram of the longer program

Example 6. Figure[2|shows a part of the moded-typed SLD-tree for the longer program. The (inferred)
types and signatures are also part of the tree, but are not shown here.

Variables corresponding to input modes are denoted by underlining the variables name and are
called input variables. When substituting an input variable with a term, all variables in that term also
become input variables. At node Ns, the derivation is cut by LP — check. O

A moded-typed atom A represents a set of concrete atoms, called the denotation of A. This is the set
of atoms obtained by replacing the input modes by arbitrary terms of their respective type. Because non-
termination of an atom implies non-termination of all more general atoms, we consider a moded-typed
atom A to also represent all more general atoms. We call this set the extended denotation of A, Ext(A).

Example 7. Ext(longer(]0,0 | M])) contains longer([0,0]),longer(]0,0,0|X]),longer(Y),... O

To overcome the limitation illustrated in Example 2| we extend the moded-typed SLD-tree by adding
a special transition NF G, to treat non-failing selected atoms. This transition allows to abstract from the
sequence of clauses needed to solve the non-failing atom. Note that during the evaluation of a non-failing
atom, normal variables may be bound to terms of their respective type. Therefore, we approximate the
application of this unknown sequence of clauses by substituting all normal variables in the selected atom
by fresh input variables of the correct type.

Example 8. Figure 3| shows a derivation in the moded-typed SLD-tree with NF G of Example 2| for the
query longer(L). The selected atom at node Ny, zeros(M), is non-failing and can be solved using an
NFG transition. Since there are no normal variables in the selected atom, there are no substitutions for
this transition. At node N3, the NF G transition is applied as well. ]

Note that solving a non-failing atom corresponds to a potentially infinite sequence of clause ap-
plications. Thus, for an NFG transition N; : G; —yrg N; : Gj, it is possible that no concrete state
corresponding to G; ever occurs in a concrete derivation. However, this will not cause any problems
for our analysis. If our analysis detects and reports a non-terminating computation for a branch in the
moded-typed SLD-tree which has an NF G transition, then a corresponding concrete atom either finitely
succeeds or non-terminates. In both cases, reporting non-termination is correct.



3 Typed non-termination analysis with non-failing goals

In this section, we reformulate our non-termination conditions of [8] for moded-typed SLD-trees with
NF G and show that program specialization allows to extend the applicability of the analysis.

To prove non-termination, we prove that a path between two nodes N, and N, in a moded-typed
SLD-derivation can be repeated infinitely often. Such paths can be identified using the tree conditions in
the following definition. If a path satisfies these conditions, we call it an inclusion loop.

Definition 1. In a moded-typed SLD-derivation with NF G D, nodes N; : G; and N, : G;, with Al and A}-
as selected atoms, are an inclusion loop, N; : G; ing N;:G;j, if:

e No substitutions on input variables occur in the path from N; to N;.

° Ail < ane A}.

o Ext(A}) C Ext(A}) O

An inclusion loop N; : G; N i+ G corresponds to an infinite loop for every goal of the extended
denotation of G;.

In 8], we introduced a syntactic condition to check the third condition of the inclusion loop and we

have shown that input-generalizations can be used to improve the applicability of the analysis. Due to
space restrictions, these parts are omitted.

Example 9. The moded-typed SLD-tree with NFG of Figure [3| allows to prove non-termination of the
longer program. There are no substitutions on input variables between these nodes, the ancestor relation
holds and Ext(longer([0,0,0 | M])) is a subset of Ext(longer([0,0 | M))).

Every query longer(L) can reach node N, if the substitution L\ [0 | M] succeeds. Therefore, non-
termination of all queries in Ext(longer([0 | M])) is proven. O

3.1 Program specialization

In Example 4, we pointed at a class of programs, related to aliased variables, for which current non-
termination analyzers fail to prove non-termination. Non-termination analysis techniques have difficul-
ties with treating queries with aliased variables. Program specialization often reduces the aliasing, due
to argument filtering. So, in the context of aliasing, applying program specialization often improves the
applicability of the analysis.

Program specialization can also be used in combination with the NF'G transition. When solving a
non-failing atom, all variables in the atom are substituted with new input variables. These input variables
give an overestimation of the possible values after evaluating the non-failing atom. Program specializa-
tion can produce more instantiated, but equivalent clauses. These more instantiated clauses give a better
approximation of the possible values after evaluating the non-failing atom. We illustrate this with an
example.

Example 10. The following program is an adaption of the longer program. In this program, zeros/2
generates the list containing an extra 0.

longer ([0|L]) :- zeros([], [0]).
zeros([0O|L],Ln), zeros([0O|L],[0IR]):- zeros(L,R).
longer(Ln) .



The type definition of Example[3|is correct for this program. All arguments are of type Tj,. Non-failure
analysis shows that zeros /2 is non-failing if its first argument is of type T, and the second argument is a
free variable.

As in the longer program, an NF G transition is needed to prove non-termination since the number
of applications of the recursive clause for zeros /2 increases. When treating a non-failing atom zeros(|[0 |
L],Ln) with the NFG transition, the free variable Ln is replaced by a new input variable Ln of type Ty,
losing the information that Ln is non-empty.

Program specialization allows to generate a more instantiated version of the first clause, showing
that the second argument of zeros/2 is bound to a non-empty list.

longer([O|L]):- zeros([O|L], [0|Ln]), longer([O|Ln]).

Proving non-termination of this specialized program, using the NFG transition to treat zeros/2 is
straightforward. O

4 Conclusion and Future work

In this paper, we identified classes of logic programs for which current analyzers fail to prove non-
termination and we extended our non-termination analysis of [8]] to overcome these limitations. As in
[8]], non-termination is proven by constructing a symbolic derivation tree, representing all derivations for
a class of queries, and then proving that a path in this tree can be repeated infinitely.

The most important class of programs for which current analyzers fail, are programs for which no
fixed sequence of clauses can be repeated infinitely. We have shown that non-failure information ([2[])
allows to abstract away from the exact sequence of clauses needed to solve non-failing goals.

We illustrated that program specialization ([3]]) can be used to overcome another limitation of current
analyzers. If non-termination can not be proven due to aliased variables, redundant argument filtering
may remove these duplicated variables from the program. Program specialization can also be used
in combination with the special transition for non-failing atoms, giving a better approximation of the
possible values after solving the non-failing atom.
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1 Introduction

Termination provers for term rewrite systems (TRSs) became more and more powerful in the last years.
One reason is that a proof of termination no longer is just some reduction order which contains the
rewrite relation of the TRS. Currently, most provers construct a proof in the dependency pair framework
(DP framework). This allows to combine basic termination techniques in a flexible way. Hence, a
termination proof is a tree where at each node a specific technique is applied. Therefore, instead of
just stating the precedence of some lexicographic path order or giving some polynomial interpretation,
current termination provers return proof trees consisting of many different techniques and reaching sizes
of several megabytes. Thus, it would be too much work to check by hand whether these trees really form
a valid proof. (Also, checking by hand does not provide a very high degree of confidence.)

It is regularly demonstrated that we cannot blindly trust in the output of termination provers. Every
now and then, some termination prover delivers a faulty proof. Most often, this is only detected if
there is another prover giving a contradicting answer on the same problem. To improve this situation,
three systems have been developed over the last few years: CIME/Coccinelle [5, 6], Rainbow/CoLoR
[4], and CelA/IsaFoR [16]. These systems either certify or reject a given termination proof. Here,
Coccinelle and CoLoR are libraries on rewriting for Coq (http://coq.inria.fr) and IsaFoR is our
library on rewriting for Isabelle [15]. (Throughout this paper we just write Isabelle whenever we refer
to Isabelle/HOL.) And indeed, using certifiers several bugs have been detected. For example, in the
termination competition of the last year (November 2009), at least eight faulty proofs were spotted by
certifiers.! (Caused by three different bugs, all of which were most likely due to some output error.)

Although many termination techniques have already been formalized—GCéIA can certify termination
or nontermination proofs for 1522 out of the 2132 TRSs from the TPDB version 7.0.2 which is over 70 %
of the whole database—there are still several techniques that have not been formalized. So, clearly there
are termination proofs that are produced by some termination tool where the certifiers have to become
more powerful.

However, a similar situation also occurs in the other direction. We have formalized termination
techniques in a more general setting as they have been introduced. Hence, currently we can certify
proofs using techniques that no termination tool supports so far. In this paper we shortly present two of
these formalizations.

(a) Polynomial orders with negative constants [12].
(b) Arctic termination [13].

Here, for (a) we were able to lift the result from the naturals as introduced in [12] to an arbitrary car-
rier, including matrices (Sec. 3). For (b) we have generalized the arctic semiring and the arctic semiring
below zero into one semiring which subsumes both existing approaches and extends them to the rationals
(Sec. 4).

Note that all the proofs that are presented (or omitted) in the following, have been formalized in our
Isabelle library IsaFoOR. This library and the executable certifier CElA are available at CEIA’s website:

http://cl-informatik.uibk.ac.at/software/ceta

*This author is supported by FWF (Austrian Science Fund) project P18763.
IResult IDs http://termcomp.uibk.ac.at/termcomp/competition/resultDetail.seam?resultId=135160,
136252, 136278, 136365, 136378, 136499, 137163, and 137465
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2 Preliminaries

We assume familiarity with term rewriting [2]. Still, we recall the most important notions that are used
later on. A term t over a set of variables V and a set of function symbols F is either a variable x € V or
an n-ary function symbol f € F applied to n argument terms f(t1,...,z,).

A rewrite rule is a pair of terms £ — r and a TRS R is a set of rewrite rules. The rewrite relation
(induced by R) — is the closure under substitutions and under contexts of R, i.e., s — t iff there is a
context C, a rewrite rule { — r € R, and a substitution ¢ such that s = C[¢c] and r = C[ro]. ATRS R is
terminating, written SN (R), if there is no infinite derivation t; —g th =g t3 =R ...

3 Polynomial Orders with Negative Constants

Polynomial orders [14] are a well-known technique to prove termination. They are an instance of the
termination technique of well-founded monotone algebras. Such algebras can be used for all termination
techniques that rely on reduction pairs [1]. Here, a reduction pair consists of two partial orders (22, >)
where 2~ and >~ are stable, 7~ is reflexive and monotone, > is well-founded, and 77 is compatible to >,
i.e., 2o > C . If additionally >~ is monotone, then we call (2, >) a monotone reduction pair.

It is well-known that reduction pairs can be used for proving termination of TRSs within the DP
framework [1, 10, 11]. Moreover, monotone reduction pairs can be used for direct termination proofs or
rule removal [3,9, 14].

To formalize polynomial orders, we first assume some semiring over which the polynomials are built.

Definition 1. A structure (U,®,®,0,1) with universe U, two binary operation & and © on U, and with
0,1 € U is a semiring with one-element iff

o @ and ® are associative and @ is commutative
e 0+#1, 0andl are neutral elements w.r.t. & and ©, respectively, and 0 ©x=x©0=0

e (O distributes over ®: x© (yPz) =xOy®xOzand (xDy) Oz=x0zHYOz

To obtain polynomial orders, we assume a strict and a non-strict order. Moreover, we demand the
existence of a unary predicate mono where mono(x) indicates that multiplication with x is monotone
w.r.t. the strict order.

Definition 2. A structure (U,®,®,0,1,>,>,mono) is an ordered semiring iff (U,®,®,0,1) is a semir-
ing with one-element and additionally:

e > is reflexive and transitive; > and > are compatible: >o0> C > and > o> C >

e 1>0and mono(1)

@ is left-monotone w.rt. >: if x > ythenx®z>y®dz

>
@ is left-monotone w.rt. >: if x > ythenxSz>y®dz
>

© is left-monotone w.rt. >: if x > yand z > 0 then x © 7 > y® z; © is right-monotone w.r.t. >

® is right-monotone w.r.t. >: if mono(x), x >0, andy > zthenx®y > x®z

{(x,y) | x>y Ay >0} is well-founded

Note that using the approach of well-founded monotone algebras, every interpretation of the function
symbols over some ordered semiring gives rise to a strict (>) and a non-strict (z7) order on terms. For
example, for a polynomial interpretation Pol we define s =p,; t iff [s] > [t], and s ZZp,y ¢ iff [s] > [t]



where [s] is the homeomorphic extension of Pol to terms.

Theorem 3. Let Pol be a polynomial interpretation over an ordered semiring (U,®,®,0,1,>,>,mono)
where [f](x1,...,%,) = fo® f1OxX1 DD f Ox, and f; > 0 for all 0 < i < n and every n-ary symbol
f- Then (Zpoi, =pol) is a reduction pair. If moreover, mono(f;) for all 1 <i < n then (Zpor,=por) is a
monotone reduction pair.

Example 4 (Ordered Semirings). (N,+,-,0,1,>,>,>1), (Z,+,-,0,1,>,>,> 1), and (Q,+,-,0,1,>,
>s,> 1) are ordered semirings. In the last case, we assume a fixed rational number & with 0 < 8, and
where > g is defined by x >g y iff x —y > 0.

To formalize matrix-interpretations [8], we followed the approach of [7] and used a domain with
an additional strict-dimension and where the elements are matrices—instead of vectors as in [8]. In
detail, we have proven that if 0 < sd < n and (U,®,®,0,1,>,>,mono) is an ordered semiring, then
(U @ @ QP TP > SR mono” ") is also an ordered semiring where all operations
and constants are lifted to work on n-dimensional matrices, with the strict-dimension sd. Here, >"*"
compares the arguments component-wise, and M >"*" M’ iff M >"*" M’ and at least one entry in the
upper-left sd x sd-submatrix is strictly decreasing w.r.t. >. Moreover, mono’ " demands that for every
column in the upper-left sd x sd-submatrix there is at least one monotone entry.

As observed in [7], choosing sd = 1, is comparable to the classic definition of matrix-interpretations.
Choosing sd = n, is always best if one does not require monotonic reduction pairs. However, to ensure
monotonicity also a small value of sd might be attractive.

To lift the requirement in Thm. 3 that all f; have to be at least 0, in [12], polynomial orders with
negative constants have been introduced. There, the constant part can be arbitrary but the interpretation
of a function is always wrapped into a max (0, -) operation to ensure well-foundedness. This complicates
the comparison of terms, as the resulting interpretations are not pure polynomials anymore, but also
contain the max-operator. To this end, approximations [-];r and [-]en have been introduced which
interpret terms by polynomials without max, such that [s;s < [s] < [8]igh-

However, the existing approximations are unsound if generalized naively. For example, in the case
where the constant part is negative, it is removed. This works fine for the integers and the rationals, but
not for matrices, as here some parts of the matrix may be negative, but other parts can also be positive
and thus, cannot be removed. Thus, we formalized the following approximations which are equivalent

to those of [12], but also work for matrices:

Definition 5. Let cp(-) be the constant part and ncp(-) be the non-constant part of a polynomial.
[)C] left = [X] right = X

F(try. st = {max(oacp(meﬁ)) if nep(pres) =0

Dieft otherwise

[f(tl g 7tn)]right = ncp(pright) D maX(Q, CP(Pright))
where Pleft = [f] ([tl]lefta ) [tn]left) and Pright = [f] ([tl]rightv ceey [tn]right)

Note that for Def. 5 we have to extend ordered semirings by the additional unary operation: max(0,-).

Definition 6. A structure (U,H,®,0,1,>,>, mono, max0) is an ordered semiring with max iff (U, P, ®,
0,1,>,> mono) is an ordered semiring and additionally:

e max0(x) > 0 and max0(x) > x

e y > x>0 implies max0(y) > max0(x) =x



Theorem 7. Let (U,®,®,0,1,>,>,mono,max0) be an ordered semiring with max and Pol be a poly-
nomial interpretation where [f](x1,...,%,) = fo@ fiOx1 & D [, ©x, and f; > 0 forall 1 <i<nand
every n-ary symbol f. Then (Zpo1, =por) is a reduction pair where s = | 7 t can be approximated by
[S]left > / > [t]right~

Example 8. All ordered semirings of Ex. 4 are also ordered semirings with max, where maxQ is the
standard operation on N, Z, and QQ, and max0 is performed component-wise for matrices.
For example, for Q it is now possible to use interpretations like

half]() = 5 -x+ 5 Pl =x—1 () = x+ 1

where

S(ip =3+ 1> 2 x5 = [p(half(s(s(x)))) g

Since we are not aware of any termination tool that supports these interpretation, we would like to
encourage their integration, perhaps an interpretation like

; -
0 ) -x+y+< _5

) =

oI W
S~—

N~ | —

increases the power in the next competition.

4 Arctic Semirings
In [13], the arctic semiring as well as the arctic semiring below zero, where used the first time in the

well-founded monotone algebra setting.

Example 9 (Arctic Semirings). The arctic semiring (Ayn,max,+,—,0), the arctic semiring below
zero (Az,max,+,—c,0), and the arctic rational semiring (Ag, max,+,—oo,0), are semirings with one-
element as in Def. 1. The carriers are given by Ag = SU{—co}. Furthermore, the standard operations
max and + are extended such that max{x, —oo} = x and x+ —eo = —co+y = —oo, for all x and y.

Definition 10. A structure (U, H,®,0,1,>,>, pos) is an ordered arctic semiring iff (U,®,©,0,1) is a
semiring with one-element and additionally:

e > is reflexive and transitive; > and > are compatible: >o0> C > and > o> C >

e 1>0;pos(l); x>0;,x>0;andif 0 >xthenx=0

@ is left-monotone w.rt. >

o @ is monotone w.rit. >: ifx >yand x' >y thenx &x' > y®y'

O is left- and right-monotone w.r.t. > and left-monotone w.r.t. >
e staying positive: if pos(x) and pos(y) then pos(x @ z) and pos(x®Yy)
o {(x,y)|x>yApos(y)} is well-founded

Theorem 11. Letr Pol be a polynomial interpretation over an ordered arctic semiring (U,®,®,0,1,>,
>, pos) where [f](x1,...,x,) = fo® fiOx1 B & f,, Ox, and pos(f;) for some 0 > i > n and every
n-ary symbol f. Then (X poi,=por) is a reduction pair where s 7~ | =t is approximated by comparing
[s] and [t] component-wise using > | >. (For example to compare a©xBbOy®c>dOxPe@yD f
one demands a > d, b > e, and ¢ > f.)



Moreover, if n > 0 and (U,®,®,0,1,>,>, pos) is an ordered arctic semiring, then (U"*", &"*",
@R QR 1 S S IX 608X is also an ordered arctic semiring where all operations and con-
stants are lifted to work on n-dimensional matrices. Here >"*" and >"*", compare arguments component-
wise and pos™*” checks, whether the leftmost topmost element is pos.

Example 12 (Ordered Arctic Semirings). All arctic semirings of Ex. 9 are also ordered arctic semirings.
In all three cases, we use the non-strict ordering x >y =y = —ooV (x # —oo A X >N/Z/Q y). For Ay
and Az, we use the strict ordering x >y =y = —ooV (x # —o0 A X >N/z y), and for Ag, we use the
strict ordering x >5y =y = —ooV (x # —0c Ax—y >q 0) for some 8 > 0. Furthermore, the check for
positiveness is defined by pos(x) = x # —eo Ax 27,0 0.

Note that the ordered arctic semiring over Ag, together with Thm. 11, unifies and extends Theo-
rems 12 and 14 of [13]. Here, the main advantage of our approach is that we only restrict interpretations
[fl(x1yee0x0) = fo® 1 Ox1 D -+ D f, ©x, by demanding that at least one f; is positive. This is in con-
trast to the theorem about the arctic semiring below zero in [13] where always the constant part fj has
to be positive. However, Waldmann observed that for finite TRSs one can transform every polynomial
order over the arctic rationals into an order over the arctic naturals by multiplication and shifting.
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Abstract

In very recent work, we introduced a non-termination preserving transformation from logic pro-
grams with cut to definite logic programs. In this paper we extend the transformation such that
logic programs with cut are transformed into dependency triple problems instead of definite logic
programs. By the implementation of our new method and extensive experiments, we show that the
power of automated termination analysis for logic programs with cut is increased substantially.

1 Introduction

Automated termination analysis for logic programs has been widely studied, see, e.g., [3, 4, 15 11} [13}
141 [17]). Still, virtually all existing techniques only prove universal termination of definite logic pro-
grams, which do not use the cut “!”, while most realistic Prolog programs do so. In [[16] we introduced
a non-termination preserving automated transformation from logic programs with cut to definite logic
programs. The transformation consists of two stages. In the first stage we construct a so-called fermi-
nation graph for a given logic program with cut. The second stage is the generation of a definite logic
program from this termination graph. In this paper, we improve the second stage of the transformation
by generating dependency triple problems instead of definite logic programs from termination graphs.
Dependency triples were introduced in [12] and improved further to the so-called dependency triple
Jframework in [15]]. Here, the idea was to adapt the successful dependency pair framework [2, 8, 9} [10]
from term rewriting to (definite) logic programming. The experiments in [15] showed that this leads
to the most powerful approach for automated termination analysis of definite logic programs so far.
Our aim is to benefit from this work by providing an immediate translation from termination graphs to
dependency triple problems in order to obtain an analysis that preserves termination in more cases.

Example 1. 7o illustrate the concepts and the con-

tributions of this paper, we use the leading example f(0,Y) « leq(Y,0). (1)
of Fig.[1} It formulates a simplified variant of a func- f(X,Y) <« pX,P),f(PU)f(U)Y). (2)
tional program from [, 20] with nested recursion as p(0,0). (3)

a logic program. The auxiliary predicate p is used to
compute the predecessor of a natural number while p(s(X), X). @
eq is used to unify two terms. See, e.g., [\I]] for the eq(X,X). (&)
basics of logic programming.

Note that when ignoring cuts, this logic pro-
gram is not terminating for the set of queries 2 =
{f(t1,12) | t; is ground}. On the other hand, the program terminates if the cuts are taken into account.

Figure 1: Example program

*Supported by the DFG grant GI 274/5-2, the DFG Research Training Group 1298 (AlgoSyn), and the Danish Natural
Science Research Council.



In this paper, we first present a termination graph obtained for this example program in Sect. 2] before
we apply our new transformation from termination graphs to dependency triple problems in Sect. [3] We
show that this new transformation has significant practical advantages in Sect.dand, finally, we conclude
in Sect.[3l

2 Termination Graphs

Using the method from [[16] we obtain the following termination graph for Ex. 1| where we applied some
simplifications to ease presentation. The states of this graph contain sequences of abstract queries. Here,

the abstract variables T; stand for . T,/0.75/T; . .

arbitrary terms, whereas underlined || . o) 0.8 X (6. 7)) (670 B €25 611, 1) K22 -

abstract variables only stand for lcUTALL w) TSI smaer
ground terms. A sequence of > N
queries O ’ 0, ’ 0; ’ ... repre- eq(73,0) p(Ta,P),f(RU),F(U,T5):Ta =0 e (F(0, )BTy =0 \\\\\
sents the current goal Q; and the lCASE \AE 71/ lEVAL ‘\\ Y
remaining backtracking possibili- (ea(73,0) Eiﬁ%ﬁiiiﬁgiiiﬁiigrw‘ e INSTANCE '.“‘
ties 0>, 03, ... in the order of their T3/01ENVAL - ,,' '
execution. Sometimes we anno- ol o e BACKTRACK e
tate states by unification informa- lSUC (L1, PAP),FU, T BTy w0 |22 e fZe,U) ’.'
tion such as “T; ~ 0” meaning that - 13/s(76) [ B S ; )
Ty only stands for terms that do not frp Ui — B ey Lo

SPLIT

unify with 0. We start in Node A
with the state f(77,7) representing
the set of queries 2. Then the ter-
mination graph is constructed by a symbolic evaluation of the program. The CASE rule performs Pro-
log’s clause selection rule by labeling the queries with the numbers of the program clauses to indicate
which clause to apply next to a query. We applied this rule to the initial node A leading to a node B
with two labeled copies of this query. They correspond to the two possibly applicable clauses and
(@) in the program. The EVAL rule then performs the resolution with Clause (I, leading to Node C.
Moreover, it also produces the child node D which represents those cases where 77 stands for a term
that does not unify with 0. Here, we have to backtrack by removing the first goal from the current state.
If we detect that the current goal cannot unify with the head of the corresponding program clause, we
use the BACKTRACK rule which is equivalent to the second successor of the EVAL rule. The CUTALL
rule drops further backtracking possibilities while the SUC rule backtracks after a successful evaluation,
since we examine universal termination. Finally, the SPLIT rule separates two atoms in one query and
the INSTANCE rule refers back to a state representing a superset of terms compared to the current state.
The SPLIT and INSTANCE rules are needed to obtain a finite graph instead of an infinite tree. We refer
to [[16] for further details and explanations. In our example, the termination graph of Fig. 2| represents all
possible derivations of the program for the set of queries 2 from Ex.

Figure 2: Termination Graph for Ex.

3 Transformation into Dependency Triple Problems

To prove that all derivations of the example program and the set of queries 2 are terminating, we have
to show that the cycles in the termination graph from Fig. 2] cannot be traversed infinitely often when
following a derivation of the original program. To this end, we synthesize a dependency triple problem
[[L5] simulating this traversal.



The basic structure in the dependency triple framework is very similar to a clause in logic program-
ming. A dependency triple (DT) [12] is a clause H «<— I, B where H and B are atoms and / is a sequence
of atoms. Intuitively, such a DT states that a call that is an instance of H can be followed by a call that is
an instance of B if the corresponding instance of / can be proven.

Here, a “derivation” is defined in terms of a chain. Let & be a set of DTs, &2 be the program
under consideration, and 2 be the class of queries to be analyzedﬂ A (possibly infinite) sequence
(Ho < Iy,Bo),(H; < I1,By),... of variants from Z is a (2, 2, &)-chain iff there are substitutions 6;, ;
and an A € 2 such that 68y = mgu(A,Hy) and for all i, o; is an answer substitution for the query /;6; in
the program %, and 6,1 = mgu(B;6;0;,H;11). Such a tuple (2,2, ) is called a dependency triple
problem and it is terminating iff there is no infinite (2, 2, &?)-chain.

As an example, consider the DT problem (2,2, %) with 2 = {d,} where d; = p(s(X),Y) «
eq(X,Z2),p(Z2,Y), 2 = {p(t1,12) | t1 is ground}, and & = {eq(X,X)}. Now, “d;,d,” is a (2,2, 7)-
chain. To see this, assume that A = p(s(s(0)),0). Then 6y = {X/s(0),Y/0}, oo = {Z/s(0)}, and
0, = {X/0,Y/0}.

The basic idea how to synthesize DT problems from termination graphs is to generate DTs for every
triple path in the termination graph. These are paths which traverse cycles or which connect cycles
to the initial state. In Fig. [2| there are two cycles already containing the initial state. As cycles must
contain at least one INSTANCE edge, it is sufficient to consider triple paths from successor states of
INSTANCE nodes or the initial state to INSTANCE nodes or their successors. So in our example, we have
two triple paths: from A to E and from A to F. We use distinct predicate symbols for every state having
all distinct variables occurring in the respective state as arguments. The only exception are INSTANCE
nodes. Here we use the same predicate symbol as for the successor of the INSTANCE node. So if q
is the new predicate symbol for Node A, then A is converted to the atom q(73,73), E is converted to
q(Ts,U), and F is converted to q(77,T3). To transform triple paths into DTs, we use the first node (e.g.,
A) as the head of the DT and the last node (e.g., E or F) as the last atom of the DT. Moreover, we apply
the substitutions on the path to the head of the DT. For the path from A to E we obtain the substitution
[T1/T4, T2/ T5] o [T3/s(T6)] and, thus, the DT q(s(7s), T5) < a(T6, U).

Paths traversing the second successor of a SPLIT node may only be followed if the evaluation of the
first SPLIT successor succeeds. This corresponds to the standard goal selection rule. Therefore, we add
intermediate goals to the DTs. These goals correspond to the evaluation of first SPLIT successors when-
ever we traverse a second SPLIT successor. However, for intermediate goals we use different predicate
symbols than the ones we used for the head and last body goal of the DTs. For the path from A to F we
then obtain the DT q(s(7s),73) < r(7s,77),q(T7,T3) using r as the predicate for the intermediate goals.

Now, for the evaluation of intermediate goals we must additionally consider so-called program paths.
These are paths from successors of INSTANCE nodes or first successors of SPLIT nodes to SUC nodes,
INSTANCE nodes, or successors of INSTANCE nodes. However, we can exclude paths traversing other
first successors of SPLIT nodes as we are interested in successful evaluations only. In Fig.[2] we have two
program paths: from A to F and from A to G. For these paths we generate clauses in the same way as for
the DTs with the only exception that we only take the predicate symbol r used for intermediate goals.
For Suc nodes, however, we have no body goal and generate facts.

The set of queries for the resulting DT problem contains all queries for the predicate corresponding to
the initial state where those positions are assumed to be ground whose corresponding variable is known
to represent ground terms in the initial state.

Thus, we obtain the DT problem (%, 2, P) from Fig. [3| for the termination graph G of Fig.
This DT problem is easily shown to be terminating by our automated termination prover AProVE.

IFor simplicity, we use a set of initial queries instead of a general call set as in [13].



We now state the central theorem of this pa-

D6 ={a(s(T6),T5) — q(T6,U) per where we prove that termination of the result-
a(s(T6). Ts) — r(Ts,T7),a(T,Ts) .} ing DT problem implies termination of the orig-

P =1r(s(Te), Tz) « r(T6,T7),r(T7,Ts). inal logic program with cut for the set of queries
r(0,0).} represented by the root state of the termination

graph. For the proof we refer to [6].
2 contains all queries q(t1,#,) where 7] is a ground
term.

Theorem 2 (Correctness). If G is a termination
graph for a logic program & and a set of queries
Figure 3: DT problem for Ex.[T] 2 such that the DT problem for G is terminating,
then & is terminating w.r.t. 2.

Note that the converse of this theorem does not hold.

4 Implementation and Experiments

We implemented the new transformation in our fully automated termination prover AProVE and tested it
on all 402 examples for logic programs from the Termination Problem Data Base [[19] used for the annual
international Termination Competition [18]]. We compared the implementation of the new transformation
(AProVE DT) with the implementation of the previous transformation into definite logic programs from
[16] (AProVE Cut), and with a direct transformation into term rewrite systems ignoring cuts (AProVE
Direct) from [[14]. We ran the different versions of AProVE on a 2.67 GHz Intel Core i7 and, as in
the international Termination Competition, we used a time-out of 60 seconds for each example. For all
versions we give the number of examples which could be proved terminating (denoted “Successes”), the
number of examples where termination could not be shown (“Failures”), the number of examples for
which the timeout of 60 seconds was reached (“Timeouts”), and the total runtime (“Total”) in seconds.
All details of this empirical evaluation can also be seen online and one can run AProVE on arbitrary
examples via a web interface [6].

| AProVE Direct| AProVE Cut| AProVE DT| /S shown in Table [T} the new transfor-
Successes 243 259 315 mation significantly increases the number
Failures 144 129 77 of examples that can be proved terminating.
Timeouts 15 14 10 In particular, we obtain 56 additional proofs
Total 2485.7 3288.0 2311.6 of termination compared to [16]. And in-

deed, for all examples where AProVE Cut
succeeds, AProVE DT succeeds, too.

In addition to being more powerful, the
new version using dependency triples is
also more efficient than any of the two other versions, resulting in fewer timeouts and a total runtime
that is less than the one of the direct version and only 70% of the version corresponding to [16].

Table 1: Experimental results on the TPDB

5 Conclusion

We have shown that the termination graphs introduced in [16] can be used to obtain a transformation from
logic programs with cut to dependency triple problems. Our experiments show that this new approach
is both considerably more powerful and more efficient than a translation to definite logic programs as
in [16]. As the dependency triple framework allows a modular and flexible combination of arbitrary
termination techniques from logic programming and even term rewriting, the new transformation to
dependency triples can be used as a frontend to any termination tool for logic programs (by taking

4



the union of % and & in the resulting DT problem (%, 2, #¢)) or term rewriting (by using the
transformation of [[13]]).
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1 Introduction and Overview

Recently, the problem of proving outermost termination has been addressed mainly by methods relying
on transformations ([4, (1, 13]]). Here we describe a more direct approach inspired by the dependency
pair (DP) framework of [2]. The basic idea is to enrich dependency pairs by an additional component,
namely the calling context of the corresponding recursive function call. Then one can use the additional
contextual information to model DP chains adhering to certain strategies (e.g. the outermost strategy).
Additionally, existing methods of the ordinary DP approach can partly be reused.

Building upon this framework of contextual DPs, we describe a DP processor exploiting the addi-
tional contextual information. Basically, this processor analyzes nested contexts accumulated by consec-
utive DPs on DP chain candidates for (certain) redexes. If such a redex is found, the chain candidate is
not a proper chain. Finally, we provide some empirical evaluation of our approach.

2 Contextual Dependency Pairs

The central observation of the (ordinary) dependency pair approach is that, given a non-terminating
rewrite system %, there exists an infinite reduction sequence (starting w.l.o.g. with a root reduction
step), such that no redex contracted in this sequence contains a non-terminating proper subterm. Such
reduction sequences roughly correspond to minimal dependency pair chains whose (non-)existence is
analyzed in the DP framework. In the case of outermost rewriting the above observation does not hold.

Example 1. Consider the TRS % consisting of the rules

a— f(a) fx) = g(x).

Z is not outermost terminating: a — f(a) — g(a) — g(f(a)) — g(g(a)) — ... Here, it is crucial to
reduce the term f(a) at the root position, although it contains the term a as proper subterm which is not
outermost terminating.

Example [I] shows that in the case of outermost rewriting it is sometimes crucial to allow reductions
whose redexes properly contain outermost non-terminating terms. Hence, we restrict our attention to a
restricted form of outermost termination, namely outermost termination in a context.

Definition 1 (outermost termination in a context). Let Z be a TRS. A term s is outermost terminating
in context C[O], if C[s], does not admit an infinite outermost reduction sequence where each redex
contracted occurs at, below or parallel to p and where infinitely many of these steps are at or below p.

Indeed, given a rewrite system %, there exists an infinite outermost reduction sequence (starting
w.L.o.g. with a root reduction step) contracting only redexes not containing proper subterms that are
outermost non-terminating in their respective contexts, whenever & is outermost non-terminating.

In order to analyze outermost termination in an adapted dependency pair framework, we enrich the
dependency pairs by an additional component, namely the context in which the corresponding recursive

*The author has been supported by the Austrian Academy of Sciences under grant 22.361.
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function call takes place. Informally, this amounts to an extended contextual version of dependency pairs
which incorporates the full information of the given rules (especially the complete right-hand sides) in
the form of associated contexts, but which still enables the typical DP-based reasoning.

Definition 2 (contextual dependency pairs). Let (.7 ,R) be a TRS where the signature is partitioned into
defined symbols D and constructors. The set of (extended) contextual dependency pairs (CDPs) CDP (%)
is given by DP.(Z) WV (Z)WA(Z)WS.(Z), where

DP.(%#) = {l# — r|§'ﬁ7 [c] |l = r€R,p € Posp(r),c=r[0],}
Vo #) = {I"—=T(r],)[c]|l—r€R,r|,=x€EVar,c=r[O],}
A(Z#) = {T(f(xl,...,xa,(f)))—>f#(x1,...,xar<f)) [O] |l — r€R,root(r],) = f € D}
S(#) = {T(F®)—Tx)[f(X)[O]] | X=x1,..,Xar(p), ] = 7 ER 100t (r]p) = fri € {1,...;ar(f)}}.

Here, T is a new auxiliary function symbol (the token symbol for “shifting attention”). We call V(%)
variable descent CDPs, S.(%#) shift CDPs and A.(%) activation CDPs. Contextual rules of the shape
I — r[c| can be interpreted as | — c[r] when used as rewrite rules. Slightly abusing notation, for a set
P of such contextual rewrite rules (i.e. a contextual TRS) we denote by — o the corresponding induced
ordinary rewrite relation.

Example 2. Consider the TRS % of Example I} CDP(Z) consists of:

a* — d"[f(D)] a* — f¥(a)[0] fHx) = T(x)[g(D)] T(a) — a*[O
T(f(x) = ff)[0]  T(eW)—g*®O]  T(f(x) = TWFO)]  T(gk) — Tx)g(O)].
Note that the restrictions imposed by the outermost strategy are not reflected in the definition of

CDP(Z). Instead the strategy plays an important role in the definition of outermost CDP chains, which
in turn are based on outermost CDP problems.

Definition 3 (outermost CDP problem). An outermost contextual dependency pair problem (O-CDP
problem) is a triple (P, %,T) where & is a contextual TRS, % a TRS and T is a designated function
symbol not occurring in the signature of %.

Definition 4 (outermost CDP chain). Let (Z,%,T) be an O-CDP problem. A sequence s| — t1 [c1],52 —
1 [ca],... of CDPs is an outermost (P, %,T)-CDP chain if there exists a substitution o, such that

S10 —p C][f]G]pIICII[I]G]II

p
z /
j'*gzclf[ssz]pq =z lealo]y]y) = alto],
L Als30ly = Glaltoly)y, = ko],

where ¢ = ¢! [ci] for all 1 < i and for each single reduction s - 5 t or s 5 t erase(s) does not contain
a redex above q. Here erase(s) is obtained by replacing all marked dependency pair symbols f* by their
unmarked versions f and by replacing terms T(s") by sﬂ Moreover, the O-CDP chain is minimal if
for alli > 1 the Z-reduction ci[t;0] Ehee ol [sit10], is empty (i.e., if ci[tio] ;= ¢ [si110] ) whenever
root(t;) =T (i.e., the token symbol), and if for every i > 0 every subterm of c[t;0] p. at position q > phis
outermost terminating in its context (here: s16 = c([s10],; with pjy = &, ¢;[0] = 0).

0

We say an O-CDP problem is finite if it does not admit an infinite minimal O-CDP chain.

Theorem 1. A TRS % is outermost terminating iff the O-CDP problem (CDP(%),%,T) is finite.

!Formally, this definition of erase is not compatible with the strict modularity of the DP framework. However, to restore
full modularity the erase function could be part of an O-CDP problem. We refrain from doing so for notational simplicity.
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Example 3. Consider the TRS % from Example|l|(CDP(Z) is given in Example|2)) and the correspond-
ing O-CDP problem P = (CDP(#),%,T). P admits an infinite O-CDP chain:

a* — f*(a) [O], f*(x) = T(x) [¢(O)], T (a) — a* [T],....

In the following we use the notions of sound resp. complete CDP processors analogously to corre-
sponding notions of [2].

3 Analyzing Contexts

In this section we develop a method to prove the absence of minimal O-CDP chains (for a given O-CDP
problem (£,%,T)) by inspecting the nested contexts of consecutive CDPs of candidates for infinite
O-CDP chains.

The main problem here is that these contexts are not constant according to Definitiond However, the
(nested) contexts are stable modulo reduction parallel to the position of the hole, i.e. they are only altered
through reductions parallel to the hole position. Hence, if the nested contexts contain redexes (strictly)
above the hole position that are oblivious to this kind of parallel reductions, then the corresponding
sequence of CDPs does not form an O-CDP chain.

To characterize (or rather approximate) these redexes we consider only those Z-rules whose left-
hand sides are linear and not overlapped by any other #-rule (strictly) below the root. This left-linear
overlay sub-system %, of % will be used for Invalidating (potential) Outermost CDP Chains.

Given an O-CDP problem (Z,%,T) and a sequence of CDPs S: 51 — t1[c1],...,Sn — t[ca], if
cil...cplerase(ty)]p, - .| p, contains a redex strictly above py.--- .p, W.r.t. Zjoc, S is not an O-CDP chain.

Example 4. Consider the TRS of Example |l| There is a CDP o : a* — a*[f(D0)]. Here, Bipc = X.
Considering the sequence of CDPs consisting only of o (i.e. a CDP-sequence of length 1), the term
f(erase(a®)) = f(a) is matched by the lhs f(x) (strictly) above position 1 (namely at €) and hence this
sequence of CDPs (i.e. the CDP o) cannot be part of any infinite O-CDP chain.

Now, in order to effectively check whether the nested contexts of a sequence of CDPs contain a
redex above the hole position, we describe the possible nested contexts by a tree automaton. This is to
say that, given a sequence of dependency pairs s; — s,[c1], ...,y — ty[cn], We construct a tree automaton
of accepting all terms c¢;[ca]...cqerase(t,)]...]]o where © is some substitution.

Moreover, we construct another tree automaton Z that accepts all terms that are matched by any rule
from Z;,.. Then, the idea roughly is to check whether the language accepted by 7 is a sublanguage of
2 and thus to conclude that the sequence of CDPs is not a proper O-CDP chain.

We discuss the construction of the involved automata in more detail, starting with the one that accepts
a term if some subterm of it is matched by the left-hand side of some rewrite rule. Starting from an O-
CDP problem (22, %,T), the signature ¥’ of the automaton we are going to construct is the signature
of Z plus {H,A} where H is a new function symbol of arity one and A is a new constant. The role of
the symbol H is to indicate the positions in accepted terms where no reductions may take place (because
there is a more outer redex), and A is needed since the automata we use work on ground terms only.

Definition 5 (FP automaton). Let Z be a left-linear TRS over a signature ¥ and let ¥’ = X W {H,A}
where H is unary and A is a constant. The forbidden pattern automaton FPA(Z) is given by U,_,,c <"
where o' is the automaton accepting ground terms having subterms of the shape I6[H(lo|,)], (p > €).

Example 5. Consider the TRS % given by

a—f(b) b—glb) b—gla) flglx)— L.
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FPA(Z) consists of the following transitions.

a— qp A—q b—aqi flq1)—=aq1 glq1)—q H(q1) — ¢ f(q2) — ¢
g @) —aq ga) — a3 glq1) —ds H(q3) — a3 f(43) = Gena  f(dend) = Gena  &(Gena) — Gend

The state qenq is the unique end state. Here, state q; corresponds to arbitrary terms without any oc-
currence of H and g corresponds to arbitrary terms with an occurrence of H. Moreover, g3 either
corresponds to g-rooted terms containing an H or instances of H(g(x)) while ¢’y corresponds to g-rooted
terms not containing an H.

Next, we discuss the construction of an automaton accepting terms obtained by nesting contexts of
subsequent CDPs in sequences of CDPs.

Definition 6 (CDP automaton). Let (Z,%,T) be an O-CDP problem for a given finite # = (X,R) and
let S: sy — t1,[c1]...,8n — ty|cn) be a sequence of CDPs. The CDP automaton DPA((c1,...,cn),Xytn)
corresponding to this CDP sequence is given by a7, [ c.[H(erase(r,))))- Here, % is the automaton accepting
ground terms tG over the signature LU {H,A} where x6 = A for all x € Var(t).

Replacing variables by just one new constant is justified, since we are only interested in matches by
the left-hand sides of %;,. (which is left-linear).

Theorem 2 (analyzing nested contexts). Let (2, #,T) be an O-CDP problem for a given finite # =
(X,R) and let S: 51 — t1,[c1]...,5n — ty]cn) be a sequence of CDPs. If L(DPA((c1,...,cn),L:tn)) C
L(FPA(Zioc)), then S cannot be part of an infinite O-CDP chain.

In order to use Theorem [2]in termination proofs and in particular in the DP framework, we have to
consider candidates for CDP chains in a complete way. This is to say that for one CDP 7w we consider
all potential sequences of CDPs that start from 7 and eventually use it again. If no such sequence can be
part of an infinite CDP chain, then it is sound to delete 7.

The rest of this section is concerned with describing the (in general infinitely many) candidate chains,
or, rather, the corresponding nested contexts, in a finite way. Starting from existing dependency graph
approximations, we identify cycles in this graph and describe them as combinations of minimal cycles.
Here, a cycle is a sequence of nodes with identical start and end node, which is minimal if each node
except the start node occurs at most once and the start node occurs only at the beginning and at the end.

By node(C) we denote the start node of cycle C. Arbitrary cycles are combinations of minimal
cycles. These combinations can be represented by trees called minimal cycle combinations.

Definition 7 (minimal cycle combination). Let ¢ be a (finite) graph and let Cy,...,C, be the set of
minimal cycles of 4. A minimal cycle combination (MCC) is a tree whose nodes are minimal cycles and
whose edges C; — C; are labeled by a positive integer i from {1,...,|Ci|} if C; is a (minimal) cycle for the
i'" node of C;. A minimal cycle combination is hierarchical if node(C;) ¢ C i whenever Cj is (in the tree)
below C;.

We say an MCC is for node n if its root node is a cycle with start node n. The depth of a hierarchical
MCC is bounded by the number of nodes in the graph, and thus finite in most interesting cases when
considering DP graph approximations. Every MCC corresponds to a set Cyc(M) of cycles obtained by
recursively combining the contained minimal cycles.

Example 6. Consider the TRS % of Example |S| We consider the subset {a: a* — b*[f(0)],B: b* —
b*[g(0)],7: b* — a*[g0]} of CDP(Z). A dependency graph approximation might contain the edges
(a,B), (a,7), (B,7), (B,B), (Y, ). The minimal cycles in this graph are C; = (o, 8,7, &), C2 = (o, ¥, @)
and C3 = (B) (modulo rotations). For o there are two MCCs, namely My consisting of only one (root)
node Cy and M, consisting of the node C| with one child C3 connected by an edge with label 2. We have
Cyc(My) = {Ca} and Cyc(Ma) = {(a, ", y,0) | n > 1}.

4
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For a finite graph ¢ there is only a finite number of hierarchical MCCs having different sets of asso-
ciated cycles. Moreover, for every given cycle C, there is a hierarchical MCC M such that C € Cyc(M).
Since a cycle in a DP graph approximation corresponds to a sequence of CDPs, it also corresponds to a
sequence of nested contexts. We denote the set of nested contexts corresponding to the cycles Cyc(M)
of an MCC M as ctxs(M). Slightly abusing notation we write ctxs(M)[t] for the set of terms given by
{c[t] | ¢ € ctxs(M)}. Now, given a hierarchical MCC M w.r.t. a CDP graph and a term ¢, we can construct
a tree automaton MCCA (M, t) accepting all terms from ctxs(M)[H (¢)] (where the variables have been re-
placed by A). This is the crucial step of describing the infinite set czxs(M)[H (¢)] finitely by MCCA(M,t).

Example 7. Consider the TRS, CDPs and MCCs of Example@ MCCA(My,a) consists of the following
transitions (the contexts of ctxs(My)[a] have the shape f(g"(g(f(a)))) where the end state is Geng-

A —q a—q  H(q)—q fl@2) = a3 glq3) — qa
glqs) —aqs  glas) —as  f(q5) = Gena

Theorem 3 (Context Processor). Let I1 = ({s — t [c]} W P, #Z,T) be a CDP problem with % =
(X,R) finite. If for every hierarchical MCC M for s — t in some CDP graph approximation we have
L(MCCA(M),t) C L(FPA(Zioc)), then Il is finite if and only if (2, %, T) is finite.

Example 8. Consider the TRS %, CDPs and MCCs of Example @ the automata MCCA(M,,a) and
MCCA(My,a) (the former is given in Example [7]) and the automaton FPA(Ziyc) from Example 5| (note
that here Zioc = X). We have LIMCCA(M;),a) C L(FPA(Zioc)) for i € {1,2}. Hence, it is sound to
delete . Note that B cannot be deleted and, indeed, the infinite sequence of CDPs consisting of only 3
CDPs is an infinite O-CDP chain.

4 Evaluation and Conclusion

In a prototypic implementation of the CDP framework we performed some benchmark tests on the TRSs
of the outermost section of the TPDB. In addition to the context processor of Section[3] we also used var-
ious standard DP processors not relying on minimality of DP problems, such as the polynomial ordering
processors without usable rules. Out of 133 potentially terminating TRSs in the outermost category of
the TPDB our implementation was able to prove outermost termination of 60 systems. To put this in
perspective, in the termination competition of 2009 the three participating tools obtained 72 (Jambox),
46 (TrafO) and 27 (AProVE) successful proofs of outermost termination.

The modularity of the CDP framework is inherited from the ordinary DP framework. Hence, also in
this extended framework new processors based on new ideas and tailored for specific classes of problems
can be modularly added. Regarding future work, among generalizations of standard DP processors for
the adapted framework an outermost usable rules criterion based on the restricted minimality property of
minimal O-CDP chains would be very interesting.
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CHR, short for Constraint Handling Rules, is a rule-based programming language, with similarities
to Term Rewrite Systems (TRS) and Logic Programming (LP). In termination analysis of rule-based
languages, the concept of a cycle is often useful. Informally, a cycle is a finite sequence of rules such that
these rules can potentially be repeatedly executed during a computation. Above, we write “potentially”
because cycles usually involve approximations. In cycles, whether one rule can actually activate the next
is only verified locally (e.g. through matching or unification). But whether all these conditions hold
simultaneously — so that the full cycle can be repeatedly traversed — is unknown.

There can be several advantages of using cycles in termination analysis. They are mostly due to the
fact that an analysis based on cycles is more modular. One advantage is reduced complexity. Some ter-
mination analysis techniques do not scale well for large programs. By performing the proof for separate
cycles, sizes remain reduced. Another potential advantage is precision. When proving termination of a
program as a whole, one typically selects a specific well-founded order. In the context of cycles, one can
use different orders for different cycles. As a result, techniques based on cycles can be very successful
(e.g. [4D).

We have studied the introduction of cycles in CHR. However, we were confronted with the fact that,
due to the multi-headed rules and a multiset semantics in CHR, it is hard to define a suitable notion
of “cycle”. Consider a CHR program with one rule, a,c < a. Although one could consider it to be a
cycle, in an actual computation it cannot result in an infinite loop, since every application removes a ¢/0
constraint. Similarly, a CHR program with one rule, a,c,c < a,a,c is terminating and the rule would
better not be characterised as a cycle. Considering a program with two rules, a,a < b,b and b < a, we
should identify a cycle. However, this cycle should contain the first rule together with two copies of the
second rule.

One of our initial attempts to define cycles was very intuitive and rather precise, but it turned out
that only for specific uses of a CHR program a concept of minimality existed, resulting in general in an
infinite number of different minimal cycles. This is of course unacceptable. In this paper, we provide
a less precise but useful definition of a cycle yielding a finite number of minimal cycles, and discuss its
successful use in CHR termination analysis.

1 CHR syntax and semantics

First, we introduce the syntax and semantics of CHR [3]. The atoms of a CHR program, called con-
straints, are first-order relations on terms, collected in a constraint store. There are two kinds of con-
straints: built-in constraints, pre-defined in the host-language (CT, for Constraint Theory), and user-
defined CHR constraints.

We assume presence of only one kind of CHR rule, that is, a simplification rule:

Ri @ Hyy,- - Hiiny © Gitys 3G | Biiys -+ Bl Citys -+ Climy) -

Here, H; 1),...,H,, are head constraints, representing the CHR constraints from the store that can be
used to fire the rule. For rule application, given matching constraints for the heads, the built-in constraints
G- -G need to be satisfiable. Upon rule application, new built-in constraints, B 1, ..., B,
and CHR constraints C; 1,...,C(;,) are added to the constraint store, replacing the head constraints.

*Supported by I.W.T. Flanders - Belgium



The constraint store of a CHR program represents a conjunction of constraints in which multiple
occurrences of the same constraint are allowed. The constraint store thus behaves as a multiset.

Definition 1 (Multiset). A multiset is a tuple, Ms = (S, mg), where S is a regular set, called the underlying
set of elements, and mg a multiplicity function, mapping the elements, e, of S to strict positive integer
numbers, mg(e) € Ny, representing the number of occurrences of e in M. ]

We may define mg as its graph, i.e. the set of ordered pairs {(s,ms(s)) : s € S}. Therefore, the multiset
written as [a,a, b] is defined as ({a,b},{(a,2),(b,1)}), and the multiset [a,b] as ({a,b},{(a,1),(b,1)}).
For adding multiset together, we introduce multiset join and denote it by .

Since we do not consider propagation, the state transition system can be given by the abstract CHR
semantics, where a CHR state S is a constraint store and only two kinds of transitions are defined:

1. For any state [b] WS, where b is a built-in constraint satisfiable in the host-language with substitu-
tion 6, a transition ([b] WS, S6) exists.

2. For any state [hy,...,h,]| WS, where hy,... h, are CHR constraints matching with the head of
arule H,...,H, < Gy,...,Gi | By,...,B;,Cy,...,Cy resulting in a substitution o, such that the
built-in constraints G10,...,G;C are satisfiable in the host-language (CT) with substitution 6, a
transition ([Ay,...,h,] WS, ([B1,...,B;,Cl1,...,Cn] WS)00) exists.

We assume that any call to the host-language can only introduce variable bindings and must do so
in finite time. If a built-in constraint cannot be solved, the CHR program fails. CHR is furthermore
a committed choice language. Therefore, whenever a rule is applied — which is a non-deterministic
choice between all possible applications of the CHR rules of the program — we commit on this choice.

2 CHR cycles

The rules of a CHR program relate CHR constraints. The head constraints of a rule represent the con-
straints required for rule application. The added CHR constraints represent the constraints available after
rule application. To denote these sets of constraints, we introduce abstract CHR constraints.

Definition 2 (Abstract CHR constraint). An abstract CHR constraint ¢ = (C,B) is a pair, where C is a
CHR constraint and B a conjunction of built-in constraints. Given a mapping £ : (C,B) — {Co | 36 :
CT = Bo 0}, an abstract CHR constraint represents a set of CHR constraints. g

Two kinds of abstract CHR constraints are present in a CHR program. An abstract input constraint
ing jy = (H(i, J)s G;), where G; = G; ;) A\ ... A G- represents a set of CHR constraints matching with
the head H(; ), possibly resulting in rule application. An abstract output constraint out; ;) = (C; j),Gi)
represents the CHR constraints which become available after rule application.

Example 1 (Greatest Common Divisor). The following CHR program, P, implements the Euclidian
algorithm for computing the greatest common divisor (GCD).

R, @ gcd(0) < true.
Ry @ gcd(M),gcd(N) & N>M,M >0 |LisN—M,gcd(M),gcd(L).

The first rule removes gcd(0) constraints, while the second replaces two gcd /1 constraints by simpler
ged /1 constraints. In the following, we denote by .9 ng, and Outg, the multisets of abstract input con-
straints and output constraints of a rule R;, and by np and Cutp, the multisets of abstract input and
output constraints of a set of rules, P. For the GCD program we obtain:



Inp = Ing WIng, = [ing 1),ino,1,inp)), where

ing 1y = (gcd(0),true)

inp, 1y = (gcd(M),N > M \M > 0)

inpa) = (ged(N),N >MAM >0) O
Outp = Outg W Outg, = [out(y 1y,0ut(» )], where

outr 1) = (ged(M),N > M AM > 0)

out(» 5y = (gcd(L),N > M AM > 0)

The rules of a CHR program relate abstract inputs to abstract outputs.

Definition 3 (Rule transition relation). A rule transition of a CHR program P is an ordered pair T; =
(I ng,, Outg,), relating the multiset of abstract input constraints [in; ), ..., )| = S ng, of a rule R; €
P to the multiset of abstract output constraints ﬂout(i’l), e ,out(i’ml.)]] = Outg, of R;. The rule transition
relation 7 = {T; | R; € P} of a CHR program P is the set of rule transitions T; of a program P. O

Example 2 (GCD cont.). The GCD program has two rules and thus two rule transitions:

T = {Tl,Tz}, where T) = ([[in(l.’l)]], [H]) and T, = ([[in(z’l),in(z,z)]], [[0”1‘(271),0141‘(2’2)]]). O
Abstract outputs relate to inputs by a match transition relation, given by a dependency analysis.

Definition 4 (Match transition relation). A match transition of a CHR program P is an ordered pair
M; j i) = (out(; jy,ing ), expressing a dependency between an output out; jy = (C(; j),G;) of Outp and
an input ing ) = (Cix.1), Gx) of S np, for which 36 : CT |= ((C; j) = Cx)) A Gi A Gi) 0 holds. The match
transition relation ./ is the set of all match transitions M; j ;) in P. O

Notice that a match transition exists if the output and input it connects represent sets of constraints
with a non-empty intersection: @(out(; ;) N @(in 1)) 7 0.

Example 3 (GCD cont.). We obtain for the GCD program the following match transition relation:

M ={M12,1):M2122)M02211M02221)M02222)}

Note that the first output of the second rule does not match with the input of the first rule as their
intersection g@(out( 1y) N @(in 1)) = 0. O

For a program P, we call Ap = (Fnp, Outp, Tp, Mp) its CHR net.

2.1 CHR cycles

To discuss cycles, we need an abstraction for computations, one for which a concept of minimality exists.
For this purpose, we introduce CHR constructs. A CHR construct is an ordered pair of multisets. The
first multiset represents the number of applications of some rule in a subcomputation of a program. The
second multiset represents matches within the subcomputation. Note that if a universe U, in which
the elements of the multiset My = (S, mg) must live, is specified, that we can replace mg by a function
Us : U — N, obtained by extending mg to U with values 0 outside S.

Definition 5 (Cyclic CHR construct). Let Np = (Fnp, Outp, Tp, Mp) be the CHR net of P. Then, a
CHR construct is a pair of multisets ((P, 1), (Ap,1")): a multiset of rules (P, ) and a multiset of match
transitions (Mp,'); such that:

Ving € Inp: Y, W (Mygiy) SHR)  Voutgy € Outs: Y, W' (M k) < 1(R)
My, €EMp M jx1)EAMp



A cyclic CHR construct or CHR cycle is a CHR construct where additionally

Ving ;) € Inc: Z [J/(M(k,z,i,j)) = U(R;).
M) €Ap

We say that a CHR construct is traversed, if every rule in it was applied once according to the match
transitions of the construct. O

Notice that for a CHR construct to correspond to an actual computation, we need to constrain the
number of outgoing match transitions for a given output to the number of times its rule occurs in the
multiset of rule applications. Similarly, we need to constrain the number of incoming match transitions
for a given input to the number of times its rule occurs in the multiset of rule applications. This becomes
clear when regarding the next example computation for the GCD program from Example 1.

Example 4 (GCD cont.). Given a query I = [gcd(6),gcd(3)], the following sequence represents a com-
putation of P for I.

[gcd(6),8cd(3)] —r, [gcd(3),8cd(3)] —r, [gcd(0),8cd(3)] —r, [gcd(3)]

A different representation of this computation uses concepts of CHR nets, as is shown in Figure 1. The

CHR computation of GCD for |

CHR net of GCD
M2122 gcd(3) | —— | 9cd(3)
I M2121 T2
gcd(6) gcd(3)
in(2,1) out(2,1) M2122
=~ M2221
in22) | -— Tout(2,2) L
cd(3 cd(3
* M2222 gcd(3) 1_,?L, gcd(3)
M2221 ged(3) | " ged(0)
M2211 M2211 T
L» in(1,1) [ T L> god(0) [ T1

Figure 1: CHR net of the GCD program and a possible computation of GCD for /.

inputs without an incoming match transition, in the CHR construct representing a computation of P for
1, represent the constraints from the query . Outputs without an outgoing match transition represent the
constraints part of the answer. O

Finally, a CHR construct is cyclic if all inputs are provided for from within the construct. Thus, a
cyclic construct replaces the constraints which are removed when traversing the construct.

The set of all possible (cyclic) CHR constructs can be represented using a system of linear inequal-
ities. Such a system has a unique computable basis of solutions, called a Hilbert basis. From it, we can
compute any solution to the system by positive linear combinations of the solution vectors.

Example 5 (GCD cont.). For the GCD program, we obtain the following system of inequalities, de-
scribing the cyclic CHR constructs of the program. Note that mg, represents [L(R;), the number of rule
applications of R; in the construct, and that m; j . ;) represents /.L’(M(i’ j k1)) the number of match transi-
tions M(; j x.1) in the construct.

Mm2.2,1,1) = MR, mi,12,1) FM2,122) < Mg,
M(2,12,1) TM222,1) = MR, M222,1) FM2222) < MR,
M 122)tM02222) = MR,



By adding slack variables we obtain a system of equations with positive integer solutions, which allows
us to compute the following Hilbert basis.

([R2],M2122),M222,1)]) ([R2]; [M2,1 2,1y, M(22.2.2)])

We can obtain every cyclic construct of a CHR program by joining elements from the basis (Figure 2). J

Cyclic CHR constructs of GCD

M2121 M2122
> in@1) | out(2,1) in@21) | | out(2,1)
T2 T2
> in22) | L— Tout2,2) | in22) | -— Tout(2,2)
M2222 M2221

Figure 2: Cyclic CHR constructs of the GCD program.

By considering now the cycles in the basis (See Figure 2), we can derive the subsets of rules that
demonstrate cyclic behaviour. For the GCD example, there is only one such subset, {R; }, that is cyclic.

3 Evaluation and conclusion

We described an approach for analysing the cycles of a CHR program, as such safely over-approximating
the loops of the program. For termination, it is sufficient to analyse only cycles and not the entire
program, resulting in faster and more accurate termination proofs. We have developed an implementation
for deriving the CHR net of a program, for performing a Strongly Connected Component (SCC) analysis
on the CHR net of the program, and for generating systems of linear equations for each of the SCCs.

Our approach for cycle analysis in CHR is useful, however, only when regarding sufficiently large
programs, consisting of multiple cyclic subsets of rules. Our approach scales well, using first a SCC
analysis to make an initial estimate of the possible cycles of a program. Then, only afterwards for the
remaining components, a classification is obtained by computing the basis [5] of solutions. If empty, the
component is not a cycle, otherwise, it is a cycle and is analysed for termination.

Our representation of cycles can be used for more refined approaches to termination analysis of CHR
as well, e.g. approaches concerning dependency pairs [1] and Ramsey’s theorem [2]. Future work will
involve investigating whether these approaches to termination analysis can be ported to the CHR context.
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Abstract

In this note we present the Exponential Path Order EPO*. Inspired by a novel term rewriting
characterisation of the exponential time functions FEXP, this order is carefully trimmed so that we
believe that compatibility of TRSs implies exponentially bounded runtime complexity. Moreover,
the order is complete in the sense that every exponential time function can be expressed by a TRS
compatible with an instance of EPO*.

The work on EPO™ is still unfinished, but we strongly believe that above mentioned results are
correct.

1 Introduction

Bellantoni and Cook [4] define the class B as the least class of functions containing certain initial func-
tions, and which is closed under the schemes of safe recursion on notation and safe composition. In this
spirit, exactly the polytime computable functions FP are generated, i.e., the class B coincides with the
class FP. Unlike previous definitions of FP (for instance, the recursion-theoretic characterisation given
by Cobham [5]), the class B is defined without explicitly referring to any externally imposed resource
bounds. Instead, the strength of the recursion scheme is broken by a syntactic separation of arguments
positions into safe and normal ones. To highlight this separation, we write f(Z;%) instead of f(¥,%)
for normal arguments & and safe arguments 3. Suppose functions g, hg and h; as well as functions h, 7
and § are definable in B. Then a new function f is defined either by safe recursion on notation via the
equations

f(e,3:7) = g(Z:7)
o S oY SNR
JE) = hil=, B, /(2. 2:0). 1 € {0.1) CNF
or by safe composition via the equation
f(Z:7) = h(F(Z;);5(Z: 7)) - (SNC)

The purpose of the separation is to disallow recursion on recursively computed results: The recursion
parameter in (SNR) is taken from a normal argument position, whereas the recursively computed result
f(z,2;7) is substituted into a safe argument position of the stepping function h;. For instance, it is not
possible to define an exponentiation like function exp via the equations

double(e) =€ double(zi) = double(z)ii exp(e) =1 exp(zi) = double(exp(z)) .

Since the function double is defined by recursion, the single argument of double needs to be normal.
Consequently, the function double cannot be used in the definition of exp. The additional restrictions
on argument positions imposed by scheme (SNC) ensures that safe arguments cannot influence normal
ones.

Inspired by the results of Bellantoni and Cook, Arai and the second author define in [1] the class N
as the least class containing the initial functions of B and that is closed under the (modified) scheme of
safe composition

f(&9) = h(ziy,..., 2,52 7)) , (SNCp)

* This research is supported by FWF (Austrian Science Fund) projects P20133.
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and safe nested recursion on notation

f@35) = 9(@:7) (SNRN)
J (01, 2537, f (01, B L z) (03, 7, f (03, 3:0))))) -

In the recursion scheme, recursion is preformed simultaneously on multiple arguments. The functions
h+(z) and 7_5;(5) are previously defined functions, chosen in terms of 7(Z) € Z’g where £ is the length of
Z (Z'g refers to the set of binary strings of length k). Further, vj and v5 are unique predecessors of Z
defined in terms of 7, satisfying 0] <jex Z and v3 <jex Z. Observe that the scheme (SNRN) is a syntactic
extension of the scheme (SNR). Note also, that the modification of safe composition is necessary as
FEXP is, opposed to FP, nor closed under composition. For missing details on the definition of the
scheme (SNRN) we kindly refer the reader to [1]. Instead, we give an illustrating example. The simplest
exponentially growing function definable by safe nested recursion on notation is

fley) =yl flzisy) = f(z; f(z3y)) (i=0,1).

Then it can be verified that f(z;y) = ylzm where 1" denotes n times concatenation of the symbol 1. Let
FEXP denote the class of functions computable in exponential time. In [1] it is proved that the class A/
coincides with FEXP . As a consequence, we conclude f € FEXP for above defined function f.

Hofbauer has shown that multiset path orders (MPOs for short) induce primitive recursive bounds
on the length of derivations (see [7]). The schemes of safe recursion on notation suitably tames primitive
recursion so that only polytime computable functions are generated. Combining those two observation,
Moser and the first author have shown that the separation of safe and normal argument positions can
suitable tame MPO so that the induced innermost runtime complexity is polynomially bounded (see [2]
for the polynomial path order POP*, a restriction of MPO). Here the runtime complexity of a TRS
measures the maximal number of rewrite steps as a function in the size of the initial term, where the
initial terms are basic terms, i.e., of the form f(¢,...,t,) for constructor terms ¢;. More precisely,
define the derivation height of a terminating term ¢ with respect to a finitely branching and well-founded
relation — as

dh(t,—)=max{l|t —t; = —ts}.

Let -5 denote the innermost rewrite relation as induced by a TRS R. Then the innermost runtime
complexity of a terminating TRS R is defined as

rcy (n) = max{dh(t, 5 ) | t is basic and |t| < n} .

In this paper we present the exponential path order EPO*, a miniaturisation of the lexicographic path
order (LPO for short). We hope that the same idea exploited in [2] carries over to this miniaturisation, in
the sense that by enforcing the scheme of safe nested recursion on notation the multiple recursive bound
on derivation lengths induced by LPOs (see [8]) can be broken down to exponential bounds on innermost
derivations, whenever the starting term is basic. Hence we aim for an order that

1. induces exponential bounds on the innermost runtime complexity of compatible TRSs, and

2. that is complete in the sense that every exponential time function is expressible by a TRS compat-
ible with EPO*.

Up to now, we are able to verify the second property. The first property still needs further investigations.

I A function may even be defined by safe nested recursion on notation with more than two nested recursive calls. In fact, at
least three layers are needed to capture the class FEXP, compare [1]. We avoid this complication to simplify the presentation.
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2 Exponential Path Order EPO*

In this section we present the exponential path order EPO*. We fix a finite but else arbitrary signature F,
partitioned into defined symbols D and constructors C. We use 7= > W~ to denote an admissible quasi-
precedence, i.e. a quasi-precedence where constructors are minimal. The separation of safe and normal
argument positions is taken into account by the notion of safe mapping. A safe mapping safe is a function
that associates with every n-ary function symbol f the set of safe argument positions. For constructors
f € C we require that all argument positions are safe. The argument positions not included in safe( f) are
called normal and denoted by nrm(f). To simplify the presentation, we write f(t;,,...,ti;tj,.-.,t;)
for the term s = f(ty,...,t,) with safe(f) = {iy,...,ix} and nrm(f) = {j1,...,51}. We use =~ to
denote term equivalence as induced by 7~. Moreover, we suppose =5 respects the separation of argument
positions, compare [3].
The exponential path order EPO™ >0, is based on an auxiliary order Jepos defined as follows.

S; t
(1) L =epox feCandsomel <i<m
f(slv"')sl;sl—‘rlv"wsm) :lepo*t
S; - t
(2) L =°Por feDandsome 1 <i<I
F(S1, 3815814153 5m) Tepox t

Here Jepox := Tepox URs. The split into two orders is necessary, as we must carefully control compo-
sition and recursion of functions according to the schemes (SNC;) and (SNRN). Note that due to the
restrictive definition of case (2), one can show f(Z;%) Jepox Zi, but one cannot show f(Z;7) Jepox Yi-
Based on the auxiliary order Tepo., We define for s = f(sy,...,5155141,...,5m) the exponential path
order EPO* > ¢y, as follows.

S > t .
(1) e for some 1 <i<m
f(S],...,Sl,Sl+1,...,Sm) >epo*t
(2) S Jepox U1+ § Jepox Lk S >epox tk+1 *** S epox tn for > g
f(S],...,Sl;Sl+1,...,8m) >epox g(tl,...,tk;tk+1,...,tn)
(3) S1=1t1 - S1=1i—1 S; Jepox ti S Tepox Lit1 *** S Tepox LI S epox Lk+1 "+ S epox In
f(sl,...,sl;slﬂ,...,sm) >epo*g(t1,...,tk;tk+1,...,tn)

for f ~ g and some 1 < i < min(l,k)

It is easy to see that TJepox € >epox & >Ipo, hence compatibility of a TRS with >¢p0, implies ter-
mination, and moreover, a multiply recursive bound on the length of derivations [8]. Note that in order
to ShowW s >epox g(t1,- .- tkitht1, ... tn) Dy case (2), we need to prove s Tepox t; for 1 < i < k instead
of 8 >epox ti. By the above observation on >¢poy, We can only compare normal arguments of s with ;.
This is in accordance with the scheme (SNC»).

In [6], the second author introduces the exponential path order EPO, a restriction of LPO that induce
exponential bounds on the innermost runtime complexity of TRSs. Although the order is complete for
FEXP in principle, its application is very restricted on naturally formulated TRSs. The idea of the current
research on EPO™ is to lift this limitation. Besides the order EPO, a term rewriting characterisation R s
of the class FEXP is presented [6]. This characterisation is inspired by the schemes from [1], we use
it below to show completeness of EPO*. The scheme of rewrite rules R zs consists of the rules drawn
below. For clarification of this scheme of rewrite rules, we kindly refer the reader to [6]. Binary words
are formed from the constructor symbols e, S and S;. The function symbols O*+, IfJ,P, C correspond
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to the initial functions of the class A. The function symbols SUB|g, i1, ..., i, l_i] are used to denote the
function obtained by composing functions g and h according to the scheme (SNC;). Finally, function
symbols SNRN]g, hwr,t;/, S (W' € Zg)] correspond to the functions defined by safe nested recursion
on notation in accordance to scheme (SNRN). We highlight the separation of safe and normal argument
positions directly in the rules.

AN N N N N N/ /S~
AN N AW N =
M’ Y~ Y Y~ Y ' ~—
}-U
—~
n
Y
.
8
N—
S—
8

C(;€,50,91) = Yo
C(:Si(s2),y0,y1) = W1

~

—

SUB[nga?zka](f?g) — g(:vlwawlk’h(f’g))
SNRN(g, huy, o, sur (W' € £6)](€,2:7) — g(Z:7)

—~
—
S O

[52(03, 27, SNRN[g, hyt trs 500 (w' € Z8)] (63, 357)) /6] ij € {0,1}, for 1 <j <k

In (10) we use v7 and v3 for specific predecessors of the arguments to SNRN[g, Rt s Sy (w' e Z’g )],
compare the scheme (SNRN). By the results of [1], it follows that for each f € FEXP there exists a finite
restriction Ry C R ns such that R ; computes the function f (compare [6]).

Theorem 1. Let Ry be a finite restriction of Ryr. Then R C >epox for some instance of EPO*.

Proof. Define lh(g) for symbol g appearing in R as follows. Set Ih(g) =1 for g € {o*! 18 P C}.
Define
1h(SUB|g,i1,...,ik,h]) = max{lh(g),Ih(h)} +1
and
Ih(SNRN[g, by, tur, sar (w' € Z§)]) = max{lh(g),1h(t.),lh(sgy) |w' € Z6} +1.

Define the safe mapping safe as indicated by the schemata R s, and define f > ¢ in the precedence if
Ih(f) > 1h(g). Then it can be shown that R + C>epox- We show the most interesting case, namely we
orient the final rule. The general case easily follows from this. For notational reasons, we only consider
two levels of nestings, that is we show

F(Si,G21)s-- S G20) T3 7) >epox ho (U1, 33, F (01, s 1 (U3, 23, F (03, 75 7))))
where f abbreviate SNRN([g, Ay, tur, sur (0’ € £F)]. Set u := f(S;, (;21),.-.,Si, (:2x), ;7). By one
application of rule (1) in the definition of >¢po. We oObtain u >epox ¥; for y; € ¥, similar one application
of rule (2) of Tepox yields u Tepox ; for x; € Z. Recall that terms v3 encode <ex-predecessors of words
corresponding to terms Z (compare the remarks below scheme (SNRN)). From this observation we see
that for v3 = vy, ...,v; and some 1 <i < k,

Sil (zl) =V, Sii—l (2’1;1) = V-1, Slz(zl) —epox Vi and Sii+l (Zi+l) gepo* Vitly---y Sii+] (Zk) gepo* Vg -

4
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Thus by one application of rule (3) of >pox We are able to conclude u >epox f(032,Z;%). Note that by the
above inequalities, also © Jepox v; for 1 <4 < k, and thus due to rule (2) of >¢po, We further obtain

U > epox t;(’l)_é,f; zfj,f(v_ﬁ,:i"’; _')) .

Carrying over the observations on v3 to 91, the latter inequality gives us

- =

U >epo F(01, st (03, 23/, F (03, 5 )))
by another application of rule (3). We conclude with a final application of rule (2). O

We want to point out that compatibility with EPO* does not induce exponential runtime complexity.
Consider the TRS R consisting of the rules

dGz) = cGrz)  f(Oy) =y f(sGz)iy) = f(2:d(f(z:9))) -

Then R C>¢pox for the precedence f > d and safe mapping as indicated in the definition of R. Still, we
conjecture the following:

Conjecture 1. Suppose R is a constructor TRS compatible with >epox. Then the innermost runtime
complexity rcly (n) is bounded by an exponential.

Our belief in this conjecture is based on the proof of completeness of exponential path orders EPO as
put forward in [6]. Completeness of the order is shown by embedding derivations of finite restrictions of
Ry C Ry into EPO via suitable term interpretations. The definition of the employed term interpretation
takes the separation of safe and normal argument positions into account. By the close correspondence
between the scheme R nr with the ordering constraints imposed by >epo., compatibility R C>¢pox should
give enough information to embed R derivations into instances of EPO in a similar spirit. Whether this
truly holds is subject to further research.
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Abstract
In this note we present two proofs that the derivational complexity of the bits function is linear.
The first proof is intuitive but not very suitable for implementation while the second one has been
found automatically. Using the second proof idea allows the complexity tool (T to show linear
derivational complexity of the bits function for which no other current contemporary analyzer can
infer a polynomial upper bound. In the second part of this note we generalize the weight gap principle
of (Hirokawa and Moser, 2008).

1 Introduction

Hofbauer and Lautemann [5] consider the length of derivations as a measurement for the complexity
of terminating rewrite systems. The resulting notion of derivational complexity relates the length of a
rewrite sequence to the size of its starting term. Thereby it is, e.g., a suitable metric for the complexity
of deciding the word problem for a given confluent and terminating rewrite system (since the decision
procedure rewrites terms to normal form).

To show (feasible) upper bounds on the derivational complexity currently few techniques are known.
Typically termination criteria are restricted such that polynomial upper bounds can be inferred. The early
work by Hofbauer and Lautemann [5] considers polynomial interpretations, suitably restricted, to admit
quadratic derivational complexity. Match-bounds [2] and arctic matrix interpretations (AMIs) [7, 8] in-
duce linear derivational complexity and triangular matrix interpretations (TMlIs) [9] admit polynomially
long derivations (the dimension of the matrices yields the degree of the polynomial). All these methods
share the property that until now they have been used directly only, meaning that a single termination
technique has to orient all rules in one go. However, using direct criteria exclusively is problematic due
to their restricted power.

In the sequel we consider the TRS Ryjits (nontermin/AG01/#4.28 from [10])

half(0) — 0 bits(0) — 0
half(s(0)) — 0 bits(s(x)) — s(bits(half(s(x))))
half(s(s(x))) — s(half(z))

and present two proofs that the derivational complexity of the TRS Ry is linear, i.e., a term of size
n admits at most derivations of length O(n). This result is somehow surprising due to the last rule.
(Note that already a single rule f(g(x)) — g(f(z)) causes the derivational complexity to be quadratic.)
The first proof is presented in Section 3 and is based on a low level reasoning exploiting the structure
of the TRS Rpjts. Although the reasoning is intuitive it is hard to automate. The second proof given in
Section 4 builds on a recent result by the authors that allows to combine different complexity criteria for
a single TRS [11]. This approach is very suitable for implementation and linear derivational complexity
of the TRS Rp;its can be inferred completely automatically by our complexity analyzer GT.! Note that

* This research is supported by FWF (Austrian Science Fund) project P18763.
I'http://cl-informatik.uibk.ac.at/software/cat
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currently no other tool can show linear (not even polynomial) derivational complexity of the TRS Rp;ts.

After the presentation of the bits example we focus on the weight gap principle introduced in [4]. We
show in Section 5 how it can be generalized such that in principle arbitrary techniques can be plugged
in.

2 Preliminaries

We assume familiarity with rewriting [1]. A relative TRS R /S consists of two TRSs R and S with
the rewrite relation —/s=—73 - —®r - —3. The derivation length of a term ¢ with respect to a rela-
tion — and the set of terms is defined as follows: dl(¢,—) = max{m | Ju t =" u}. The derivational
complexity computes the maximal derivation length of all terms up to a given size, i.e., dc(n,—) =
max{dl(¢,—) | [t| < n}. Sometimes we say that R (R/S) has linear, quadratic, etc. derivational com-
plexity if dc(n, —r) (dc(n, —x/s)) can be bounded by a linear, quadratic, etc. polynomial in n. TMIs
of dimension one are called SLIs. For the remainder of this note we assume that TRSs are finite.

3 Hand-Made Proof

To simplify the presentation of the first proof of the linear derivational complexity of the TRS Rpits
we abbreviate s (0) by n and drop parentheses if no confusion can arise. At first we show that each
derivation induced by a term of the form bits n has at most length 3n. To this end we need the following
technical lemma.

Lemma 1. Let t = bitsn. If n =0 thent — 0. Ifn > 0 then t —>*% s bits 2.

Proof. We have t — s bits half n —"/2 s bits zhalf m — s bits 5 where m =0 orm = 1. O

Lemma 2. Let t = bits n. Then dI(t,—x) < 3n.

Proof. We restrict our attention to a special reduction. Since R is terminating (see [3, Example 5]) and
has the diamond property this is fine. Using Lemma 1 we obtain the finite rewrite sequence

t —2*72 sbits g —2% ssbits % LR L LEE g Rpits Ek
where k = [log(n)]. Since k < n we have
n 1
Y C+5)<2n+ne Y, 5 <3n
1<i<k
and hence dI(t, —% ) < 3n as desired O

At next we prove that each term of the form bits "'n admits at most linear derivation length. To prove
this claim we need the property that log'(n) < 3 if log'(n) > 0 for all n > 3 and 7 € N. This is show
below.

Lemma 3. For any n > 3 and i € N with log'(n) > 0 we have log'(n) < 5

Proof. We perform induction on i. If ¢ = 0 then n < J; = n. For the step case we claim that log(n) < 5
for all n > 3. Using the claim as well as monotonicity of log (on n > 0) we obtain:

log""(n) = log(log'(n)) <log(5;) < 5757
It remains to show that the claim is correct. We have log(n) < 5 < 2log(n) < n & 22log(n) L 27 &
2log(n)plog(n) < 21 oy .y < 2™ & 2 < 2™, The latter can be shown by an easy induction on n. O
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Lemma 4. Letn > 3 and t = bits"' n. Then dI(t,—r) < 6n+m.

Proof. First we assume that n is large enough such that all log’(n) are positive. By Lemma 2 we can
then estimate a sequence as follows:

t =S s bits™ ! log(n) —<3log(n) g ¢ pirgm—2 log?(n) L, SBlog?(n) |, <3log™(n) gm log™(n)

Using Lemma 3 we conclude that this sequence admits at most

n

1
i <3n+3n Z ?<6n

1<i<m

3n+ Y 3log'(n)<3n+ ) 3

1<i<m 1<i<m

steps. In the other case there is a k < m such that t — <" sk bits™ %0 —™~k sk (). Putting things together
finishes the proof. O

Since bits 4 admits longer derivations as bits 3, by Lemma 4 we obtain the following corollary.
Corollary 5. Let t = bits"* n. Then dI(t,—x) < 6n+m+24. O
Since the terms considered in Corollary 5 have longest derivations we obtain the next result.

Corollary 6. The derivational complexity of the TRS R is linear. ]

4 Automated Proof

Contemporary methods for proving the derivational complexity of TRSs (automatically) comprise match-
bounds [2], AMIs [7,8] and TMIs [9]. These criteria can be preceded by (complexity-preserving) trans-
formations. Usually one method must orient all rewrite rules strictly to deduce an upper bound on the
derivational complexity of a TRS. Our experiments revealed that none of the above methods can conclude
polynomial derivational complexity of the TRS Ry;s on its own. Recently [11] introduced a modular
approach that allows to combine different criteria for complexity analysis by relative rewriting. Suddenly
a polynomial (even linear!) upper bound on the derivational complexity can be inferred automatically.
We recall the main results that allow to handle the TRS Rpjts. The first theorem presented is one of the
main results from [11].

Theorem 7. Let (R1UR2)/S be a relative TRS and let t be a term such that t terminates with respect
to (R1UR2)/S. Then O(dI(t,—(r, ur,)/s)) = max{O(dI(t,—x, /s,)), O(dI(t, =R, /s,)) } - d

The next theorem generalizes the weight gap principle introduced in [4] to relative rewriting.

Theorem 8. Let (R1UR,)/S be a relative TRS, R be non-duplicating, and let M be an SLI such that
Ro C=pand S C = pq. Then for any R and M there exist constants K and L such that

K- dl(t7 _>731/(732US)) +L- |t| > dl(t7 (R URz)/S)
whenever t is terminating on (R1UR2)/S. O
Using the above theorems it is easy to show that the TRS Ry,;is admits linear derivational complexity.

Theorem 9. The derivational complexity of the TRS Ry;iis is at most linear.
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Proof. Obviously dI(t,—x) is equal to dI(t, —x /& ). By Theorem 8 with an SLI that counts the symbols
bits, half, s further progress is achieved and the derivational complexity of Rpjts/2 can be estimated by
analyzing the complexity of the rule bits(s(z)) — s(bits(half(s(x)))) relative to the other rules. For the
last step there is an arctic interpretation of dimension three, i.e.,

000 0$$ 0$0 0

bits 4(Z) = [ 003 | & half 4(Z) = | 0$$ | Z sa(z)=(012 |z Ou=1$

$00 0$$ 280 $
that orients the problematic rule strictly and the remaining rules weakly. Hence the derivational com-
plexity of the TRS Ry;ts is at most linear. ]

Note that the proof of Theorem 9 has been constructed automatically by (BT within a few seconds.
Furthermore we stress that the involved reasoning is on a higher level compared to the handmade proof.
This also eases the task of (automated) certification.

S Derivation Gap Principle

Based on the success of the modular complexity approach using relative rewriting, in this section we
aim to generalize the weight gap principle from [4] into the so-called derivation gap principle. Provided
that R satisfies some property, the new result allows us to establish an upper bound on the derivational
complexity of R US based on the derivational complexities of R /S and S.

Theorem 10. Let RUS be a TRS and t be terminating on R US. If there exists a constant A such that
foranyt —g swehave dI(t,—s) +A > dl(s,—s) then dc(n,—rus) € O(dc(n, —r/s) +dc(n, —s)).

Proof. We show that under the above assumptions there exists a constant K such that dl(s, —rus) <
K -dI(s,—g/s)+dI(s,—s). Consider a maximal derivation in R US, written as follows:

5= 50 &ty =R 51 = =R DR Sm = tm

Since the derivation is maximal we have dI(so, —rus) < dI(s0,—%/s) + Lo<i<m ki- Obviously we
have dl(so,—s) = dl(to,—s) + ko. Because dl(tg,—s) > dl(s1,—s) — A by assumption we obtain
di(sg, —s) = dl(s1,—s) — A+ ko. An easy induction proof shows dl(sg, —s) +m-A > Yoc;<m ki. Be-
cause m < dl(sg, —r/s) we have dl(so, —rus) < dl(s0, —r/s) +dl(s0,—s) +A-dl(s0,—r/s) which
can be simplified to dl(so, —rus) < (A+1)-dl(so, —r/s) +dl(s0, —s). Taking K = A+ 1 concludes
the proof. O

To implement the above theorem the question arises how to check that s —x t implies the desired
dl(s,—s)+A > dl(t,—s) for some constant A. Here the idea is to test dI(l,—s) +A > dl(r,—s) for
any | — r € R and demand that additionally C[l] 4+ A > C[r| and lo + A > ro holds for all contexts C'
and substitutions o. Note that dI(/,—s) can always be under-approximated by 0 while dI(r, —s) can be
over-approximated, e.g., by some interpretation of r.

As we know from [4] SLIs can be used to get a concrete instance of Theorem 10. Below we give
counterexamples that TMIs, AMIs, and match-bounds do not adhere to the derivation gap principle
without further ado. As future work we plan to restrict these criteria accordingly such that they become
applicable for Theorem 10. The TRS R US in the next example was proposed by Hofbauer [6].

Example 11. Consider the following two TRSs
R=A{c(L(z)) = R(z)}  §={R(a(z)) = b(b(R(x))),R(x) — L(x),b(L(x)) — L(a(x))}

We observe that the derivational complexity of R U is exponential because " (L(a(x))) —* L(a®" (z)).

4
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Furthermore the derivational complexity of R /S is linear (count ¢’s). Since the TMI M with

am(F) = <(1)(1)>§:'+ <?> bt (#) = (3)8>f+ (g) R (#) = (2)(3)>i’+ (é) Laa(&) = (éﬁ)f

orients all rules in S strictly—and hence gives a quadratic upper bound on dc(n,—xrus)—(in general)
TMIs cannot adhere to Theorem 10. The problem is that although there exists a A with dI(l, —s) +A >
dl(r,—g) for all | — r € R this property is not closed under contexts; if arbitrary TMIs are considered.
Similarly the AMI M 4 (inducing at most linear derivational complexity of S) with

@)= (33)7 @ (gg)e  Ru@=()r  u@-(g5)e

violates the same requirement in Theorem 10 as M7 above. A similar reasoning holds for match-bounds;
one easily verifies that the TRS S is match-bounded by 2.

Summary and Conclusion

In this note we gave two proofs that the derivational complexity of the TRS Ry is linear. The first
proof gives much insight into the reductions this system admits but the argument is hard for automation.
The second proof has been generated automatically, is formal but does not give much insight into the
system. The second part of the note generalized the weight gap principle of Hirokawa and Moser [4]. As
future work we plan to investigate restrictions of TMIs, AMIs and match-bounds such that they adhere
to Theorem 10.
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Size-change terminatioh [115] is a widely used mehahs| |2, /518417 [ 19, 20] of showing termination
of programs after an abstract interpretation to size-changphs has been applied.

While the use of program abstractions in termination amslisswidely considered indispensable
for reasons of performance, it inevitably also comes withrieep Loss of precision. That means that
although the concrete program is actually terminatingalitstraction (which over-approximates the be-
havior of the program) can be non-terminating, or at leasteitmination can be too hard to show auto-
matically.

Even worse, there is a plethora of possible abstractionghath we decide on a single one before
attempting the actual termination proof. While in some sasech a “one size fits all” choice of ab-
straction actually suffices for a successful terminatiomofire.g., using size-change termination, this
approach often is far too coarse. It would be significantligdvef one had an oracle that automatically
selected an abstraction that is tailor-made for the cugreised proof method in order to succeed on the
program in question.

Such an approach is actually rather common for automatetirtation proofs of term rewrite sys-
tems using the modular DP framewolk[[1, 9] 11, 12]. Here fohgmoof step, a different abstraction can
be chosen, e.g., polynomial interpretatians [8], matrteipretations(]7, 13], Knuth-Bendix-ordefs [21],
or recursive path ordersl[4,[6.118]. In the last years, theraation of the search for suitable abstractions
has made huge steps forwards by solving the arising seantitepns via carefully crafted reductions to
SAT. This is a feasible approach since in practice theselgmubare all in the complexity class NP.

In size-change termination, however, an additional chgheis that the question whether a program
is size-change terminating even fogi@enabstraction is already PSPACE-complete. Hence, one cannot
expect the combined problem fifiding a suitable abstraction that allows to conclude size-chéagei-
nation to be any less difficult. However, in recent wdrk [3grBAmram and Codish present a method
of automating an NP-complete fragment (call®@NBP of this PSPACE-complete termination criterion
efficiently using SAT solving, which suffices to capture mpstctically interesting problem instances.

By coupling these ideas, we can combine the search for araatish and for the size-change termi-
nation argument by encoding the two problems into a singl€ @étance. In this way, the problem of
choosing the right abstraction for concluding size-chategmination is solveaén passanby the SAT
solver.

We show that for the setting of term rewriting, the integmatof this approach into the DP framework
works very smoothly. Indeed, the combination of size-cleateymination (resp. SCNP) and a SAT
encoding for a class of abstractions gives rise to a new ofagsluction pairs which we catize-change
reduction pairs A major benefit of this is that we can now use size-changeitetion as a modular
ingredient of the reduction pair processor, which is thempaoof engine of the DP framework and has
been refined numerous timés[19] L1, 12] over the last years.

We have implemented size-change reduction pairs in theirtation proverAProVE [10]. Our
experiments indicate that using size-change reductiors gads to significant benefits over the earlier
attempt of porting size-change termination to the realmegfethdency pairs for term rewriting 120].

This is not surprising since_[20] only supported considgriifferent abstractions via two-stage
generate-and-test approaches, which tend to be hopelesélicient in many cases. Moreover, [20]
also required that size-change termination be used as thlesfap even when used in the modular DP
framework, i.e., a modular deletion of only some depend@airs was not supported in this setting. This
restriction is also present in theertification problem format (CPEFan XML format used to represent

*Supported by the G.I.F. grant 966-116.6, the DFG grant GI5224and the Danish Natural Science Research Council.



Lazy abstraction for size-change termination Codish, FGiesl, Schneider-Kamp

termination proofs in a machine-readable way such that taeybe certified via a dedicated theorem
prover. To date, also here size-change termination is agparted as a final step in an otherwise mod-
ular termination proof and it cannot be employed as an ireeliate step to allow for other methods

afterwards. With the contribution of size-change reducpairs, these two major disadvantages of this
earlier adaption of size-change termination to term rémgibave now been overcome.

Our contribution is not restricted to term rewriting, thdugAlso for other settings like termination
proofs for logic programs or for imperative programs, catradvances in SAT and SMT solving how
allow for applying abstractions only when and where theyrasdly needed, as opposed to premature
abstraction, which is still customary in many approaches.
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Abstract

We study the derivational complexity induced by the dependency pair method, enhanced with the
dependency graph refinement and the subterm criterion, allowing relative removal of rules, for base
orders inducing linear derivational complexity. If relative rule removal is allowed, we get a multiply
recursive upper bound, otherwise the bound is primitive recursive.

1 Introduction

We assume familiarity with term rewriting (see [3} 2, [16]]) and the dependency pair method (cf. [1} 16, [7,
8, [17]). Let R be a finite TRS over the set of terms T(F, V) built over the signature F' and variables V.
Let D C F denote the set of defined symbols. We use DP(R) and DG(R) to denote the set of dependency
pairs of R and the dependency graph of R, respectively. We use DP problems as defined in [6} [17]], and
we write (P,R) to abbreviate DP problems of the shape (P,0,R, m) (in the notation of [6] [17]).

In this extended abstract, we extend our recent results from [13} [14]. We investigate the derivational
complexity of TRSs whose termination is shown by a restricted set of proof methods. Recall the defini-
tion of the derivation height of a terminating term ¢ with respect to a finitely branching rewrite relation
—, and the derivational complexity function of a terminating TRS R:

dh(t,—) =max{n | It s —" t} dcg(n) = max{dh(z,—g) | [t| < n}

We show upper bounds on the derivational complexity of TRSs whose termination is proved by the
following, well-known results:

Proposition 1 ([1]). R is terminating iff for each strongly connected component (SCC) P of DG(R), the
DP problem (P,R) is finite.

Proposition 2 ([6]). A DP problem (P,R) is finite iff there exist P' C P and a reduction pair (2,,>) such
that P\ P' C >, P"UR C 2, and the DP problem (P',R) is finite.

Proposition 3 ([8,17]). A DP problem (P,R) is finite if there exist P' C P and a simple projection T such
that (1) > ©t(r) for each dependency pair | — r in P\ P, n(l) & n(r) for each dependency pair | — r
in P, and the DP problem (P',R) is finite.

To motivate this study, we give two examples that provide a lower-bound on the derivational com-
plexity induced by Propositions[I]and[2] or Propositions [T]and [3]

Example 4. Consider the following TRS R, taken from [[11]]:
i(x) o (yoz) =xo(i(i(y) o 2)

i(x)o(yo(zow)) =xo(zo(yow))

It is shown in [11] that dcg is not primitive recursive. As already stated in [4]], termination can be
easily proved as follows: first, we consider the reduction pair induced by the polynomial algebra A with
og (x,y) =y, oa(x,y) = y+ 1 and ia(x) = 0, which allows us to remove three of the five dependency
pairs of R by Proposition[2] Next, we apply the reduction pair induced by the polynomial algebra B with

o% (x,y) =x, og(x,y) =0, and ig(x) = x+ 1 and conclude termination of R.

*Partly supported by FWF (Austrian Science Fund) project P20133-N15.
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We write > /2 to abbreviate the relation >* - >~ - >* (compare [5]]). Note that the reduction pairs
employed in Example @ induce linear derivational complexity, that is, the function dh(rf, = />) grows
only linar in |¢|.

Example 5. Consider the following family of TRSs, denoted as R(k), parametrised by k (k > 2), which
encode the k-ary Ackermann function Acky.

Ackg(0,...,0,n) — S(n)
Acki(liy. .., lk—2,S(m),0) — Ackg(l1,...,lr—2,m,S(0))
Ackg(l1,. .. lk—2,5(m),S(n)) — Acki(l1,. .., lk—a,m,Ackk(l1,.. . ,lk—2,5(m),n))
Ackg(ly,...,1i-1,5(1;),0,...,0,n) — Ackg(ly,...,l;,n,0,...,0,n)

Termination of R(k) can be shown by k applications of Proposition [3| with ﬂ;(ACkIj() = i, where 7; is the
simple projection used in the ith application of Proposition 3]

These examples show that Propositions I} [2] and [3|admit much higher derivational complexities than
the basic dependency pair method, which (as shown in [13]]) only admits a triple exponential upper bound
(for reduction pairs which induce linear derivational complexity).

Still, we can show that the derivational complexity of TRSs whose termination is proved using these
propositions is bounded by a multiply recursive function. In the next section, we give a sketch of this
proof for the case that only Propositions [T] and [2] are applied, where we assume that the reduction pairs
employed induce at most multiple-recursive complexity. Note, however that our approach can be ex-
tended to termination proofs which additionally employ Proposition 3]

2 Proof of the Upper Bound

We start by ordering the (trivial and nontrivial) SCCs of DG(R) by assigning a rank to each of them. Let
P, Q denote two SCCs. We call Q reachable from P if there exist nodes u € P, v € Q and a path in DG(R)
from u to v. For the remainder of this paper, let k be the number of SCCs in DG(R), A the maximum
arity of any function symbol occurring in R, and C := max{2} U{dp(r) |l — r € R}. Consider the set of
all bijective mappings from the set of SCCs of DG(R) to {1,...,k} with the property that rk(P) > rk(Q)
whenever Q is reachable from P in DG(R). We fix an arbitrary one of these mappings to be rk. We call
rk(P) the rank of an SCC P. The rank of a position p in a term u such that (u|,)* & NF(P/R) for some
SCC P is defined by rk(u, p) := max{rk(s — ) | 3o (u|,)* —} so'}, where the rank of a dependency pair
s — t, denoted by rk(s — ), is the rank of P such thats — ¢ € P.

In the following we write P; for the unique SCC with rank i. Let £ be a natural number (the maximum
number of applications of Proposition 2| for any SCC), and split each SCC P, of DG(R) into ¢ (possibly
empty) disjoint parts P, 1,...,F;¢. The intuition behind this split is that P; ; contains the dependency pairs
removed by the jth application of Proposition 2] within SCC P,. Finally let g be a monotone function over
N with g(0) > 0 and

dh(t*,—,

).

,,/RUU, ey ) < g

where 1 <7<k, 1 < j</{. Note that the function g can be inferred from the used reduction pairs.

In the sequel of this section, we show that dcg is multiply recursive whenever the function g is
multiply recursive. To this end, we make use of a simulating TRS R’ (depending on k, A, C, and the
function g). The idea behind R’ is that it can simulate any derivation of R, and can thus be employed to
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show that dcg is multiply recursive. We define the mapping dh*: T(F,V) — N x N as follows:

(i,dh(;ﬁ,—>(B_J/RUU§:2&IA)),...,dh(rﬁ,ﬁ(ﬂ‘(m)) if #* ¢ NF(P/R) Ark(t,p) =1,
dh*(r,p) =< (0,...,0,1) if 1 € NF(DP(R)/R) Art(t],) € D,
(0,...,0) otherwise .

Note that, if dh’ (¢, p) = (i, i1,...,i¢) with i > 0, then max{iy,...,i;} > 0, as well. We give some intuition

for this definition. Consider an arbitrary SCC P, a term ¢ and a position p in ¢ such that rk(t|,) =

i. Suppose that ¢, is not in normal form with respect to P;/R. Then for once, we need to estimate

dh(tﬁ’H(P,-j/RuU‘;, P ,-/)) forall j € {1,...,¢}. On the other hand the case that |, € NF(DP(R)/R) has
: i1 P

to be accounted for. For any rewrite step applied to # with redex position p, and any position p’
by that step we have dhf(z, p) > dhf(t, p') in both cases.

The simulating TRS R’ is based on a mapping tr such that s —g 7 implies tr(s) —5 tr(r). Given a
term ¢, tr essentially assigns to each position p of ¢ an A 4 f-ary function symbol f;. The index i of f; and
the first £ arguments are used to represent dh®(z, p).

created”

Definition 6. Let t = f(t1,...,t,) and (i,iy,...,i¢) = dh*(¢*). Then the mapping tr : T(R) — T(R') is
defined as follows: tr(t) = f;(S(0),...,S%(0),tr(t1),...,tr(t,),b,...,b).

Here we write S"(0) as abbrevation for S(---(S(0))) (n times S). Note that if f is a constant, that is,
t = f, then tr(¢) = f;(S"(0),...,5S"(0),b,...,b). To simplify the presentation, we compress sequences
of b to b. Similarly, we use X for sequences of x.

The main tool for achieving the simulation of a rewrite step s —p ¢ are rules which create the proge-
nies (as defined in [13]]) of the redex position p of the step. The set of progenies of p contains at most
A+ many elements, and each proper subterm of ¢| » may be duplicated at most that many times. In
order to write down the right hand sides of these rules concisely for arbitrary A and C, we make use of

some abbreviations. We define the shorthand ¥ for (x1,...,x4). Moreover, we define M (ny,...,n;,X) as
follows:
0 oL -
M; (ny,...,np,%) :=1i(n1,...,ne,X)
+1 . j o j o
Mmoo, X) =i, e, MY (ny g, %), M (ny g, X))

We also define following abbreviation X (X): X (¥) = g(size(0,...,0,X)).
Finally, we are in the position to present the rules of the simulating TRS R’

Definition 7. Consider the following (schematic) TRS R, where i € {0,....k}, i’ € {1,...,k}, j €
{1,....0}, and j € {1,...,A}.

lij: fi(nl,...,nj,l,S(nj),njH,...,ng,)_c')HMIC(nl,...,nJ,X()_C'), , X(X),X)
2 fr(n,...,n0,%) — fi_1(X(X),..., X (X),%)
3 size(fi(n1,...,ne,X)) — da(size(xj))
4 size(b) — S(0)
5 da(S(x)) — $*(da(x))))
6 da(0)—0
7 fo(ni,...,ne,X) — b
8ij fi(ni,...,np,X) — xj
9 flx) = (X (%), ..., X(x),%)
10 z— fi(X(b),...,X(b),b)
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These rules are augmented by rules defining the function symbol g, that is, we choose some finite
TRS R" (employing disjoint defined function symbols with the exception of g) such that S and 0 are
constructor symbols, and the unique normal form of g(S"(0)) is S8 (0) (with respect to R").

Recall that it is not difficult to define a suitable TRS R”, whenever g is computable. Moreover,
whenever g is a primitive recursive function, it is possible to give such a TRS R”, whose termination can
be shown by the lexicographic path order (LPO).

We motivate the rules of R’. The rules 1, ; are the main rules for the simulation of the effects of a
single step s —x ¢ in R'. One rewrite step in s with redex position p creates at most A*! many new
positions p’ with dh®(z, p) >'** dh®(z,p’), and the subterms of ¢|, are duplicated at most A°*! times.
Observe that a decrease in the jth argument of f; may “reset” the value of arguments j+ 1 to ¢, which
explains the occurrence of the values X (X) on the right hand side of these rules. The rules 2; simulate
that each of the new positions ¢ created by s — ¢ might be of rank j (i’ > j). The rules 3; s—6 define
the function symbol size, that is, size(s) reduces to a numeral S'(0) such that / > |s|. The rules 7-8; j
make sure that any superfluous positions and copies of subterms created by the rules of type 1; ; can be
deleted. Finally, the rules 9 and 10 guarantee that the simulating derivation can be started with a small
enough initial term (see also the second part of Lemma [§| below). Recall that the function dcg bounds
the relationship between |¢| and dh(7,—g/), and in general it is not the case that |tr(s)| < |s|, hence we
need the second part of Lemma §]

Lemma 8. For any ground terms s and t, s —g t implies tr(s) — 3 tr(t). Moreover, for any ground term
t, we have fII=1(z) — 1 tr(1).

Lemma [§] yields that the length of any derivation in R can be estimated by the maximal derivation
length with respect to R'. It remains to verify whether R’ has multiply recursive derivational complexity.
Whenever g is a multiply recursive function (hence also whenever g is a linear function), it can be
encoded by a set of LPO-orientable rules, and then R’ can be oriented by LPO. Then by [19] dcg is
bounded by a multiply recursive function.

Theorem 9. Let R be a TRS whose termination is provable by Propositions[Ijand 2| Moreover, assume
that for any reduction pair (2,>) used in any application of Proposition |2| there exists a multiply
recursive function g such that dh(t,>-/2) < g(|t|) for all terms t. Then dcg is bounded by a multiply
recursive function.

For the special case that £ = 1 (which means that in each SCC of DG(R), exactly one application of
Proposition [2]is needed, which removes all dependency pairs in that SCC at once), the general ramified
lexicographic path order (GRLPO), a restricted version of LPO which has been introduced by Weier-
mann in [18]], can be used instead of LPO in the above argument. Then by [18]], dcg is bounded by a
primitive recursive function.

With some modifications, the considerations made in this paper can be extended to additionally allow
the use of Proposition [3]in the termination proof of R. Our main result remains the same for this setting:

Theorem 10. Let R be a TRS whose termination is provable by Propositions and |3} Moreover,
assume that for any reduction pair (2, >) used in any application of Proposition there exists a multiply
recursive function g such that dh(t,>/2) < g(|t|) for all terms t. Then dcg is bounded by a multiply
recursive function.

This concludes that termination by the restricted version of the DP framework outlined by Proposi-
tions[I} [2]and [3|induces multiply recursive derivational complexity. This constitutes a first, but important,
step towards the analysis of the (derivational) complexity induced by the DP Framework. In this context

4
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it seems important to emphasise that currently no reduction pairs are known which induce non-multiply
recursive complexities for finite TRSs.

This leads us to the conjecture that for termination proofs (within the DP framework) based on any
of the currently known DP processors the induced derivational complexity of the initial TRS will be
multiple-recursive. As a corollary to the conjecture we would obtain a proof that none of the techniques
underlying current termination provers is in theory powerful enough to prove termination of Dershowitz’s
system TRS/D33-33, aka the Hydra battle rewrite system (see [3, [12]).

Future work will concentrate on this conjecture as well as an analysis of the DP framework from the
point of view of runtime complexity analysis (see [9, (10, [15]]).
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Abstract

Polynomial interpretations are a useful technique for proving termination of term rewrite systems.
They come in various flavors: polynomial interpretations over N, Q and R. In this note we show that
there are term rewrite systems that are polynomially terminating over N and R, but not over Q.

1 Introduction

Polynomial interpretations are a simple yet useful technique for proving termination of term rewrite
systems (TRSs, for short). They were introduced in 1979 by Lankford [3]], who considered polynomial
algebras over the well-founded domain of the natural numbers N, and in the same year, Dershowitz [1]]
proposed an alternative approach based on polynomial algebras over the real numbers R. However, as the
real numbers equipped with the standard order >R are not well-founded, a subterm property is explicitly
required to ensure well-foundedness. In 2005 this limitation was overcome, when Lucas [4] presented
his framework for proving polynomial termination over the real and rational numbers. Thus, one can
distinguish three variants of polynomial interpretations, polynomial interpretations over N, Q and R, and
the obvious question is how they are related when it comes to termination proving power. Combining the
results of Lucas [5] and our recent results in [6] we arrive at Figure[I] The remaining question is whether
the area depicted in red is inhabited, i.e., are there TRSs that are polynomially terminating over N and
R, but not over Q? In this note we give an affirmative answer to this question.

2 Preliminaries

We assume familiarity with the basics of term rewriting and polynomial interpretations. Given some
N € {N,Z,Q,R} and m € N, >y denotes the standard order of the respective domain and N,, := {x €
N | x > m}. For any ring R (e.g., Z, Q, R), we denote the associated polynomial ring in n indeterminates
Xl yXn DY R[x1,...,x,]. In the special case n = 1, a polynomial P € R[x] can be written as follows:

\

terminating TRSs

Figure 1: Comparison.
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P(x) = Zi:o a;x*. For the largest k such that a; # 0, we call a;x* the leading term of P, ay its leading
coefficient and k its degree, which is denoted by deg(P) = k. A polynomial P € R[x] is said to be linear
if deg(P) = 1, and quadratic if deg(P) = 2.

The key concept for establishing (direct) termination of TRSs via polynomial interpretations is the
notion of well-founded monotone algebras as they induce reduction orders on terms. Let .7 be a signa-
ture, i.e., a set of function symbols equipped with fixed arities. A (well-founded) monotone .7 -algebra
(&7 ,>4) is anon-empty algebra o7 = (A,{fa} re#) together with a (well-founded) order >4 on the car-
rier A of o/ such that every algebra operation fj is strictly monotone in all arguments, i.e., if f € .# has
arity n > 1 then fa(ai,...,a;,...,ay) >a fa(ai,...,b,...,a,) for all aj,...,a,,b € Aand i€ {1,...,n}
with a; >4 b. Moreover, every function symbol f € .% is said to be interpreted by its associated inter-
pretation function f4. Given a monotone algebra (.7, >4), we define the relations >, and > ., on terms
as follows: s = 1 if [0 7 (5) >4 (@] (f) and s = 1 if (@] o7 (5) >4 [0 (2), for all assignments & of
elements of A to the variables in s and ¢ ([¢] 7 (+) denotes the usual evaluation function associated with
the algebra 7). If (o/,>4) is a well-founded monotone algebra, then >, is a reduction order. It is
well-known that well-founded monotone algebras provide a complete characterisation of termination: A
TRS Z is terminating if and only if it is compatible with a well-founded monotone algebra (<7, >4),
that is, [ >, r for every rewrite rule  — r € %.

A polynomial interpretation over N for a signature .7 consists of a polynomial fy € Zlx;,...,x,| for
every n-ary function symbol f € .%, such that the following two properties hold:

1. well-definedness: fx(xi,...,x,) € Nforall xj,...,x, €N,
2. strict monotonicity of fy in all arguments with respect to >, the standard order on N.

Now (N, {fn}secz,>n) is a well-founded monotone algebra, and we say that a polynomial interpreta-
tion over N is compatible with a TRS Z if the well-founded monotone algebra (N, { fiv}re.z,>n) is
compatible with Z; in this case, Z is said to be polynomially terminating over N.

If one wants to extend the notion of polynomial interpretations to the rational or real numbers, the
main problem one is confronted with is the non-well-foundedness of these domains with respect to the
standard orders >q and >g. In [2, 4], this problem is overcome by replacing these orders with new
non-total orders >p s and > s, the first of which is defined as follows: given some fixed positive real
number 8, x >p sy : <= x—y > O forall x,y € R. Analogously, one defines >¢ s on Q. Thus, > 5
(>q,5) is well-founded on subsets of R (Q) that are bounded from below.

A polynomial interpretation over R for a signature .% consists of a polynomial fg € R[xi,...,x,] for
every n-ary function symbol f € .# and some positive real number 8 >p 0, such that:

a) well-definedness: fg(x,...,x,) € Ry for all xi,...,x, € Ry,
b) strict monotonicity of fg in all arguments with respect to >p s, the restriction of > 5 to Ro.

Analogously, one defines polynomial interpretations over Q by the obvious adaptation of the definition
above. Again, (Ro,{fr}fez,>r,s) and (Qo,{fo}sez,>q,s) are well-founded monotone algebras,
and we say that a TRS is polynomially terminating over R (Q) if it is compatible with such an algebra.

3 Main Result

In this section we present a TRS that is polynomially terminating over both N and R, but not over
@. In order to motivate the construction underlying this TRS, let us consider the following quantified
polynomial inequality

Vx (2x*—x)-P(a) >0 (%)
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where P € Z[ad] is a polynomial with integer coefficients, all of whose roots are irrational and which
is positive for some non-negative integer value of a. To be concrete, let us take P(a) = a®> — 2 and
try to satisfy in N, Qg and Ry, respectively. To this end, we observe that a := /2 is a satisfying
assignment in Ry. Moreover, ()) is also satisfiable in N by assigning a := 2, for example, and observing
that the polynomial 2x?> — x is non-negative for all x € N. However, () cannot be satisfied in Q as non-
negativity of 2x? — x does not hold for all x € Q and P has no rational roots. To sum up, () is satisfiable
in N and Ry, but not in Qy. Thus, the basic idea now is to design a TRS containing some rewrite rule
whose compatibility constraint reduces to a polynomial inequality similar in nature to («). To this end,
we rewrite the inequality (2x*> —x) - (a*> —2) >0 to

2a%x% + 2x > 4x* + a’x

because now both the left- and right-hand side can be viewed as a composition of several functions, each
of which is strictly monotone and well-defined. In particular, we identify the following constituents:
h(x,y) := x4+, r(x) := 2x, p(x) := x? and k(x) := a’x. Thus, the above inequality can be written in the
form

h(r(k(p(x)));r(x)) = h(r(r(p(x))), k(x)) (%)

which can easily be modeled as a rewrite rule. (Note that r(x) is not strictly necessary as r(x) = h(x,x),
but it gives rise to a shorter encoding.) And then we also need rewrite rules that enforce the desired
interpretations for the function symbols h, r, p and k. To this end, we leverage the techniques presented
in [6], in particular the method of polynomial interpolation. The resulting TRS will be referred to as %,
and it consists of the following rules:

f(g(x)) — g(F(x)) (1) 5(0) — p(0) (15)
g(s(x) — 2(g(v)) @) $2(0) — p(s(0)) (16)
5(x) — h(0,x) 3) p(s(0)) — 0 (17)
5(x) — h(x,0) (4) $3(0) — p(s3(0)) (18)
f(0)—0 5) p(s*(0)) —°(0) (19)
s*(0) — f(s(0)) ©) h(p(x),g(x)) — p(s(x)) (20)
f(s(0)) — s(0) ™
h(F(x),g(x)) — F(s(x)) ®) 20 KO o
e 202 —slkip@) (22
B s(k(p(a))) — p(a) 23)
s(0) — r(0) an g(x) — k(x) (24)
$3(0) — r(s(0)) (12) a0 (23)
r(s(0)) — 5(0) (13)
g(x) — r(x) (14) | | s(h(r(k(p(x))),r(x))) — h(~(p(x)),k(x)) (26)

Each of the blocks serves a specific purpose. The largest block consists of the rules - and is
basically a slightly modified version of the main TRS of [6l Section 4]. These rules ensure that the
symbol s has the semantics of a successor function x — x4+ sg. Moreover, for any compatible polynomial
interpretation over Q (R), it is guaranteed that s is equal to &, the minimal step width of the order > 5.
In [6]], these conditions are identified as the key requirements for the method of polynomial interpolation
to work in this setting. Finally, this block also enforces h(x,y) := x+y. The next block, consisting of
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the rules — (14)), makes use of polynomial interpolation to achieve r(x) := 2x. Likewise, the block
consisting of the rules (15) — (20) equips the symbol p with the semantics of a squaring function. And the
block (21)) — (25) enforces the desired semantics for the symbol k, i.e., a linear function x — kjx whose
slope k; is proportional to the square of the interpretation of the constant a. Finally, the rule encodes
the main idea presented at the beginning of this section (cf. ().

Lemma 3.1. The TRS % is polynomially terminating over N and R.

Proof. For polynomial termination over N, the following interpretation applies:

On:=0 sn(x) i=x+1 fi(x) == 3x% —2x+ 1 gn(x) :=6x+6
hn(x,y) :=x+y pn(x) := % rn(x) :=2x ky(x) :=4x ay =2

Rule (26) gives rise to the constraint
8 +2x+1>4r +4x = 47 -2x+1>0

which holds for all x € N. For polynomial termination over R, we let 6 := 1 but we have to modify the
interpretation as 4x*> — 2x+ 1 >g_ 5 0 does not hold for all x € Ro. Taking ag := /2, kg (x) := 2x and the
above interpretations for the other function symbols establishes polynomial termination over R. Note that
the constraint 4x> +2x+ 1 >, 5 4x* + 2x associated with rule (26) trivially holds. Moreover, the function
fr(x) := 3x* — 2x+ 1 is strictly monotone with respect to >, 5 if and only if fg(x+h) — fr(x) > & for
all non-negative real numbers x and & > §. Thus, we have to show that h(6x+ 3k —2) > 1 for all non-
negative real numbers x and 4 > 1, which is easy. Finally, monotonicity of pg can be shown in the same
way. O

Lemma 3.2. The TRS % is not polynomially terminating over Q.

Proof. Let us assume that & is polynomially terminating over Q and derive a contradiction. Adapting
the reasoning in the proof of [6, Lemma 4.4], we infer from compatibility with the rules — () that
sg(x) = x+ 50, g0 (x) = g1x+ g0, ho(x,y) = x+y+ ho, and fg(x) = ax? + bx+ c, subject to the following
constraints:

s0>00 g1>02 20,h0 € Qo a>qg0 c>00 a5—|—b2<@1

Next we consider the compatibility constraint associated with rules (9) and (10), from which we deduce
an important auxiliary result. Compatibility with rule (9) implies the condition g; >g 5 on the respective
leading coefficients since hg(x,y) = x+y+ ho, and compatibility with rule (I0) simplifies to

4as0x+4as5 +2bso >q 2g1x+g1ho+go+ho+ 6 forall x € Qo,

from which we infer 4aso >q 2g1; from this and g; >q 5, we conclude asy >q 2.

Now let us consider the combined compatibility constraint imposed by rules (6) and (7)), namely
0g +3s0 >q,.5 fo(se(0g)) >q,.s 0g + o, which implies Og +-3s9 > Og + 5o +28 by definition of >, 5.
Thus, we conclude so >g 6. In fact, we even have so = &, which can be derived from the compatibility
constraint of rule (6) using the conditions so >q 8, ad +b >q 1, aso +b >q 1, the combination of the
former two conditions, and fg(0g) > Og + 8, the compatibility constraint of rule (3):

Og+3s0—8 >q¢ folsa(0g)) = fo(Og) +2a0gso + asg + bso
>0 O+ 8 +asi+bso
>0 0@—!-5—!-61.9%—!-(1—615).90 = 0g+so+ 6 +aso(so—90)

4
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Hence, Og +3so — 6 >q Og + 50 + 6 +aso(so — 6), or equivalently, 2(so — 0) >q aso(so — 0). But since
aso >q 2 and so >q 0, this inequality can only hold if

so=0 (k% %)

This result has immediate consequences concerning the interpretation of the constant 0. To this end, we
consider the compatibility constraint of rule (3]), which simplifies to so >q Og+ /o + 8. Because of
and the fact that Og and o must be non-negative, we conclude Og = i = 0. Moreover, condition
is the key to the proof of this lemma. To this end, we consider the compatibility constraints associated
with rules (I3) — (I9). By definition of >gq, 4, these constraints give rise to the following system of
equations:

po(0) =0 pQ(s0) = so PQ(2s0) = 4s0

Viewing these equations as polynomial interpolation constraints, we conclude that no linear polynomial
can satisfy them (because so # 0). Hence, pgp must at least be quadratic. Moreover, by rule (20), pg is
at most quadratic (using the same reasoning as for rule (§))). So we let pg(x) := pax? + p1x+ po in the
equations above and infer the (unique) solution py = p; = 0 and pysp = 1; that is, pg(x) = pax?, pr #0.
Next we consider the compatibility constraints associated with rules — (13), from which we
deduce the interpolation constraints rg(0) = 0 and rg(so) = 2s. Because gg is linear, rg must be linear,
too, for compatibility with rule (I4). Hence, by polynomial interpolation, rg(x) = 2x. Likewise, kg
must be linear for compatibility with rule 24); that is, kg(x) = kjx +ko. In particular, ko = 0 due
to compatibility with rule (2I]), and then the compatibility constraints associated with rule (22)) and rule
yield pga?Q +2s0— 8 >q klpza%Q +50 >0 p%aa -+ 0. But sy = 8, hence klpza(é = pgaa, and since ag
cannot be zero due to compatibility with rule (25)), we obtain k; = p%a%Q. In other words, kg (x) = p%aéx.
Finally, we consider the compatibility constraint associated with rule (26), which simplifies to

(2pax®* —x)((p2ag)* —2) >0 forall x € Qy

However, this inequality is unsatisfiable as the polynomial 2p,x® — x is negative for some x € Qg and
(p2ag)? — 2 cannot be zero because both py and ag must be rational numbers. O
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1 Introduction

It is our program to instrument higher-order rewriting with semi- automated tools.
The important properties to be checked are well known: type preservation, confluence
and strong normalization. In this paper, we consider the strong normalization property.
Several directions have been investigated, whether in the plain or higher-order pattern
matching case which we shall not describe for lack of space.

In a series of papers, we have developped first the higher-order recursive path order-
ing [5], then the computability path ordering [1], which structure is simpler although
it is more expressive ; a preliminary version of the higher-order recursive path order-
ing [3] has been equiped with semantic information in a generic way which applies to
later versions [2]. All these orderings allow showing strong normalization properties of
rewriting based on plain pattern matching. They all assume either a simple type disci-
pline or weak polymorphism a la ML, and are all implemented [5]. We have also shown
how these orderings can be simply modified to show strong normalization of rules based
on higher-order pattern matching [4].

To achieve our goal, our strategy is: first, to generalize the computability path ordering
in order to accomodate a richer type discipline, including first full polymorphism, then
predicate types and dependent types; second, to incorporate semantic information into
the order, as provided for example by size interpretations, following the lines of [2];
third to develop a version for higher-order pattern matching, following the lines in [4].
The present paper is the first step of this program: a new version of the computability
path ordering is defined and proved well-founded over polymorphic lambda terms.
Like its predecessors, the polymorphic computability path order (PCPO) on polymor-
phic terms is generated from an ordering on the set of polymorphic types. We take for
the latter the computability path ordering (CPO) on the polymorphic type expressions
seen as a simply typed lambda structure. In turn, this order is generated from Der-
showitz’s recursive path ordering (RPO) on kinds seen as a first-order structure. Com-
paring polymorphic terms in PCPO generates verification conditions for CPO, which
in turns generate verification conditions for RPO. This hierarchical mechanism is the
reason for our stepwise approach. It also explains why the strong normalization proof
of PCPO differs from its predecessors: ordering comparisons in PCPO happen across
types and even kinds, making the construction of interpretations “a la Girard” delicate.
The definition and study of reducibility candidates for type-reducing reductions on
terms is a second contribution of general interest of this work.

* This work was partially supported by the Chinese National 973 Plan grant 2010CB328003,
the NSFC grants 60635020, 60903030 and NSFC-ANR grant 90718039.



2 Polymorphic Higher-Order Algebras

Given a set Xs = {a, f3,...} of type variables and a set S of sort symbols of a fixed
arity, the set of types is generated by the constructors —, V and type application:

Ts :=Xs | (Ts — Ts) | VXs.Ts | (Ts Ts) | s(7T&) fors € Sof arity n

The language of types is seen as a (pure) lambda calculus whith Ve as binding construct.
We now build terms, using /A as constructor for building polymorphic terms, A for
building functions, and function symbols of a fixed arity for building algebraic terms.
Given the signature F = &JU o o Fva.o1x...xo,—o and a denumerable set A" of
variables disjoint from X’s, the set T’(]-' , X) of raw terms is generated by the rules:

T =X |(O\X:Ts.T)| QT T) | F(T,...,T) | AXs.T | Q(T Ts).

An environment I' is a finite set of pairs written as {x; : 01,...,2, : 0,}, Where x; is
a term variable, o; is a type, and z; # z; for i # j. Var(I') = {z1,...,x,} is the set
of variables of I". Our typing judgements are written as I' F+ w : . A raw term s has
type o in the environment [ if the judgement I s : o is provable in the inference
system given at Figure 1. A typable raw term is called a term.

. Functions:
Va.rlablels_‘: f:VYam x...x7 —-T17€F
& 't t1:mO ... T F t,: 170 (O atype
Fra:o T'F f(t,... tn): 70 substitution)
Abstraction: Quantification:
'{z:o} b t:7 rk-t:r
TVar(I'
't (Ax:ot):o—T I' + (Aa.t) : Va.r (¢ TVar(I))
Application: Type Application:
I'ts:o—1 I'Ft:0o I' F s:Va.o (r € Ts)
't Q(st): 7 I'- Q(s7):o{a—T1} s

Fig. 1. The type system for polymorphic higher-order algebras

We denote by 77, the set of terms of type o, and categorize the set 77 of all terms
into three disjoint classes: (i) Abstractions headed by \; (ii) Polymorphic terms headed
by A; (iii) Neutral terms are variables, or headed by @ or by a function symbol.

We use Var(e), BVar(e), T Var(e) and BT Var(e) for respectively the set of free term
variables, bound term variables, free type variables and bound type variables in e. The
notation e shall be used for a list, a multiset, or a set of expresions e, .. ., e,.

The reduction relations — g, —, =g, , —n,, On typed terms are defined as follows:

B) (Azx:ots)—pgt{r— s} () Azx:o.(tz)—,tifz ¢ Var(t)

(Bzs) (Aat o) =g, a0} (n7s) Ao.(t @) =, t ifa ¢ TVar(t)

We shall use: — g, for —5 U —, and — g, 75 for —g75 U —y75.

For an arbitrary binary (infix) relation R, we write R(s) for the set {¢ | sRt} of succes-
sors of s, and R*(s) for the set {¢ | sR*t} of its descendants.



3 The Polymorphic Computability Path Ordering PCPO

PCPO on terms is generated from the Computability Path Ordering (CPO) on types. In
fact, the actual definition of CPO can be abstracted away, using instead its properties in
the strong normalization proof of PCPO: any order on types satisfying these properties
would do. A consequence is that we do not need to mention the order on kinds used
by CPO. Even in examples, a precise definition of CPO will not be needed. Let us use
the notations >z, =7, and >z, with >7,=>7, U =7, for respectively the quasi-
order on polymorphic types, its associated equivalence and strict order. The properties
required from the order on types (and satisfied by CPO) are:

BT U*)nT g >TS;

Well-foundedness: >7, := >7 U > is well-founded;

Stability: () 0 =7, 7 implies 0@ =7, 7O; (ii) 0 >7, 7 implies 0O >7, 7O,
Right arrow subterm: o — T >7, T;

Arrow preservation: 0 — 7 =71, 0iff 0 =o' — 7', o' =1, 0,7 =1, T}
Arrow decreasingness: o — T > ¢ implies:

0=0"—-71,0 =7, cand 7 >z, 7501 (i) T >75 0;

Y preservation: Yo.o =1, 0 iff 0 = Va.o' and 0 =7, 0';

8. V decreasingness: Va.o >, 6 implies § = Va.o’ and o >7, o',

AR

~

Well-foundedeness and stability together imply variable preservation: (i) 0 =75 T
implies Var(o) = Var(7); and (i) o >z, 7 implies Var(7) C Var(o).

Viewed as a rewriting relation, PCPO will order terms which types will themselves
be ordered by >7,. As a consequence of property (4), rewriting terms may therefore
not preserve arrow types. Existing strong normalization proofs in the literature assume
preservation of arrows. Our work shows that the above weaker conditions suffice in the
context of System F.

We now assume given a quasi-order > r called precedence on symbols in F, such that
> is well-founded.

The following notations are used to define the ordering on terms (equality of terms or
types being up to a-conversion):

-s:o0>ggt:Tfors-tando >7, T

-850 =, t:Tfors-tando =75 73

- s>tfors = uforallu € t,

- » for the reflexive closure of >~;

- (>75)mw for the multiset extension of > .

In [1], the order on terms is indexed by a set of variables which is initialized by the
emptyset and grows when abstractions are pulled out from the righthand side terms.
This gives extra expressivity to the order, but complicates proofs and notations. We
chose here to ease the presentation of PCPO by removing this complication. We also
simplify the definition by restricting the set of rules to those that are most meaningfull.

Definition 1 (PCPO-reduction). Assume that I' - s : o, I' - t : 7, and bound
variables are disjoint from free variables. Then s : o > t : T iff either:



1. s = f(5) with f € F and either of
(a) t =g(t)with f =5 g € F, 5(=75)mut
(b) t=gE)withf >r g€ Fands 1
(c) w75 tforsomeu €5
2. s = Q(uv) and either of
(a) t=Qu V'), ur=g5u andv ==, v oru=u"and v =— v
(8) u=2Ax:awand w{x — v} =t
3. s = Az : o.u and either of
(a) t=Xy:7.v, 0 =1, Tand u{x — z} = v{y — z} for some fresh variable z
(M) u=Q(vz),z ¢ Var(v)andv =7, t
4. s = Q(u o) and either of
(a) t=Q(vT7),u>75 v,and o =7, T
(B1s) u= Aaw and w{a — 7} =7, t
5. s = Aa.u and either of
(a) t = AB.vand u{a — (} = v{B +— (} for some fresh type variable
(M1s) u=Qva), « ¢ TVar(v) andv = t

/!

As for CPO, recursive calls perform type verifications only when strictly necessary. It
is shown in [1] that this is the case when a subterm is taken on left, but useless in other
cases. We apply the same principle here, except for Case 5(a) of polymorphic terms (it
is not needed).

Example 1 (Computations over polymorphic lists:).

sort: List:

* => %, Nat: =

var: A: %, B: x

fun: 0 : nat

fun: s : Nat -> Nat

fun: nil : \/A . list A

fun: cons : \/A . A x List(A) -> List (A)

fun: fold : \/A . Nat x List(A) x (\/B . B -> B -> B) x A

-> A
var: x,a A
var: L : List (A)
var: n Nat
fun: f \/ A A -—> A —> A
rew: fold(0, L, x) == x
rew: fold(s(n), cons(a, L), x) == f(a, fold(n, L, x))

For the first rule, we have:

(1) fold(0, L,x) : A =7, = : A succeeds by Case 1(c) and the type comparison.

For the second rule,

(2) fold(s(n),cons(a,L),z) : A =15 f(a, fold(n,L,x)): A

generates a successful type comparison and generates two new subgoal by Case 1(b):
(2.1) fold(s(n),cons(a, L), f,x) > a, which generates by Case 1(c) again the goal
(2.1.1) cons(a, L) : List(A) =15 a : A, which succeeds by Case 1(c) if List(A) >



A, which is true of CPO; and the second subgoal:

(2.2) fold(s(n),cons(a,L),x) = fold(n,L,x), which generates by Case 1(a) the
subgoal:

(2.2.1) {s(n), cons(a, L), x} (75 )mu{n, L, x}, which reduces to two subgoals:
(2.2.1.1) s(n) : Nat >=7, n : Nat which succeeds by type comparison and Case 1(c);
and the second subgoal:

(2.2.1.2) cons(a, L) : List(A) =1, L : List(A) which succeeds by type comparison
and Case 1(c) again, ending there the computation with success. a

Routine inductive proofs on the definition of > show that PCPO enjoys the properties
of monotonicity and stability. A major difficulty is that >7, does not preserve types,
requiring a specific definition of Girard’s candidates allowing for type decreasing rules.
We denote by SN the set of >, -strongly normalizing terms and by SN, the set of
strongly normalizing terms of type o. We omit environments for better readability.

Definition 2 (Girard Sets). Let © = {D,, } 1, be a Ts-indexed family of sets (in short,
a family), such that D, is a nonempty I,-indexed family { D ;} 1, of non-empty subsets
of TT , and T(D) = D, ;. ® is a family of Girard sets iff for every o € Ts:
(GI) T(D) C SN;
(G2) forany Dy ; and s : 0 € Do, then =— (s) € Dy s
(G3) for any neutral term s : o and set D ; such that ——.,. ( ) € Dy, then s € Dy ;;
(G4) (maximality): D, contains all subsets of SN, satlsfymg (G2-3).

This axiomatic definition of Girard’s sets is the natural generalization of reducibility
candidates when reductions on terms reduce types in the type ordering: the trick is to
speak indirectly via (G4) of reductions which are not type preserving.

UGTS,'IZGI(,

Theorem 1 (Extensional characterization of Girard sets).
The family € = {C, } 1 of Girard sets is unique, and contains all subsets of the set of
terms that satisfy (G1-3), more precisely: C, = {Cy; C SN, | C,; satisfies (G2-3)}.

Theorem 2 (Strong Normalization of PCPO). If I' - s : 0, then s € SN, ,_.
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1 Introduction

Programming languages with dynamic memory allocation, such as Java, allow creating and manipulating
cyclic data structures. The presence of cyclic data structures in the program memory (the heap) is a
challenging issue in the context of termination analysis [4}, 5 [1} [14], resource usage analysis [15} [7, 2],
garbage collection [11], etc. Consider the loop “while (x!=null) do x:=x.next;”. If x points to an acyclic
data structure before the loop, then the depth of the data structure to which x points strictly decreases
after each iteration; therefore, the number of iterations is bounded by the initial depth of (the structure
pointed to by) x.

Automatic inference of such information is typically done by (1) abstracting the loop to a numeric
loop “while(x) < {x>0,x>x"},while(x')”; and (2) bounding the number of iterations of the numeric
loop. The numeric loop means that, if the loop entry is reached with x pointing to a data structure with
depth x > 0, then it will eventually be reached again with x pointing to a structure with depth x’ < x.
The key point is that “x!=null” is abstracted to the condition x > 0, meaning that the depth of a non-null
variable cannot be 0; moreover, abstracting “x:=x.next” to x > x’ means that the depth decreases when
accessing fields. While the former is meaningful for any structure, the latter holds only if x is acyclic.
Therefore, acyclicity information is essential in order to apply such abstractions.

In mainstream programming languages with dynamic memory manipulation, data structures can only
be modified by means of field updates. If, before x.f:=y, x and y are guaranteed to point to disjoint parts
of the heap, then there is no possibility to create a cycle. On the other hand, if they are not disjoint, i.e.,
share a common part of the heap, then a cyclic structure might be created. This simple observation has
been used in previous work [12] in order to declare x and y, among others, as cyclic whenever they were
sharing before the update. Such approach is simple and efficient. However, there can be an important
loss of precision in typical programming patterns. E.g., consider “y:=x.next.next;x.next:=y;” (which
typically removes an element from a linked list), and let x be initially acyclic. After the first command, x
and y clearly share, so that they should be finally declared as cyclic, even if, clearly, they are not. When
considering x.f:=y, the precision of the acyclicity information can be improved if it is possible to know
how x and y share. There are four possible cases: (1) x and y alias; (2) x reaches y; (3) y reaches x; (4)
they both reach a common location. The update x:=y.f might create a cycle only in cases (1) and (3).

This abstract summarizes an acyclicity analysis which is based on the above observation as described
in [9]. The analysis has been first developed in [[10]; more recent work [9]] formalizes it in the theory
of abstract interpretation, and reports on an implementation for Java bytecode. The analysis defines an
abstract domain .,%. which captures the reachability information among program variables (i.e., whether
there can be a path in the heap from the location ¢, bound to some variable v and the location ¢,, bound
to some w), and the acyclicity of data structures (i.e., whether there can be a cyclic path starting from
the location bound to some variable). A provably sound abstract semantics ‘Kg [_](.) of a simple object-
oriented language is developed, that works on .#%, and can often guarantee the acyclicity of Directed
Acyclic Graphs (DAGs), which most likely will be considered as cyclic if only sharing, not reachability,
is taken into account. The semantics has been implemented in the COSTA [3] COSt and Termination
Analyzer as a component whose result is an essential information for proving the termination or inferring
the resource usage of programs.



2 The abstract domain

The analysis works on the reduced product of two abstract domains. The first domain captures may-
reachability, while the second deals with the may-be-cyclic property of variables. Let u be a heap, £ €€
dom(u) be a location, .Z be the set of valid locations, and u(¢).frm be the set of locations corresponding
to the fields of the object located at ¢ The set of reachable locations from ¢ € dom(u) is R(u,¢)=U
{R(u,¢) | i >0}, where R®(u,£)=rng(u(¢).frm)N.Z (i.e., the locations reachable by directly accessing
the fields of ), and R+ (u,£)=U {rg(u(¢').frm)N.Z | ' € R'(u,£)} (the inductive case). The set of -
reachable locations from ¢ € dom(u) is R€(u,¢)=R(u,¢) U{¢}. Note that e-reachable locations include
the source location ¢ itself, while reachable locations do not (unless ¢ is reachable from itself through a
cycle). The rest of this section is developed in the context of a type environment T which specifies the
type of variables at a given program point. The set X; represents the states which are compatible with 7;
every state contains a frame ¢ (a function from variables to locations) and a heap u.

Reachability. Given a state 6 = (¢,t) € X containing a heap U, a reference variable v is said to
reach w in o if ¢(w) € R(1,¢(v)). This means that, starting from v and applying at least one deref-
erence operation, it is possible to reach the object to which w points. Due to strong typing, T puts
some restrictions on reachability; i.e., it might not be possible to have a heap where a variable of type
k1 reaches one of type k. Following [13]], a class k» € % is said to be reachable from x; € # if
there exists (¢, ) € X, and two locations ¢, ¢ € dom(u) s.t. (a) u(¢).tag = k1 (where u(¥).tag is the
class tag of the object located at i (¢)); (b) u(¢').tag = k»; and (c) ¢’ € R(u,¢). The reachability ab-
stract domain is the complete lattice .#F = (@(%"),C,0,%2%,N,U) where Z° = {v~>w | v,w € dom(7)
the class T(w) is reachable from the class T(v)}. The abstraction and concretization functions o, and ¥
are defined in the standard way. May-reach information is described by abstract values I, € g(%"). For
example, {x~»z,y~>z} describes those states where x and y may reach z. Note that a statement x~-y
does not prevent x and y from aliasing; instead, x can reach y and alias with it at the same time, e.g.,
when X, y, and x.f point to the same location. The top element Z° is o (£;), and represents all states
which are compatible with 7. The bottom element @ models the set of all states where, for every two
reference variables v and w (possibly the same variable), v does not reach w. Intuitively, reachability is
a transitive property; i.e., if x reaches y and y reaches z, then x also reaches z. However, values in .#,*
are not closed by transitivity: e.g., it is possible to have I, = {x~-y,y~~z} which contains x~~y and y~~z,
but not x~»z. Such abstract value is a reasonable one, and approximates, for example, the execution of
“x=new C; y=new C; if (w>0) then x.f=y; else y.f=z;".

Cyclicity. Given a state 0 = (¢, 1) € X, a variable v is said to be cyclic in ¢ if there exists £ €
RE(u,9(v)) such that £ € R(u,¢). In other words, v is cyclic if it reaches some memory location
¢ (which can possibly be ¢(v) itself) through which a cyclic path goes. The notion of cyclic class
is defined similarly to that of reachable classes [[12]. The cyclicity domain is the dual of the non-
cyclicity domain of [12]. The abstract domain for cyclicity is represented as the complete lattice .7 =
((Z7),C,0,27,N,U) where ° = {0V | v € 7,7(v) is a cyclic class}. May-be-cyclic information is
described by abstract values I, € @(#®). E.g., {OX} represents states where no variable but x can be
cyclic. The top element %' corresponds to L;; the bottom @ does not allow any variable to be cyclic.

The reduced product. As explained below, the abstract semantics uses reachability information in
order to detect cycles, and cyclicity information in order to produce, in some cases, reachability infor-
mation. Therefore, it makes sense to combine both kinds of information: in Abstract Interpretation, this
amounts to computing the reduced product [6] of the corresponding abstract domains. In the present



context, the reduced product can be computed by reducing the Cartesian product %% = .#F x .ZF. Ele-
ments of .# % are pairs (I,,I.), where I, and I, contain, respectively, the may-reach and the may-be-cyclic
information. The abstraction and concretization functions are induced by those of .#" and .#,*:

VeI L)) = 97 (1) N ¥E (L) o (1) = (a7 (1), o (1))

However, it can happen that two elements of .7 are mapped to the same concrete element, which pre-
vents having a Galois insertion between .#,% and the concrete domain &(X;). Computing the reduced
product deals exactly with this problem. In order to compute it, an equivalence relation = has to be
defined, which satisfies I\. = I2. iff ¥%.(IL.) = y%.(I2). Functions %, and . define a Galois insertion
between .#,%_ and .#*, where .#,[_ is ., equipped (reduced) with the equivalence relation. The equiv-

alence relation can be based on the following observation: For every I!,I> € . and I!,I? € .77, the

rotr cric

concretization y..((I',1'}) is equal to ¥%.({I*,1?)) if and only if both conditions hold: (a) I! = I?; and
O I\ {v~v | O ¢ 11} =12\ {v~v | O ¢ I>}. This means that: (a) may-be-cyclic information always
makes a difference as regards the set of concrete states; that is, adding a new statement " to [, € .Z,%
results in representing a larger set of states; and (b) adding a pair v~»v to L. € .#,%, when v cannot be
cyclic, does not make it represent more concrete states, since the acyclicity of v excludes that it can reach
itself. From now on, .#,% will be a shorthand for .7 _, where = is left implicit.

Denotational semantics. Abstract denotations for expressions and commands are depicted in Fig.
Possible sharing, possible aliasing and purity analysis are used as pre-existent components, i.e., pro-
grams are assumed to have been analyzed w.r.t. these properties. Two reference variables v and w share
in (¢ /heap) iff RE(1, ¢ (v)) NRE(u, ¢ (w)) # 0; also, they alias if they point to the same location, namely,
if 9(v) = ¢(w) € dom(u). The i-th argument of a method m is said to be pure if m does not update the
data structure to which the argument initially points. For sharing and purity, the analysis described in [8]]
(based on [13]]) is applied: with it, (1) it is possible to know if v might share with w at any program
point (denoted by the pair (vew)); and (2) for each method m, a denotation SH, is given: for a set of
pairs sh which safely describes the sharing between actual arguments in the input state, sh’ = SH, (1) is
such that (i) if (vew) € sh’, then v and w might share during the execution of m; and (ii) v; € sk’ means
that the i-th argument might be non-pure. As for aliasing, it is assumed that, at each program point, the
pair (v-w) tells if v and w can alias. Importantly, any non-null reference variable shares and aliases with
itself; also, both are symmetric relations (i.e., (vew) iff (wev), and (v-w) iff (w-v)). An abstract element
(I,1.) € Z% will be represented by the set I = I, UI; therefore, v~»w € I and " € I are shorthands for,
resp., v~»w € I and O" € I.. The operation Iv.I (projection) removes any statement about v from /, while
I[v/w] (renaming) v to w in I. For the sake of simplicity, class-reachability and class-cyclicity are taken
into account implicitly: a new statement v~»w (resp., (O¥) is not added to an abstract state if v~ow & Z°
(resp., OV € #'7). The abstract semantics has been proven to be sound,; i.e., (1) whenever v reaches w in
a concrete state ¢ at a given program point, the statement v~»w is included in the abstract description /
of ¢ at the same program point; and (2) whenever v is cyclic in ¢, O must be present in /. For a detailed
explanation of the abstract semantics and the proof of its correctness, the reader can refer to [9].

3 The analysis by examples

This section explains the behavior of the abstract semantics on a couple of interesting examples. The
semantics instruments the program code with abstract values I, where n is the line number. A statement
v~>w € [, means that v could reach w at line n, while " means that v could be cyclic.

Consider the class OrderedList depicted in Fig.[2] It implements an ordered linked list where head
points to the first element, and lastinserted points to the last element which has been inserted. The class



(1o) &A1) = &7 [null)(7) = &7 [new [ (1) =
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Figure 1: Abstract denotations for expressions and commands

Node (not shown) implements a linked list in the usual way. The method insert adds a new element to
the ordered list: it takes an integer i, creates a new node n for i, looks for its position, adds it to the
list, and makes lastinserted point to the new node. Suppose insert appears inside a loop (for example,
when inserting into the ordered list elements which are stored in an array). The goal is to infer that a
call “x.insert(i)” never makes x cyclic. This is important since, if x cannot be proven to be acyclic
after insert, then it must be assumed to be cyclic from the second iteration of the loop on. This, in
turn, prevents from proving the termination of the loop at lines 10-12, since it might traverse a cycle.
The challenge in this example is to prove that the instructions at lines 16 and 17 do not make any data
structure cyclic. This is not trivial since this, p, and n share between each other at line 15; depending
on how they share, the corresponding data structures might become cyclic or remain acyclic. Consider
line 17: if there is a path (of length O or more) from n to p, then the data structures bound to them
become cyclic, while they remain acyclic in any other case. The present analysis is able to infer that
n and p share before line 17, but n does not reach p, which, in turn, guarantees that no data structure
ever becomes cyclic (as evident from the absence of any cyclicity statement (0¥). Note that reachability
information is essential for proving acyclicity, since the mere information that p and n share, without
knowing how they do, requires to consider then as possibly cyclic, as done in [[12].

As another example, consider the method mirror in Fig. 2| and suppose class Tree implements a
binary tree in the standard way, with fields left and right. The call mirror(t) exchanges the values
of left and right of each node in t. An initial state @ is transformed by mirror as follows. The first
branch of the if (when t is null) does not change the initial denotation; on the other hand, when t is
different from null, line 7 adds r~~[; line 8 adds t~-r; line 9 adds again t~-r; and line 10 adds again r~~1.
Recursive calls mirror(1) and mirror(r) do not add any statement (since initially mirror ha a denotation

4
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class OrderedList { void mirror(Tree t) {

1
Node head, lastlnserted; 2 Tree |,r;
3
void insert(int i) { 4 if (t=null) then
Node c,p,n; 5 return 0O;
/1 Is=0 6 else
n:=new Node; /1 =0 7 l:=t.left;
n.value:=i; /1 Ig=0 8 r:=t.right;
c:=this .head; /| y={this~c} 9 t.left:=r;
while (c!=null && c.value<i) do 10 t.right:=1;
p:=cC; /1 Iy={this~c,this~p} 11 mirror (1);
c:=c.next; //Lp={this~c,this~p,p~c} 12 mirror(r);
/| lz={this~>c, this~p, p~>c} 3}
n.next:=c; //114:{thiswc,thiswp,pwc,nwc} 1 Node Connect() {
if (p=null) then > Node c=this;
this.head:=n; //ILis=I5U{this~n} 3
else p.next:=n; //Ly;=IsU{this~n,p~n} +  while (c.next!=null) do
/1 hs=heUh7=7 s c:=c.next;
this.lastinserted:=n; //ILi9=I3 6 c.next:=this:
} 7 return c;
} s )

Figure 2: The running example and the analysis results (in comments).

0) Projecting {z~~1,t~~r} ont and out results in @, so that & (@) does not change, and there is no need for
another iteration. It can be concluded that, as expected, mirroring the tree does not make it cyclic.

Finally, consider the method connect, defined in the class Node. A call |.connect() with | acyclic
makes the last element of | point to |, so that it becomes cyclic. It also returns a reference to the last
element in the list. An initial state @ is transformed by connect as follows. Line 2 does not add any
statements, while line 5 in the loop adds this~~curr. Another iteration of the loop does not change
anything, so that the loop is exited with {this~>curr}. Since this is now reaching curr, line 6 adds
{curr~this, curr~~curr, this~this}, and {O" ™5}, Finally, line 7 clones curr to out. In conclusion,
the analysis correctly infers that |.connect() makes both | and the return value cyclic (i.e., statements (%'
and O are produced).

The result of the abstract semantics for the above examples has been taken from the outcome of the
implementation in the COSTA [3]] COSt and Termination Analyzer on the Java bytecode version of these
programs. The acyclicity analysis is a component of the system which is used in order to help to infer
statically the termination of a program or information about its resource consumption. For example,
suppose that, as pointed out above, insert is called inside a Java-style loop like

for (i=0; i<n; i++) { l.insert(af[il]); }

where the content of an array is copied to the ordered list. If | cannot be proven to be acyclic on exit from
insert, then the list must be considered as possibly cyclic when entering the for loop the second time.
This implies that the loop at line 10-12 in the code of insert could be non-terminating from the second
iteration of the for. On the other hand, COSTA can prove that this code is terminating since the acyclicity
analysis guarantees that the list is always acyclic, so that every iteration of the for loop terminates.
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Higher Order Dependency Pairs
With Argument Filterings

Cynthia Kop and Femke van Raamsdonk

Vrije Universiteit, Department of Theoretical Computer Science

Abstract. We present a termination method for left-linear Higher-order
Rewrite Systems (HRSs) that are algebraic using a higher-order gener-
alization of dependency pairs with argument filterings.

1 Introduction

An important method to (automatically) prove termination of first-order term
rewriting is the dependency pair framework by Arts and Giesl [3]. This approach
transforms a term rewriting system into a set of ordering constraints, to be
satisfied by a well-founded ordering. This ordering, which is not required to be
monotonic, can be further simplified using for example argument filterings.

Extending the dependency pair method to higher-order rewriting turns out to
be difficult. A very natural extension is defined in [6], but the simplicity comes
at a price: the dependency ordering must satisfy the subterm property. This
property, which requires a term to be greater than its subterms, makes definition
and use of argument filterings problematic. Moreover, well-foundedness of the
relation is no longer equivalent to termination of the system.

Other extensions crucially rely on some restriction of the higher-order aspect,
either by disallowing abstractions altogether (as is done in Simply Typed Term
Rewriting Systems [1]) or by placing limitations on the rules; such restrictions
are right-linear or non-nested [5], or plain-function-passing [4]. The present work
continues on this line of research by restricting attention to algebraic and left-
linear HRSs. Left-hand sides of algebraic HRSs only contain abstractions in a
very simple form; right-hand sides are not restricted. This yields a natural class,
which contains for instance functional programs in most common languages.

2 Algebraic Rules

We assume the reader is familiar with Nipkow’s pattern HRSs. We will consider
left-linear and algebraic HRSs, where left-hand sides have a basic form.

Definition 1. A term is simple if it is either (the eta-long form of) a variable,
or has the form f(s1,...,8,) with f € F and all s; simple. A rewrite rulel — r is
algebraic if [ is simple. An HRS is algebraic if all its rewrite rules are algebraic.



Every simple term is a pattern, but not every pattern is a simple term. As
examples, consider the non-simple terms Az.o, A\z.s(x), Az. Z and X (o). The
rules map(A\z. F'(z), cons(H,T)) — cons(F(H),map(A\x. F(z),T)) and up(X)

— map(Az. s(z), X) are algebraic; note that this notion only concerns the left-
hand side of a rule.

Algebraic HRSs clearly form a restriction of the usual HRSs. One might
compare them to simply typed term rewriting systems (STTRSs) [1,2], but unlike
STTRSs, abstractions are permitted in terms. To note the difference, consider
the algebraic system LAMBDA with function symbols @: 0= 0= o0and A: (0 =
0) = o, and single rule @Q(A(A\z. Z(z)),Y) — Z(Y). In an STTRS this system
would be terminating, as every rule makes the term shorter. As an HRS, this
system implements untyped lambda-calculus, and is evidently not terminating!

All rewrite systems where the left-hand sides are n-equivalent to abstraction-
free terms can be transformed into an algebraic system, without affecting termi-
nation. As this includes the HRS-representation of functional programs in any
of the common languages, the restriction does not seem excessive.

The reason to consider algebraic HRSs is that in combination with left-linearity
steps which take place below an abstraction can be postponed.

Definition 2. A step s — t is algebraic if it does not occur inside an abstrac-
tion: either s = ly, t = ry, | - 11 € R ors = f(s1,...,8i,...,8n), t =
f(s1y..-,8 ..., 8n) and s; — s} by an algebraic step.

Lemma 1. In an algebraic and left-linear HRS non-algebraic steps can be post-
poned: if s —* t there exists q such that s —* q algebraicly and ¢ —* t non-
algebraicly.

From now on, we consider a fixed algebraic and left-linear HRS.

3 Dependency Pairs, Chains and Orderings

The basic idea of dependency pairs is to identify minimal non-terminating terms.
To this end we combine the rewrite relation with a subterm relation for HRSs.

Definition 3. The subterm relation, notation >, is generated by the clauses:
1. s> s,
2. a(s1,...,8,) >t if s; >t for some i, fora € VUF,
3. Ax.s>t if sjx:=c| > t.
Here, ¢, : 0 is a new symbol for each type o. The substitution [x := ¢| maps
every variable x; : o in {x} to c,.

The subterms of f(Az. X (x)) are f(Az. X (z)), A\x. X(x), X(c), and ¢. We have
just a single constant ¢, for every type o; this doesn’t cause problems due to
left-linearity. The relation > has all the nice properties of the normal subterm
relation; in particular —g -B> is terminating if and only if —5 is terminating.



Let F# denote F extended with for every defined symbol f its marked version
f7 with the same arity. Let F, = F U C, where C contains the fresh constants
co. Let F# = F# U C. We define s# as f#(s1,...,s,) if s = f(s1,...,8,) with
f defined and s# = s otherwise. Now we are ready to define dependency pairs.

Definition 4. Given a rewrite rule | — r, the pair of terms 1% ~ p# is a
dependency pair forl — r if p<r and either p is headed by a defined symbol, or
p=X(s1,...,8,) with X a free variable in v and n > 0. The set of dependency
pairs of R is denoted by DP(R), or by DP if R is clear from the context.

For example, in the HRS {f(Az. Z(x)) — Z(g(a)),g(z) — h(z)}, the depen-
dency pairs are: £7 (\z. Z(x)) ~ Z(g(a)) and £#(\x. Z(z)) ~ g7 (a).

Dependency pairs find their use in the notion of a dependency chain: a sequence
of dependency pairs with certain properties.

Definition 5. A dependency chain for R is a sequence [(L;,pi,ti,v:i)|i € A]
with either A=N or A={1,...,N} for some N such that, for all i:

— I~ p; € DP(R),

— If p; is headed by f# for some f, then t; = p;vi,

— If p; is headed by a variable, then there is q such that t; = ¢ and p;y; > q,
but not ¢ < v;(x) for any x, nor q <svy; for any s < p;,

- ti_>72,i7lli+17i+1'

The dependency chain is safe if always t;—7% ;,li+17i+1 by only algebraic steps.

Theorem 1. An algebraic and left-linear HRS is terminating if it has no infinite
safe dependency chain.

The proof is straightforward; the safe condition holds because non-algebraic re-
ductions can be postponed. Note that the condition in the theorem is sufficient,
not required. There are terminating HRSs which admit an infinite (safe) depen-
dency chain. This is because a non-terminating subterm may be beta-reduced
away immediately.

To prove non-existence of a safe dependency chain we generate a set of inequal-
ities from DP(R). If these inequalities can be satisfied by a so-called quasi-
monotonic ordering pair, termination follows.

Definition 6. A quasi-monotonic ordering pair is a pair (>,>) of an ordering
and a quasi-ordering, comparing base-type terms of equal types) such that:

1. > and > combine: > - > is contained in >,
2. if s; has base type and s; > s}, then f(s1,...,8iy.-.y8n) > f(S1,.-., 85 ..., Sn)
3. if s is simple then s >t implies sy >ty and s > t implies sy > tvy
We say a quasi-monotonic ordering pair (>,>) is well-founded if > is well-
founded. Comparing the definition for an ordering pair to similar definitions in
the literature, requirements 2 and 3 are weakened versions from having the pair
quasi-monotonic and closed under substitution.



Definition 7. A dependency ordering for DP and R is a quasi-monotonic or-
dering pair (>,>) satisfying the following inequalities:
1. 1 > p for all dependency pairs | ~ p € DP,
2. 1>7r for all rulesl — r € R,
3. ly > t# for all pairs | ~ p € DP with p headed by a variable X, substitution
~ and t <py such that t is headed by a defined symbol and neither t <1v(X)
or t < svy for any direct subterm s of p.

The first two of these requirements are usual for dependency orderings; re-
quirement 3 replaces the subterm property in [6]. Requirement 3 always holds if
> is contained in > (since then Iy > py > t), but there may be other ways.

Theorem 2. DP(R) and R admit a well-founded dependency ordering if and
only if there is no infinite safe dependency chain over R.

4 Argument Filterings

The idea behind argument filterings is to simplify the constraints on the rewrite
rules and the dependency pairs by omitting some arguments of function symbols.

An argument filtering is defined as a partial function that maps a symbol
f:01=...= 0, = bin F# to either some i € {1,...,n} (the collapsing case),
or to a sequence [iy,...,i] with 1 < iy < iy < ... < ix < n. In the collapsing
case o; should have output-type b. Note that both unmarked and marked symbols
are filtered, but the symbols ¢, used to replace bound variables, are not.

Given an argument filtering A, let F4 contain all symbols in F#, and ad-
ditionally for every function symbol f : ¢y = ... = o0, = b in F# with
A(f) = [i1,...,ix] a fresh filtered function symbol f4 : 0y, = ... = 0y, = b.
In the argument filtering of a term a symbol is not filtered if one of its argu-
ments contains a bound variable (clause 2), and in the collapsing case the fresh
constants ¢ are used.

Definition 8. Given an argument filtering A, the term filtering £il is defined
as £i1(s) = £ily(s), where the auxiliary mapping £ilx is defined by the clauses:

1. £filx(M\y.s) = Ay. £ilxugy (s),
2. filx(a(s1,...,8,)) = a(filx(s1),...,filx(s,))
if a ¢ Dom(A) or XN FV(a(s1,...,84)) # 0,
3. filx(a(s1,...,8,)) = a” (£il(sy),...,£il(s;,))
if a € Dom(A), X NFV(a(s1,...,8n)) =0 and A(a) = [i1,..., k],
4. filx(a(si,..., Ax.8i,...,8,)) = Fil(gy(ss)[x == (]
if a € Dom(A), XNFV(a(s1,...,5,)) =0 and A(a) =i (x may be empty).

For example, let F = {f : 0 = o = o,a : o} and A(f) = []. Then
filp(Az. f(z, f(a,a))) = Az. fil{w}(f(xa f(a,a))) = Az f(fil{m}(x)7fil{a:}(f(a7a))) =
Ax. f(x, fa). In a filtered term a symbol might both occur in normal and filtered
form. The filtered and unfiltered symbols should be considered as different sym-
bols.

To each ordering pair (=, >) over 7 (Fa), we associate a pair (>,>) over
T (F#) in the natural way: s > ¢ iff £i1(s) = £il(t), s > ¢ iff £il(s) = £fil(t).



Theorem 3. Let (>, =) be a quasi-monotonic ordering pair on T (Fa) which
satisfies the following requirements:

1. > contains the superterm relation > (but doesn’t have to be monotonic),

2. always f(x1,...,z,) = £11(f(x1,...,2,)) if all z; are (free) variables, and
also f(x1,...,x,) = £i1(f#(21,...,7,)) for defined symbols f,

3. £il(l) > £il(p) for alll ~~ p € DP(R),

4. £il(l) = £il(r) for alll — r € R.

Then the associated pair is a dependency filtering for R; well-founded iff = is.

That is, to prove termination of R it suffices to find a well-founded ordering pair
over the filtered rules, satisfying the requirements in the theorem.

5 Concluding Remarks

In this paper we have defined a new generalization of dependency pairs with ar-
gument filterings for left-linear HRSs that are algebraic. algebraic. For left-linear
first-order TRSs, our definition of dependency pairs coincides with the original
one. Also, a higher-order generalization of argument filterings is given. The work
has been done for HRSs, but the results are equally viable for different styles of
higher-order rewriting, as long as the rules are presented in eta-long form. The
results have been implemented in a tool, WANDA, which will participate in the
termination competition of 2010.

For future work, we aim to further investigate dependency graphs and less
standard filterings (for instance replacing a term f(s1, ;) by s1-82). We also in-
tend to look into non-eta-normal algebraic systems, without transforming them.
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Improvements on the “Size Change Termination Principle” in a
functional language

Pierre Hyvernat, Christophe Raffalli
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Abstract

We present small improvements of Lee, Jones and Ben-Amram size change termination principle
specialised to functional programming languages, where destructors come from pattern-matching.
This allows for a finer analysis of call-graphs and yields a more precise test for termination.

Introduction

Lee, Jones and Ben-Amram size change termination principle [1] is a simple yet surprisingly strong
termination checker for generic programming languages. The ingredients are simply a well-founded
order on values, a static analysis of the program to get a “call graph™ of the recursive functions and a
simple “transitive closure” computation on this graph.

The static analysis should yield a safe description of the potentials calls among the recursive function.
The improvements described below were implemented on top of the PML programming language [2, 3],
which due to its constraint checking algorithm is able to output a very detailed call-graph even when we
use all the power of functional languages to try to hide the calls.

1 The size change principle

The central ingredients for the size-change termination principle are quite simple. Let G be a directed
graph on vertices F = {fi, f2, ..., f}, With arcs labelled by elements of a finite monoid (P,o). Let G be
the “transitive closure” of G in the following sense:

e G has the same vertices as G,

e for all non-empty directed path eq,...,e, from f to g in G, there is an edge from f to g in G with
label [ o ---ol,, [; being the label of e;.

Note that because we impose that P is finite, G is also finite.

Suppose now that G is the “call graph” of a set of mutually recursive definitions: vertices are function
names and an edge from f to g describes a call to g in the definition of f. The elements of P can be
used to describe the relationship between the parameters of the calling function f (variables) and the
arguments of the called function g (terms). An element of P could, for example, tell us that “the second
argument of g contains at least two constructors less than the third parameter of f”.

With the appropriate monoid operation, the graph G then describes the relation between arguments
and parameters in iterated calls. If we have a well-founded order on terms, we have:

Theorem 1. The following are equivalent [1|]:

e all infinite directed path ey, ... ey, ... in G contain an infinitely decreasing thread,

e G contains an idempotent loop with label | (i.e. | =10l) meaning “parameter i of f (as the
called function) is smaller than argument i of f (as the calling function)”, for some i.

'Both authors want to thank Andreas Abel for the fruitful discussions that took place during his visit to Chambéry.
Zwhere a thread is simply the trace of a parameter in the sequence of calls
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It is interesting to note that this really is an equivalence. The proof is rather simple and uses a simple
form of Ramsey’s theorem. What is crucial is the finiteness of the monoid describing size relations
between parameters and arguments.

The magic of this theorem is that while the first condition may seem uncomputable, the second is
rather easy to checkE] If our programming language only allows non termination from infinite calls to
recursive functions, we can thus deduce from the second condition that our recursive definitions are all
terminating. Fortunately, PML is such a programming language (see [3]).

2 Detecting impossible cases

The original monoid used by Lee, Jones and Ben-Amram was very simple. It consisted in bipartite
graphs that could also be seen as matrices where the coefficient i, j described the relationship between
argument j of g and parameter i of f:

e “<” meaning “is strictly smaller”,

_9

° meaning “is smaller (possibly of the same size)”,

e “?” meaning “I don’t know, is possibly much bigger”.
Composition was then some kind of matrix multiplication with the obvious composition of coefficients.
While this already achieved quite a lot, this is not really sufficient in a functional programming

language where analysis of pattern-matching can give us a lot of information. Consider the following,
rather ad-hoc function:

val rec £ x = match x with
A[x] -> f B[x]
| Blx] -> Cc[]

There is a single recursive call, but because of the variant constructors, this call cannot be composed with
itself. This function would not pass the original test of [1].

We add information to our monoid in the following way: for a specific call to g from f we consider a
list of trees describing the relations between arguments of g and parameters of f. Each tree will describe
how an argument of g is built (using variants or tuples) from the different parts of the parameters of f.
Each such part is obtained from a parameter of f by destructing it (projection or pattern-matching).

Definition 1 (full call-tree and full call-information). We define two sets £ and 7 inductively. The
set L corresponds to a sequence of destructors applied to a parameter of the calling function, or a term
of unknown size (call to an external function for example):

e 7€ .Z (“no information”),
o (i) € Z ifi € N (corresponding to the use of the i-th parameter),
o -Cwe Zifwe . Z (destruction of a variant: branch of a pattern-matching),
o mw e L ifwe L (projection).
The set T contains trees of constructors, with leafs containing elements of £ :

o X C T (leafs of the tree),
e +Ct € T ift € T (construction of a variant),
o (t1,...,ty) € T ifV1 <i<mn,t; € T (construction of a tuple).
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Figure 1: full tree and collapsed tree

A full call-information is simply given by a full call-tree for each argument of the called function.

Composition of full call-information is achieved by pasting appropriate trees on the leafs (i.e. pasting
the i-th tree on parameter “(/)”) and “normalising” by matching consecutive destructors / constructors
pairs. Whenever a variant destructor “-A” meets with a variant constructor “+B” we can abandon the
composition: this is an impossible case. Typing should moreover ensure that a projection (record de-
structor) can never meet a variant constructor and vice and versa.

Composition could make the tree become larger and larger. To ensure finiteness, we need to collapse
the trees to have a given depth. This should bound both the depth of the constructor part and the length
of all the destructor parts. The missing information is summarised by a size: “<”, “=" or “?” as in the
original principle. We actually use a segment of the integers, centered around 0. The original test is thus
recovered using a depth of 0 and a size of 1. Of course, the two bounds (depth and size) can be increased
to keep more information, at the expense of time and space consumption during the algorithm.

Definition 2 (bounded call-tree and call-information). The set 7, ; contains bounded trees of 7 with a
middle “fuzzy” section. See the figure above for a graphical representation of such a tree. More formally,
we replace the clause “(i)” by the following:

o if —s <n<sthen (n,i) € Ly,
Moreover, if t is an element of this set:

o the constructor tree of t is of depth at most d,

o the destructor sequences of t are of lenght at most d.
We usually write ? for the size s, which represents an unbounded increase in size greater that s.

An element of .7, is obtained by collapsing the middle section of an element of .7 to a “fuzzy
section” by counting the deficit destructors / constructors (this is actually subtle if one wants to keep as
much information as possible...).

Composition of bounded call-information cannot be obtained by first composing in an “unbounded”
manner and then collapsing, because the middle section contains unknown destructors / constructors.
We thus need to match destructors of the first call-information with constructors of the second call-
information. If constructors or destructors remain after this matching, they need to be incorporated in
the middle section of the composition, except if we know the appropriate fuzzy section to be empty, in
which case they can be incorporated to the constructor tree of the destructor sequences. To do this, we
need an empty element distinct from 0, the former meaning no change and the later meaning a constant
size.

3This problem is however P-space complete. It should be noted that in practise, this isn’t a problem...
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3 Details on the notion of size

This monoid also allows for a more precise principle. When trying to compare the size of argument i and
parameter j for a given call, we have to look at the branches in the i-th tree that reach parameter j. We
only need to look at the best of these branches to guarantee termination. This allows us to treat pairs as
“morally” distinct arguments, even when they are hidden beneath a variant constructor.

For example, this is what allows the test to tag the following (rather strange) function as terminating.
This function computes the sum of a list of integers by keeping an accumulator in the head of the list:

val rec sum = fun
I O ->2[] | [n] -=>n
| n::Z[0::1 -> sum n::1 | n::S[k]::1 -> sum S[n]::k::1

Note that typing isn’t used in the algorithm, and the test doesn’t distinguish between “Z[1” / “S[]1” and
the list constructors “Nil[]” / “Cons[]”. The single full tree associated with the second recursive call
is:

+Cons (+S -Cons 7; (1) , +Cons (-Cons mp -Cons m; =S (1) , ~Cons m -Cons 7, (1)))

The middle branch also has a deficit of one variant constructor and will thus accounts for termination...
Note that when computing the deficit of size, we only count variant constructors. Record constructors
/ destructors do not serve any purpose there...

4 Building the initial call graph

PML computes the call graph from a set of typing constraints extracted from the program (see [3] for
a formal description of the process). Given an uncountable set of formal type names .4, we annotate
each subterm of a program with distinct type names. The only exception is for variables: all occurrences
of the same variable have the same annotation. We write type names as Greek letter and annotation as
upper-script. The constraints ¢ are then collected as follows:

e functions: if (£*uP)? occurs in the program then o C (B — ¥) € € and if (fun xf — u?)* occurs
then (B —y) Cac¥.

t%)P occurs then o x --- x o, C B € F.

I 'n

o tuples: if 7;(u*)P occurs then & C 7B € € and if (1", ..

o variants: if C[t*]P occurs then C[a] C B € € and if (caserP of G| [x¥] — u’l/' |-+ | Culx®] — )Y
then {B C Ci[oy]+---+Chla], N C V..., 7 C Y CF.

Those formal constraints are a syntactical version of inclusions between semantical “types”.

These extracted constraints are saturated by “deduction”, which correspond to computing an approx-
imation of the constraints obtained after reduction of the term. A well-foundedness test is then performed
to ensure that loop can only occur in recursive definitions. This is described in [3]].

Finally, by traversing the resulting constraints, we can construct the call graph associated to our
program. There are basically four steps: collecting the parameters (the function abstraction), collecting
the arguments to each calls (the function applications), building the destructor parts of the calls and
finally the constructors parts.

This approach allows us to deal with tuples containing functions, tests before function abstractions
and other non-standard ways of writing functions and calling them. Those are not frequent but still
possible in functional languages, as in the following example which is treated as two separate mutually
recursive functions by PML:
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val rec f x =
(fun Syl > (£ .2 xx | Z[1 -> Z[1),
(fun y -> (fun S[z] -> (£ z).1 y | Z[1 -> Z[1))

5 Examples and further work

The first example shows what we can gain from the original size-change termination principle:

val rec £f a b =
match a,b with
Node[ Nodelal , -1 , .1 , b -> f Nodel[al,b] Nodela,b]
| _,_ => Al

What is new in this example is that even thought both arguments may increase in global size, the
left branch of the first argument decreases. If the depth bound is 2, the corresponding tree will be:
+Node (-Node m; (—1,1),(0,2)), where the ”—1” will account for the decreasing branch...

The second example illustrates how the extraction from the typing constraints allow to detect ter-
mination when using external function calls in recursive calls. This example is an implementation of
subtraction and modulo on unary natural numbers:

val pred x = match x with val rec mod_aux acc x y’ =
S[x] -> x try let x’ = (sub (pred x) y’) in
mod_aux S[acc] x’ y’
val rec sub x y = match x, y with with Undef[] -> acc
- Z[l > x
| Z[1, _ -> raise Undef[] val mod x y = match y with
| _ -> sub (pred x) (pred y) Z[]1 -> raise Undef []

| S[y’] -> mod_aux Z[] x y’

In this example, the call-information for subtraction is -S(1) for argument 1 and -S(2) for argu-
ment 2. This means that we detected that the function pred removes a S on each arguments. The
call information for the mod,ux function is +S(1), -S(2) and (3), which means that we detected that
the composition of pred and sub remove one successor. However, replacing (sub (pred x) y’)
by sub x S[y’] would fails, because we do not detect that the subtraction will remove at least one
successor. Work is being done in that direction...
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Abstract

Match-bounds can be used to prove relative termination. We compare a recent such method
(Zankl and Korp, RTA 2010) with earlier work (Waldmann, JALC 2007). We recall that matchbounds
are related to interpretations in the fuzzy semi-ring (with operations min, max) that can be found by
constraint solving. The order in the semi-ring (with zero at the top) is such that it supports the closure
construction required in the RFC method.

1 Introduction

The underlying idea of the match-bound method for proving termination of rewriting systems is to an-
notate symbols by natural numbers, so-called heights. During a derivation, new heights are assigned to
symbols in the reduct of a rewrite step depending on the heights occurring in the corresponding redex.
For string rewriting, for instance, reduct symbols get height 2+ 1, where 4 is the minimal height of a
redex symbol. A derivation is said to be match-bounded by b if, starting with height 0 throughout, no
height greater than b is reached. Accordingly, a rewriting system is match-bounded by b in case all possi-
ble derivations are, and it is said to be just match-bounded if such a bounding number exists. It is known
that match-bounded rewriting systems are terminating, and that they have linearly bounded derivational
complexity.

In order to prove match-boundedness, weighted automata are employed as certificates provided that
certain (local) compatibility properties are fulfilled. Those certificates can be construced by an appropri-
ate completion procedure. This method is complete in the sense that for any match-bounded rewriting
system a certifying automaton exists, which in turn can be found by completion. Variants of this method
are known that enable producing huge certificates, i. e., automata with many states efficiently. A different
approach is to use constraint-solvers in order to find certificates.

The match-bound method was first published for string rewriting in 2003 ([3} 14]). As a prominent
example, termination of the one-rule system {aabb — bbbaaa} (which is problem SRS/Zantema/z001
in [10]) could be proven terminating automatically for the first time. Later, the approach was extended to
term rewriting ([5 [7]). While for proofs of termination the match-bound method became largely obsolet
after introducing matrix interpretations ([l6, 2]), revived interest in the topic is due to recent efforts to find
proof methods entailing (low) derivational complexity.

Therefore, this paper first recalls a seemingly little-known result on match-bounds for relative termi-
nation. With the help of constraint solvers, we can use it to prove match-boundedness of some rewriting
systems from the termination problem data base [[10] where completion methods fail (due to resource
exhaustion). We then connect match-bounds for relative termination to the RFC-method (see [3, Sec-
tion 7]). Although in this paper considerations are limited to string rewriting, most of the results can be
extended to term rewriting along the lines of [15, [7].

2 Notation and Preliminaries

We write u —, ¢, v if string u rewrites to string v by applying the rule £ — r at position p in u. A
derivation is a (finite or infinite) sequence u, uy, ... with u; —g u; 1. Let R be a string rewriting system
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over an alphabet X, and let lhs(R) and rhs(R) denote the set of left and right hand sides resp. of its rules.
For € ¢ lhs(R) (where € is the empty string) we denote by match(R) the (infinite) system over £ x N

{0 — lift,1 (r) | (base(¢') — r) € R, h = min(height(¢'))},

where the morphisms lift, : ¥* — (X x N)*, base : (£ x N)* — X* and height : (£ x N)* — N* are defined
for x € X and h € N by lift, : x — (x,h), base : (x,h) — x and height : (x,h) — x.

For an R-derivation D, let match(D) be the corresponding match(R)-derivation, defined as follows:
If D starts with u, then match(D) starts with lifto(u).

If D contains a step u; —p, ¢, 4i+1, then match(D) contains the step u; — . . u;, | where £; — r}
is the unique rule in match(R) with base(¢;) = ¢; and base(r}) = r; that matches at position p;.

3 Matchboundedness and Interpretations

A finite automaton A over X is said to be compatible with a rewriting system R over X if for each rule

£ — rin R and each path p iA g, there is a path p —4 ¢. A rewriting system R over X is match-bounded
by ¢ for L C X* if there is an automaton over £ x {0, 1,...,c} that accepts lifto(X*) and that is compatible
with match.;1(R).

A more liberal definition can be given (that turns out to be equivalent). Let F be the fuzzy semiring
Z,U{—oo, 400} with the minimum operation as semiring addition and the maximum operation as semiring
multiplication. Then, 4o is the zero element and —eo is the unit element of the semiring. We use the
natural order > on [F and define x >; yasx = +oo=yVx > y.

A fuzzy matrix interpretation is a mapping from X to square matrices over [ of identical dimension.
An interpretation [-] can be extended from X to £* homomorphically (by matrix multiplication). An
interpretation [-] is called compatible with a rewriting system R if [/] >; [r] for all rules (I — r) € R,
where > on matrices is the point-wise extension of > on elements. The support of an interpretation [
is the set of strings w such that [w] contains at least one non-zero entry.

Proposition 1. [f R admits a compatible fuzzy interpretation ], then R is match-bounded for its support.
The support is closed w.r.t. —p.

Example 2. The fuzzy matrix interpretation for £ = {a,b,c,d}
3 0 o

a+— | oo oo oo

2 0 o

is compatible with {bca — ababc,b — cc,cd — abca,aa — acba} (SRS/Zantema/z003). Since the top
left entry of [x] is < oo for each x € ¥, and this property is kept during multiplication, the support of
this interpretation is X*. So the interpretation proves that R is match-bounded (by 4). This interpretation
was found (quickly) via SAT encoding. Note that the match-bound certificate automaton obtained by
completion has 217 states (but is found quickly as well).

4 Relative Termination

A rewriting system R is terminating relative to a rewriting system S if any R U S-derivation contains
only finitely many R-steps (i. e., —§ o —g o —7% is terminating), denoted by SN(R/S). For instance,
{aa — aba} is terminating relative to {b — bb}. Note that SN(R/S) and SN(S) imply SN(RUS).
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Definition 3. A pair (R, S) of string rewriting systems over X is called match-bounded by b € N for L C
¥*, if for each (RUS)-derivation D that starts with some string u € L and each rule (¢ — r’) € match(R)
that is applied in match(D), we have min(height(¢')) < b.

Theorem 4. If (R,S) is match-bounded, then R is terminating relative to S.

Proof. (Sketch) Assign to each string in an (RUS)-derivation the multiset of its heights that are less than
b. Then each R-step strictly decreases this interpretation under the induced multiset ordering. O

A morphism 4 : ¥ — A is extended to a string rewriting system R over alphabet ¥ by applying & to
each of its rules, i. e., we obtain h(R) = {h(¢) — h(r) | (¢ — r) € R} over alphabet A.

Definition 5. For ¢ € N let cut, denote the morphism from £ x N to X x N given by
(x,h) — (x,min{c, h}).

Proposition 6. For rewriting systems R and S over ¥ and a language L C ¥*, if there exists an au-
tomaton over £ x {0, 1,...,c} that accepts lifty(L), is compatible with match(R), and is compatible with
cut.(match(S)), then (R,S) is match-bounded by c for L.

Note that this assumption implies that no rule from match(R) can be applied such that the labels in
its left hand side are all > c. A certificate automaton according to this proposition cannot be constructed
by exact completion since cut.(S) is not deleting.

We can formulate the idea in the language of fuzzy interpretations as follows, where —eo now plays
a special role (corresponding to “cutting at the bound”). We use the order >, on F where x >, y iff
x>1yVx= —c =y. A fuzzy matrix interpretation [-| is called weakly compatible with a rewriting
system S if [I] > [r] for all rules (I — r) € R where >, on matrices is the point-wise extension of >.

Proposition 7. If a fuzzy interpretation [-] is compatible with R and weakly compatible with S, then R/S
is terminating on the support of [-].

This allows us to use the match-bound method in modular termination proofs.

Proposition 8. If both (R,S) and S are match-bounded, and ths(R) and 1hs(S) are overlap-free, then
RUS is match-bounded.

Note that the non-overlapping condition cannot be dropped, see Example [I3]

Example 9. As an application, we can prove match-boundedness of SRS/Zantema06/17 from [[10]
using the partition R = {aua — ubu | u € X} with X = {&,b,bb, bbb} and S = {aua — ubu | u € Y } with
Y ={a,aa,ab,ba,aaa,aab,aba,abb,baa,bab,bba}.

5 Forward Closures and Relative Termination

For a rewriting system R over X, let RFC(R) denote the set of right-hand sides of R-forward-closures.
We can compute RFC(R) from (RURy)*(ths(R)#"), where Ry = {u# — r | (uv —r) €R, u,v # €}
over LU {#}, where # is a fresh letter.
It is known that R is terminating on X* iff R is terminating on RFC(R), and this statement can be
extended:

Proposition 10. If R/S is terminating on REC(RUS), then R/S is terminating.

{prop:rela-
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This proposition allows to “remove rules” (namely, R). The remaining termination proof then can
start with RFC(S), which is a smaller language.

We need termination on RFC(RUS) only. This is a local termination problem and would require
the construction of a (partial) model [1]]. Here we use matchbounds, and Proposition [/| gives a closure
property.

We define (R, S) to be RFC-matchbounded by b if (R, SURy U Sy) is match-bounded by b for ths(RU
S)#*.

Proposition 11. If (R,S) is RFC-matchbounded by b, then R/S is terminating.

Example 12. For R = {cb — bbc} and S = {ab — baa} we have REC(RUS)#* C {a,b}* -{c,e} - # =L,
since L is closed w.r.t. RUR4USUSy. In fact, L contains no R-redex, so (R,S) is RFC-matchbounded
by 0, therefore R/S is terminating and we can infer termination of RU S from termination of S. For
that, we consider reverse(S) = {ba — aab} with REC(S)#" C a*b#*, again without a S-redex, and this
match-bounded by 0. Note that neither (R,S) nor (S, R) is match-bounded since both R and S alone have
exponential derivational complexity.

This method had been applied by Matchbox in the 2005 competition, using approximate automata
completion. We propose to revive that idea, using fuzzy interpretations, found by constraint solving.

6 An Alternate Definition of Relative Matchboundedness

Zankl and Korp [11] suggest a notion of relative match-boundedness for term rewriting: for relative
rules that are non-size-increasing, and have all lhs labels equal, the rhs gets the same label. For string
rewriting, this is:

Definition 13.

/ . . /
match’(R) = {l' o ifty g () | (base(l") — r) € R,h = minheight(/’), }

d =if |I'| <|F/| Ah = maxheight!’ then O else 1

Definition 14. A pair (R,S) is called match’-bounded by b, if each (match(R) Umatch’(S))-derivation is
bounded by b.

The definition by Zankl and Korp is incomparable to ours:

They study term rewriting whereas we restrict ourselves to string rewriting. We can handle size-
increasing rules, and use our definition of relative match-bounds to prove termination of systems where
match’-bounds are not applicable, see Example[I5] On the other hand, for non-size-increasing rules, the
approach of Zankl and Korp is strictly more powerful, see Example[16]

Example 15. For R = {cL — R} and S = {Ra — bbR,R — Ld,bL — Laa}, (R,S) is match-bounded by
1 since each R redex contains a letter ¢, and this gets height 0 since ¢ does not occur in right-hand sides.
Also, S is match-bounded by 2 (certified by an automaton with 15 states). Hence, both R/S and S are
terminating, so RU S is terminating as well. Since all rules in S are length-increasing, (R,S) is match’-
bounded iff RUS is match-bounded. But its derivational complexity is too large for that: RUS allows for
derivations of exponential length. They can be combined from Ra* —>’§ b*R —s b**Ld —>§" La*d and

cRd* —3 cLa*d —g Ra*d, so ¢'Ra —* Ra* d'.
Example 16. For R = {a — b} and S = {a — a}, (R,S) is match’-bounded by 1 since all heights of a
are 0 (they are not changed by the S rule), and heigthts of b are < 1. On the other hand, (R,S) is not

match-bounded since for any k, we have a mixed derivation a —>'§ a —g b, resulting in an application of
the R rule at height k.
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